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NMPEAUCJIOBHUE

[Mpennaraemerft c60pHUK 3axay conep:xut 885 3anau u yn-
paxHeHUH H3 pasfenoB «DyHKIUH KOMIJIEKCHOTO IHEpeMEH-
HOroy, «OnepaulOHHOE UCYHC/ICHHEy, «Teopust yCTOHUHBOCTHY.

OH coCTaBJieH NPUMEHHTEJNbHO K IUMPOKO W3BECTHOMY
yue6uuky WM. I'. Apamanosuua, I'. JI. Jlyaua u JI. 3. dibc-
rosbia «PyHKUMH KOMIJIEKCHOTO nepeMenHoro. Onepanuos-
Hoe wucyucsieHHe. Teopus yCTOHYMBOCTHY W mpeiHA3HaueH
Uil CTYZEHTOB BTY30B C MOBLILIEHHOH MaTeMaTHYeCKOH MOA-
FOTOBKOH.

Kaxnpilt nmaparpad c60pHHKa HayuHaeTCss ¢ KPaTKOro
TEOPETHUECKOr0 BBEACHHS, CONEPIKAIEro HeOGX ONUMbBIH MUHH-
MyM cBeeHHH. TIpUBOASATCS MHOTOYHCICHHBIE IPUMEDEI € MOJ-
pPOGHBLIMH pELICHUSIMH, YSCHSIONHE CYIHOCTb H3J0MXKEHHBIX
MeTonoB. [losToMy naHHBIH CGOpPHHK 3ajay MOXKET CJyXKHTb
B KayecTBe MOCOGHS NJIs JIHI, CaMOCTOATeNbHO H3yYaloUIMX
npeJMeT.

CuKTaeM CBOMM NpPHATHBIM [OJIFOM NOGIarofaputh mnpodec-
copoB M. I'. Apamanosuya u I'. JI. Jlynma. Mx po6poxena-
TeJbHAsl KPUTHKA M HEeHHbIE COBETHl HEMaso CHoco6CTBOBaMIH
VIAYYIICHHRIO KHHUTH.

Asmope:

FTTABAI
SYHKUHUH KOMNJIEKCHOIO NMEPEMEHHOIO

§ 1. KoMniekcHble 4HCIa H AeACTBHA Haj HHMH

Komnaexcuoim 4ucaom z waspiBaeTcst BblpaxeHue BHAA
2=x-}iy

(anreGpanueckasn GOPMa KOMIIEKCHOrO UHCJa), I'ig X M y— MoCkle Aeifcr-
BUTE/]bHbE UHCAd, & {—MHHMasl eJHHHIA, YIOBJNETBOPAKINASl YCJIOBHIO

i2—=— 1. Uhcaa x M Yy Ha3blBAKOTCA COOTBETCTBEHHO OeliCmeumenbHol u
MEUMOUE 4actAMl KOMNAEKCHO20 4ucaa 2z W 0603HATAITCA
x=Rez, y=Imz.

Komnnekchble uueda 2y=x;-}iy; U 2y=2X,-iYy; CUHTAKOTCA PaBHBIMH
TOrJa H TOJBKO TOTAa, KOTHA Xy =Xy, Y3 =1y 1lycTb NaHB! ABa KOMII-
JIEKCHBIX UHea 2y =X, iYy, 2a=Xs-+ 1Y,

Onpepnenenud

1. Cymmoii 2,2, UdceJ 7y, W 2z, HA3bIBAaeTCd KOMILIEKCHOE YHCJ/O

2yt 2g= (%, x5} +i (1 -+ to)- 1)
2. Pasnocmei0 2, — 2y YUCEJ 2y W 2, HA3BIBAETCA KOMILJIEKCHOE YHCJIO
21— 2y = (Xy —Xg)Fi (y1—Ya)- ]

3. I poussedertesm 2,2, uvuced 2, W 2, HA3bIBAETCH KOMILIEKCHOE
4HCI0
2123 = (X33 — Y14a) 1 (X182 -+ Xa1)- 3

z
4. Yacmuom L

OT JeJeHdsl KOMIJIEKCHOro 9HcJIa 2; Ha KOMIJIeKc-
2

HOE UHCIO 2, 7~ 0 HaspBaeTcsa KOMIUIEKCHOE UYHCIO
2y XX+ thYs | - Xali— %Y : 4
P D) 3 +i 2 2 ( )
2y 3+ 43 x-+y3

KoMmsiekcHoe uHCnO 2 =X — iy Ha3bIBACTCH CONPANGEHHVIM KOMILIEKc-
HOMY uHcly z=x-}iy.




6 ®YHKUIMY KOMIJIEKCHOTO MEPEMEHHOTO [TJ1 1

IeficTBaTe bHas uYacTh Rez W MHEMas uyacTh |tz KOMIJIGKCHOTO
yuea z BHIP2XKAKOTCH ueped CONMPSKEeHHble KOMIICKCHHE TAC/a CJIeAyio-
muM  06pa3oM:

+z

z L, Z—2
Rez:—-2——, Imz=i 5 ©)

Npumep 1. INoxasaTs, uT0 2;+23=21+ 2.
JlokasaTteabcTBo. Ilo ompegeeHnio uMeeM

210 25 = (X1 X2) — i (th FY2) = (1 — 1) - (Xa— iYa) = 21+ Za:
1. JlokasaTh CJEIylOlHe COOTHOMEHHUS:

S AN R
a) 2,—2y=12;— Zy; 0) 2;2,=22,; B) (i)—’*%—:, r) Z+2,=
= 21+ 2.
Mpumep 2. Halitn geficTBUTe/IbHBIE PELICHHA YPaBHEHHA
(4+2) x4+ (5—3i) y=1341.

PeweHHKe. Beendm B JeBOl 4acTH ypaBHEHHA JeHCTBHTENbHYIO
¥ MuaEMy© gacti (4x -5y} --i (2x —3y) = 13--1. Orcioaa corsacuo ompe-
LEJEHHIO PaBeHCTBA ABYX KOMIJIEKCHBIX YHCEN MOJMyyaeM

{ 4x 45y =13,
2x—3y=1.
Peutag 3Ty CHCTEMY, HaXOAHMM

x=2, y=1L

HafiTh neficTBITe/IbHBIE pelUIGHHS ypaBHEHHI:
2. 3x — i) (2-+ )+ (x—iy) (1 +20)=5-+6i.
3. (x—iy)(a—iby=1° rae a, b—sajanHbie JeHcTBHU-
TesbHbIE yuCaa, |a| 7 |[b].
L [ 24i_ /5 L
4. %:_!_1_43_1/2’ roe z=x-+ iy.

1 1
5. TlpescraBuTh KOMILJIEKCHOE YHCIIO (a+ib)2+(a—ib)2 B

anreGpaudeckoil dopme.

TfFetix . "
6. JloxasaTb, 4TO Viteii (x — MefiCTBUTEbHOE) ,
x—iV14x2
1 1
7. Boipasuth x U y uepes u H v, eciu ﬂ_—iy+u+i0=l

(%, y, u, v — nefCTBUTENbHbIE YHCNA).
8. Hafitu Bce KoMmJlekcHble uHC/Ea, YAOBJAETBOPAIOLLUE
YCJIOBHIO Z=2°.

§1] KOMIIJIEKCHBIE YHCAA M JEMCTBUS HAM HUMU 7

KOMIJIEKCHOEe UYHCJIO0 2==Xx-|-iy u306paxaerca B mjaockoctH X0V
Touxoit M ¢ KoopauHataMH (x, y) MHGO BEKTOPOM, Haya/0 KOTOPOro Ha-
xomutea B Touke O (0, 0), a xomen » touke M (x, y) (puc. 1). Hauna p
pekTopa OM HasmBaetca MoOytem

KOMIIJIEKCHOTO 4HC/a H 0603Hauaercs A p
yepes |z|, Tak uro p=|z|= i
=V 2y Yron @, o6pasopaHHbl |
pekTopoM OM c¢ ocvio OX, Hasw- !
paercad (paYyMeMdImoM KOMILIEKCHOTO 9 l
ycaa 2 M ofo3nauaercs ¢—=Arg z; {
OH OMpesessercsi He OAHO3HAUHO, A I
¢ TOUHOCTBLIO 10 CJaraeMoro, Kpat- # |
Horo 2m: 5 I
Arg z=arg z -} 2kx u z
k=0, =1, £2,..), Puc. 1.
rle arg z ecTb IVIaBHOE 3HauyeHWe Argz, ONpenesisieMoe YCJOBUAMU
—g << arg z << 7,
[IpHueM
arctg % , ecm x>0,
74 arctg %, ecmn x <0, y=0,
arg z=3 — g |- arctg —Z—, ecn x <0, y<<O0, 6)
z 0
T ecn x=0, y>0,
Tt
—5 ect x=0, y<O0.
HiMeroT MecTO CJefyioliHe COOTHOLIEHHS:
. x
tg (Arg 2) =4 , sin (Arg 2) = ———,
X Vit : )
cos (Arg 2) = y

JIBa KOMIUIEKCHHIX UHCJA 2, W Z; DABHBI TOTAA U TOJIBKO TOTAa, KOTHa
HX MONYJH DaBHb, 4 HX apPryMeHTH JU0O0 PaBHBl, JUOO OT/IHYAIOTCA HE
BEJIMUHHY, KpaTHYKO 21

|2y | =2, Argz,=Argz,--2nn (rn=0, =1, +=2, ..}
Mpumep 3. Hafith MORy/b H apryMeHT KOMIJIEKCHOTO 4HCJIA

.. 8 . JT
=— 8 5—1C0S 5.

8 8



"8 <I>YHRU,I/II/I KOMIIJIEKCHOI'O NMEPEMEHHOTIO [t 1

Pemenmue. Hmeem

y=—cos£<0.

.0t
x=—§in = < 0, g

8

TnaBHOe 3HadeHHe aprymesta corsacHo (6) Gyner

arg 2 ==— gt + arctg <ctg %) =— - arctg [tg <g—g—>]=

ll

o'

——n-{—arctg( g—3~n>——n+
CuefoBaTeIbHO,

Argz=——%n+2kn (=0, =1, =2, ..),

|z|=]/sin2;i+cos2%=1.

9. B cienylomux sajagax HaiTH MOAYJ/b W FJIaBHOC 3Ha-
YyeHHe apryMeHTa KOMIIIEKCHBIX UHCeJ:

a) z=4-+3i; 6) z:—2+21/9?i-
B) 2= —T7T—1 r)z——cos +Lsm
1) z=4--3{; ) z=cosa —isina

<T[<CL<—2‘T[>,

JlioGoe KOMIJeKCHoe uwucio 2z==x-}iy (24 0) MOXKHO 3amucaTs B
TPHTOHOMETPHYECKOA (opme

2=p (cos ¢-}1 sin @), rie p==|2|, p=Argz
Ilpumep 4 3auHcaTh B TPHrOHOMETPHYECKOH dopme KOMMJIEKCHOE

9UCIO B
2=—1—i )3,
PeweHnue Imeem
lz1=V (— Ip+(=V3)=2
Clrie0BaTeIbHO,

—1—iV3 —2[cos <— —ﬂ>+z sm( 3 >]

Mpuwmep 5 Haittn peficTBuTeNbHBIE KOPHH ypaBHeHHs

V3 2
tgq>=—_T—=l/3, p=—5 M

. 1,3,
€08 X +- i sin x—g—i——‘l— i,

§1] KOMIIJIEKCHBIE YUUCJIA ¥ JEVCTBMS HAL HUMH 9

Pemenmne. Jlangoe ypasHeHue KopHed He HMeeT. B camom gene,
3

—, sinx=— . Io-

2’ 4

. 13
cefiHe YPaBHEHHS HECOBMECTHEl, T4K Kak C0s? X-- smzx—m, 4TO He-

3TO0 ypaBHeHne PaBHOCHJIBHO CJEAYIOMIUM: COS X ==

BO3MOKHO HH TNPH KaKHX 3HaAYEHHAX X.

Jhiofoe KOMIJIEKcHOe yHCI0 zo£ 0 MOXHO 3amucaTh B NMOKAa3aTebHOH

opMe
wop z=pe’?, e p=|2|, p=Argz.

Npuwmep 6. Haiitu Bce KOMIIEKCHBIE YHCIA Z 72 0, y@oBJETBOPSIO-
mpe yoJIoBHIO 2T 1=2Z. .

Pemenue. [ycts 2=pe'?. Torra z==pe e,

‘CornacHo yeJoBHIO

p”_lei (M=1) ¢ .— pe—'i<p Al pn—zeimp =1,

otkyga p"?=1, T. e. p=1 1 inp=2kmni, T. e @—%, re k=0, I,
2, ..., n—1. CrexoBareanHo,
2k

i

zo=e * k=0, 1, 2 ..., n—1).

10. Crenyiomue KOMIJIEKCHEIE YHC/IA IPEACTaBHTEL B TPHTO-
HomeTpHuueckoll dopme:

a) —2; 6) 2, B) —V2-4+iV2;

r) 1— sina—|—icosoc<0<a<g>;

I-}-cosa--isinoa
) 1+cosoc-—zsmoc<o<a< >

B TOKasateJbHOH (opMe:

e) —2; x) i; 3) —i; u) =1 —iV3;

K) sina — icosa<—g<a<n>; ay 5-F3i.

[TycTh KOMIJIGKCHEe WHCAA 2y M 2, JaHl B TPHIOHOMETPHUECKo#
opMe 2, =p; (cos @y sl Py), 23=pj (COS Pp -1 SiN Py)
WX mpousBefeHHe HaXODHTCH HO QopMyJse
2125 = 1P [0S (@1 + @a) -1 sinn (@1 + @2)],

T. € IPH YMHOXEHHH KOMIUJICKCHBIX UYHCEeJN HX MOZYJIH TepeMHOXKaloTCi,
a apryMenTnl CKJaJbIBAIOTCA

l2y2e =2 |]2],

Arg (212,) = Arg 2, + Arg 2.



10 DPYHKUMHU KOMIIJEKCHOTO TEPEMEHHOTO [TV 1

HacrHoe ABYX KOMIUIEKCHEX YHCeN 2y H 23 7%= 0 Haxogutes Ho diopMy.te

, .
2_1 =Pt [cos (s — @y) i sin (1 —@,)],
2 Pe

al_lal 2 _ .
P it Arg;;—ArgzI—Argzz.

Bospenenne KOMIJIEKCHOro wucsia
2=p (cos @i sin @)
B HaTypaJpHYIO CTeneHb A NMPOH3BOAUTCS MO (BopMyJe
2t =p" (cos np--i sin ne), (8)
[2"|=|2|", Argz"=n Argz-}2xk k=0, =1, ...).
Orciona noayuaetcs dopmyna Myaspa
(cos @i sin @) = cos ne-}-i sin ng. ©)

Mpumep 7. Beruncaurs (— 14 1/3)%,

Pemenue Tpescrasum uncao z=—1-4i )3 s TPUTOHOMETDH-
yecko# Qopme

—14+iY3=2 <cos %n+i sin %n)
Ipumenaa dopuyay (8), nony!mm

(—14iY3)80 =260 lcos <60 >+z sin <60 Z >]=
=260 (cos 505 -} i sin 50) = 260,
Mpumep 8 JlokasaTs, 4TO MHOFOWIEH
[ (%) = (cos &+ x sin &) — cos neL— x sin ne

Zeantcs Ha x4 1.
Pewenne Humeem X2 1= (x-1-i) (x—1). ITo opmyre Myaspa

f (i) =(cos .4 i sin &) —cos ner — i sin nov =
== C0s nev i sin no. — cos 2oL — i sin nev =20,

Ananoruuno, f(—i)=0. 3maunr, f(¥) pesurca Ha x2- 1.
11. JlokasaTb, 4TO MHOTOYJIEH
f(xy=x"sina — A" xsinna - A"sin(n — 1) o

neauTed Ha x* — 2Ax coso - A2,

§ 1 KOMITJIEKCHHE YUCJA Y JEMICTBUS HAJ HUMH 11

12. BblyncauTh:
1+iy 3\ ,
A 2 o e-an
(2 & oG 1—i\8
B (V3-3)% (1)

13. JlokasaTb, uTo
1+itga\n  1+itgna
<l—itga> :l—itgna'
14. HokasaTtb, 4TO ecJu ~

(cosa+isina)'=1, TO (cosa—isina)”-:l.
15. Tlosbsysick ¢opmysofi MyaBpa, BeIpasuTh yepes cTe-
IIeHU sin@ ¥ CcOsSQ caefyroulne (QyHKIHHM KpaTHBIX YIJIOB:
a) sin3g; 6) cos 3¢; B) sin4g;
r) cosdp; I) sin 5g; e} cosHy.

KopeHb A-#l cTeNeHH W3 KOMIJIEKCHOTO 4YHC/A 2 HMEET 71 pasjivuHHX
3HaueHuil, KOTOpple HAXomATCA N0 dopMmyJie

Vi=1vlz] <cos cp___+n2kn +i sin 3T +n2kn> , (10)

rpe k=0, 1, 2, ..., n—1, p=argz.

Koperb n-# cTelleHM W3 AeHCTBHTENBHOrO YHCJI2 @ TaK¥Ke HMeeT n
pasauuHBIX 3HaYeHUH; cpegd 3THX 3HaueHUH JEHCTBHTe]LHLIX OYyjieT 1Ba,
OAHO WJH HH OfHOTO B 3@BHCHMOCTH OT YeTHOCTH HJHM HEYETHOCTH # H
3HaKa "HCaA 4.

TNpumep 9. Halitn see snavenns 3/ 1—i. s

Pewenue. IlpuBoguM Kommjekcwoe 4yHca0 | —i K TPUTOHOMETPH-

YeCKOMY BHAY
1._i=]/§[cos <—%>+i sin <——}ﬂ
CregoBatennHo, 1
Tt 7
VIi—i=y2 €08 ——p—— ~l—isin—————4
[Monarag £=0, 1, 2, 3, HamxeM
(k=0) yI= =2 cosf%3 i sin >,

COS & ﬂ+L sin lsn\

(k=2  YT—i= 6"

<

(k=1) 1 —i= <cos—~n—|—zsm 176 >
V2 (e
Vel

(k=3) cos-n+tsm?2n>.

Qu»
II
l\D\
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10 PYHKIIMY KOMIUVIEKCHOTO MEPEMEHHOTO [TJ 1

YacTuoe 18yX KOMNJIEKCHBIX uHced 2y H 23 7~ 0 Haxoautca mo Qopmyne

2 -
2_1_:91 [COS ((pl — (pz) +l sin ((P1'— ‘Pz)] ’
2 P2
T. €
2] _ a4l 2 —Argz,—
2y _1221’ Argg——Angl Argzz.

BosBegeHHe KOMIJIEKCHOrO uucJsia
z2=p (cos @i sin @)

B HaTyDaJbHYIO CTelleHb 1 IPOH3BOAUTCH MO GbopMyJie

2t =p" (cos ng -1 sin ng), ®)
B |2"|=|z |7, Argz"=nArgz+2nk (k=0 =1, ...). .
Oruopa noayuaercs gopmynaa Myaspa
(cos @41 sin @)* =cos ngp - sin ne. ©)

Mpuvep 7. Buuncaurs (— 1 4i1/3)%.
Pemenwue. IlpegcraBuM umeso 2=— 141 V3 B TPHIOHOMETpU-
4ecKoll ¢opme

—14+i)3 =2 <cos —2—n+i sin %n) .
Tpuvenas dopmyay (8), momyunm

(—14iV3)80 =260 [cos <60 . —2:‘5) +i sin <60 . %n)]:
== 2680 (cos 505 + i sin 50m) = 260,
ITpumep 8. J[okasaTs, uTO MHOTOUYJIEH
f (x)={(cos o 4 x sin a)® —cos neL— x sin no

zeauTca Ha x2--1,
Pewenne Hmeem x2-4-1=(x{i) (x—i). [To popmyne Myaspa

f (¢) = (cos i sin &) —cos nee— i sin no. =
== c0s no. -1 sin nee—cos not — i sin na.=0.

Ananornyso, f (—i)=0. 3naunT, f(x) gensrcs Ha x2--1.
11. JloxasaTb, 4TO MHOTOYJIEH
f(xy=x"sina — A" xsinna+A"sin(n— 1) o

nequTcs Ha x% — 2Ax coso - A2,

K |

§ 1 KOMILJIEKCHBIE HMCNA U IEHMCTBUS HAL HUMU 11

12. Boluncanthb:
"q\40
g (2T 6 @2

11—
) (i)

B) (13— 30)%

13. Jokasath, 4TO
1tetga\n  14-itgna
l—itga) ~ 1—itgna"

14. Jokasarb, 4TO ecJaHu

(cosa+isina)*=1, T0 (cosa —isina)*=I.
15. Tloabsysich Gopmysoil MyaBpa, BbIpasuTh yepes CTe-
MeHH sin@ H CcOs@ cJepylomue (QYHKIHMH KpaTHbIX YIVIOB:
B) sin4g;

a) sin3g; 6) cos 3g; ) p
e) cos 5.

T} cos4q; ) sin5¢;

KopeHb n-# CTeNEHH H3 KOMMJIEKCHOTO YHCJA z HMEET £ PA3JMUHBIX
3HAueRHH, KOTOPHle HaxopATcs 1O GopMmyne

VE = Vm <cos q>—}—n2kn:+l sin q>+n2kn:> , (10)

rae k=0, 1,2, ..., n—1, p=argz.

Kopedb f-# cTeleHH H3 JEHCTBUTENLHOrO HHCHA O T2KKE HMeET 71
pa3JHUHBIX 3HAYEHHIl, cpegy ITUX 3HAueHUM AelicTBHTENbHLIX OyJeT ABa,
OfHO WJH HH OJHOrO B 3aBUCHMOCTM OT YETHOCTH HJH HEUYETHOCTH A H
3HaKa 4Hcaa a.

- Y
MNpumep 9. Hafitn Bce 3naueHus yi—i ¢
Pewenne. [IpuBogHM KOMIIEKCHOE UHC/IO | —1 K TPHTOHOMETPH-

YeCKOMY BHAY
l—i-——]/ﬁ[cos<—%>+isin <—%>]
o _( —%—}—%n —%—I—an)
1/1—i=;/2 cos i -+ 1isin 7 .
TTonaras £=0, 1, 2, 3, Haligem
(k=0) yI—i=y72 cos%—isin%>,

(k=1) i’/l_—_i:%/§<cos 1%aﬂ:—l—isin 17—6n>,
(
(

CilefoBaTesIbHO,

(k=2) 14/1—i=%/§ Cosi—(sin—}—isini—?)n),

(k=3) yi=i=y2 cos%%n+isin%—2n>,



12 GYHKIIMU KOMIUJIEKCHOIO NMEPEMEHHOIO ra 1

B caenyiolux 3ajayax HallTH BCe 3HAYEHHs KODH::
16. a) ¥ —1; 6) Vi, 8) Vi 1) V=i
17. 2) T 6) Y =154 s V2—2V3i

18. VV§ (cos —Té— -+isin %) .

Pasubple 3ajadu

Pemutb ypaBHEHUS!

19. 284322+ 3243=0.

20. 2* — 4281622 —4z— 15=0.

91. Haiitu KOMIJIEKCHOE YHCJI0 Z, H300paxkeHHeM KOTo-
pOro SIBJAETCS TOUKA OTPE3Ka 232, OTCTOAlad OT Z, BABOE
Iajbile, 4eM 0T 2.

99, B kakofi BekTOp mepefiner Bexktop a-ib mpu 3ep-
KaJbHOM OTOGpaXKeHUH ero B GHCCEKTpHuce nepBoil YeTBepTH?

93. B kaoii BexTop mepeiiner BexTop — V33 nocre
nosopoTta Ha yroa 90°?

24. To Xke g¢amoe JJIsi BEKTOpa —V'3—i nocne moso-
pota Ha yroa 120°?

25. Hafith yroJs, Ha KOTOpbl Hajo MOBEPHYTb BEKTOP

4 — 3{, u4to6bl NOJYYHUTh BEKTOP —V§+V§i'
96. To e camoe aJia sexTopoB 3V 2+i2V 2 n —5+41.

PeiuTh ypaBHEHHS:

927. (x+i)" —(x — i)*=0 (x — neficTBATE/ILHOE).

28. cos x -+ i sin x=sinx-}{ cos x.

29, HaiiTh BekTOp, B KOTOpBIH mepeiner HOCJE MOBO-
pora Ha 45° m yNBOEHHSI BEKTOp z2=3-+}4i.

30. Llentp kBaapaTa HaxomLUTC B TOUKe zo=141,
a OfHa M3 BeplIMH —B TOYKe z;==1-i. B Kakux TOUKax
HaXONsATCS OCTaJbHble BEpIIMHb KBajparta?

31. Ilyctb 2y, 25, ..., 2p— KOPHH ypaBHEHHS 2"—1=0
(n>1).

IoxasaTtb, 4TO 2+ 254+ 2,=0.

Mpumep 10. Kakoe MHOXKECTBO TOUEK Ha MIOCKOCTH KOMIICKC-
HOTO NEpPEMEHHOr0 Z Olpeje/AeTCa YCAOBHEM

Im 22> 2?

§1 KOMITJIEKCHLIE YMCJIA ¥ LEMCTBUS HAL HHMH 13

Pemenne. Ilyers z=x-+iy. Torna
2= (x4 1y)2 = (x2 —y?) +i2xy.

CuegoBaTenbio, Im 22==2xy.

Mo ycaosuro 2xy>>2 HJH vty > 1. DTo HepaBeHCTBO OMpefeJser
MHOXECTBO TOUEK B [EPBOM H TPETheM KBajpaHTaX, COOTBETCTBEHHO HajX
u mog rumepGosolt xy=1.

Npumep 11. Kaxoe MHOXeCTBO TOueK Ha KOMILIGKCHOH  IJIO-
CKOCTH OlpefiefisieTcA yCJIOBHEM

¥

s 3
—_ — —m? g
5 <arg (+1—1)=< 7

Pewenue KoMmmiekcHOe YHCIO
-t l—i=z—(—1+49)

u306paxaeTca BEKTOPOM, HAYAJOM KOTO- -1+
pore sBagerca Touka —I1 -2, @ KOHOOM-—
TOUKa 2. ¥YTOJ MeXJy 5THM BEKTOPOM H
ocbl0 OX ectb arg(z-+1-—t), H OH Me-

n
HAeTCA B TpefieNiax 0T —-g J0 L. Cue- 7 z

JOBaTeNbHO, AAHHOE HEPABeHCTBO oOmNpeje-
AsieT yroJ MeXJy HpAMBIMH, BEIXOJAUIHMH
H3 ToukH —I1--i H 06pasyloumkMH C OCBIO

OX yrasi B — %— H %—n pajguaros (pHc. 2). 7,

Npumep 12. Kakaa o6nacts ompe- Puc. 2.
ZenseTcsa ycuosueM |z} + Rez<C1?

Pewenne. Ilyctb z=p (cos @i sing). Torxa |z|=p, Rez=
= pcosq. Tlo ycsosuwo p-+pcosp-< 1, oTKyza

1
p< 14-cosg”

SroMy YCJIOBHIO YAOBJETBODSIOT BCe TOUKH, Jiexalue B o6macTH, oOrpa-
HUYeHHO# KPHBOH

1
=TT
B cienyiomux 3ajayax HaliTH MHOXKeCTBa TOYEK Ha IJIO-
CKOCTH KOMILJIEKCHOT O NMepeMeHHOro 2, KOTOpbIE onpenensiroTcs
3aJaHHbIMH YCJIOBPIHMH:

(ypaBHeHHe mapaloJibl B MOJAPHEIX KOOp M HAaTaX).

—1

32.  a) §+1|<1; 6) |2—1|=a* (a>0);
B) 0<<Imz<Cl.

33. a) 1<<|z4-24i|<2 6) |z —1|<<le—i};

B) 1l <<Rez<C2.
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34. |z —al<<|1 —az| (a— nefictButeabHOER, |a|# 1).

35. a) |z|>2-+1Imz; 6) [z]|—~Rez=0.

36. Imz2 < 1.

37. d<<|z— 1|+ |+ 1]=8.

1 1 1 1 1 1

38. a) Im<?><—--2—, 6) < Re<g>+ Im <§><§.

Npuwmep 13. Kakas xpusas 3agaeTca ypasmedHem |z--c|-+
+lz—c|=2a, rae ¢ ¥ g— JeHCTBHTE/NbHBIE MNOJOKHTEILHEE UHCIA,
npuueM a > ¢?

Pewenne. |z--c|— paccTosHie Mex1y TOUKaMH Z U —C; | 2-—C |—
paccTOiMHE MeXAy TOuKaMmH z H c. Ilo ycnoBuio CyMMa DACCTOSIHHH OT
TOYKH z JO ABYX JAHHHX TOUEK 2y==-—C H Z,=C €CTb BeJHUHHA NOCTO-
AHHAS. 3HAUHT, TOUKA 2 JIEKHT Ha 3JUIHIce. YDaBHEHHE STOrO SJUHICA
HMeeT BHJ

X2 y2
ate=l
rae b*=a?—c
Npuwmep 14. Kaxkaa xkpuBag onpeje/ferca  ypaBHeHHeM

w120 |

Pewenne. Ilycts z=x-4iy. Hmeem

1N z Z'z z+4Z X
Rek—2—>__ 2 T2 T 2z xfy?c
Tlo ycaosHO

X 1
_— = 2 2__4x—0.
R ) i x?y?—4x=0

3710 OKpPYXKHOCTh (¥—2)24y2=4.

Ykasath, KakHe JIHHUH ONPeleJsIoTcs CJeNYIOIHMH
ypaBHEHHSIMH:

39. a) Im22=2; 6) Rez?=1; ) Im<%>=-;—.

40. a) Re<—;>=l; 6) Im(2—-2)=2—1Imz.

41, 24-22=1. 42, 222+ (2+i)z4+(2—-0)2=2.

43, a) \z—i|+lz+il=4 6)|z—il—|z+i|l=2.

44. a) |z|—3Imz=6; 6) 3|z|—Rez=12.

45, a) |z—2|=|1-2z}; 6) |z2— 2 |=]2—2,;

B) Re(22—-2)=0; r) Re(l+2)=|z]|.

Opuwmep 15, Hamucare B xoMmiexcaoit hopMe ypaBHeHHe mpsaMoi
Ax+By+4C=0. Qan

§ 1] KOMIIJIEKCHBIE UUCJA W LEVICTBUS HAI HUMU 15

Z242
2 Y

PemenHe. [lyctb z=x-tiy, Z=x—iy. Toraa x=

zz—zi- [loxcraBnsa B ypaBHeHHe (l1) BelpameHus LI ¥ H y, TO-
JyTM )

A(Z+2)+Bi(2—2)-+2C=0
HJH

(A-+iB) z+ (A —iB) z++2C=0. (12)

BeeneM 00o03Hauenue

A-+iB=a.
Torza ypaBHenHe (12) mpumer BHA
az+4-az--2C=0.

[Mpumep 16. HanucaTs B KOMIUIEKCHOH (opMe ypaBHeHHE OKDYXK-
HOCTH
x24y2 -2+ 2y =0. (13)
Pewe aue Hueem
2 fy2=|z2=27 2x=2+42z 2h=Ii(Z-—2).
Topcrapasas B ypasHenue (13), mosyuum

2242421 (2—2)=0
2z (1—i)z4+ (1419 2=0.

Mpumep 17. Kakas amnaua Ha njockoct XOY ompepesserca
ypaBHeHHEM

U

2Z2+i(z—2)—2=0? (14)
Pewewnue. Iyetb 2=x-1y.
Hmeem Z=x—1iy, 22=x2-} 42
Ypasuenue (14) mpumer BUA

x24-y2—2y—2=0

X (g — 1) =3,

OT0 — OKpYKHOCTh pajuyca R=V'3 ¢ uentpom B Toukre (0,1).

HJIn

Hanucats B KomnuekcHo# opMme ypaBHEHHS CJIENYIOUHX
JIUHUH:
46. a) Koopaunatueix oceft 0X u OY;
6) npsamoi y=x;
B) npamoli y=~kx-+b, rae &, b-— AcHCTBHTEIbHbIE.
47. a) PasnoGouyHO# rumnep6oJbl

x2 _ yz — az;
6) OXpyXHOCTH
X+t 42x=0,
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§ 2. dynkumu Kommaekcuoro NepeMeHHOro

Tosopar, 4ro B 06a2ctu D onpenenesa ¢yaxuus w=f(2), ecn
KaKNoA Touke 2€D mnoctaniero B COOTBETCTBHe OfHO (OpHO3HAuHafR
dyurnuA) wnm Heckogbko (MHOTO3HayHag OYHEKRUESA) 3HAYennil w. Mycre
2=x+iy 1 w=u-jv, Torna sasncumocrs w— (2) Mexnay Kommexc-
HON yHKnmell w u KOMIJIEKCHOH mepemennofy 2

PeMeHHEIX x ¥ y:
u=u(x, y, v=uv(x, y).
Opumep 1. Mycrs W=2%_/z7,
Honaras 2=Xx-+4iy, w=uiv, noayunu
u+iv==(x+iy)3—i(x—-i.t/)=(x3—3xy2—y)+i(3x2y—y3-x)-

CarexoBatesbHo, PEBEHCTBO W =2%—iZ paBaocubHO ABYM paBeHCTBaM

{ b=x3—3xy2—y,
v=3x2y-x—y3.

Ina  caenyonux bysRUME  wHafity HeHCTBUTENbHYIO N
MHHMBIE YacTH;

48. a) w=7z— 22, 6) w=2241; B) W=1i-— 28;
1 iz 1 4
r) W=—; 1) W=71=; e W=
Dynruus w=f (?) ocymecrsaser OTOOpakeHHe Touek KOMILIEKCHOf
TIOCKOCTH 2 Ha COOTBETCTBYIOWIHE TOUKH KOMIIEKCHOH TJIOCKOCTH 1.,

B CICNYIONINX 3amayax Hajity 00pasbl JaHHBIX TOuyeK
TP YKa3aHHBIX OTOGpaKeHHAX:

49. a) zp=—1, wW=2%  6) zy=1—1i, w=(z— i)
1 . z
B) 2021, w::[; F) ZO=2+31, w=?
ITycTs B niockoern 2z KPHBAs 3anaHa ypapHeHHem F(x, y)=0.
U106k HaliTH ypasrenue obpasa @ (¢, v) =0 sTof KPHBON B miocKocTy

W Hpu OTOCpAXKEHHH ¢ HOMOMbO GbyHRIMN W=f(2)=u+iv, HY XHO
UCKJIOUHTE X M Y U3 ypaBHeHHii

u=u(x, y),
v=0(x, y),
F(x, y)=0.

Ecnu kpupas sapana NapaMeTPHYECKHMH YpaBHEHHAMH:

;z;g)) } W z2=2 () =x (t) +uy (D),

17
§ 2 OYHKIUU KOMILJIEKCHOTO TMMEPEMEHHOIO

10 TmapaMeTpHyYecKHe ypaBHeHHs ee o6pasa mpu oToSpaxenun w=f(z) =
= u-}iv Gyayr dtt 20 901 = }
v=o[x(®), y(O1=V ()
Mpumep 2. B Kakyo KPHBYIO O0TOOpaxaeTca e€AMHHYHAS OKPYyXK-
HOCTb Ip z|=1 ¢ noMomplo QyHKIHH @ = 2%?

; —x2_ 2
Pemenne. Ilyers z=x4iy 0 w=u-t10. Torpa u Y,
v==2xy. Wckmouas x U y U3 ypaBHeHHH

u:xz—-yzy
i v=2xy,

x2+y2= l)
NOJYy49HM utf-v2=1.

A OKPYX-
=1 B IJIOCKOCTH 2 ABJACTC

30M OKPY¥KHOCTH | Z | py-
MTaZK’ Cz),g}i:l B m?oycxocm W, TpoXoxuMas nBax{éI;e:x. STT;{ cgféxymma
Toro, l?TO+1'[OCKOJIbe w=z22 10 Argw=2Argz-} n(;ﬁ 2K uT0 Korda
Ig:?(’a z ONMHCHIBAET MOJIHYIO OKPYKHOCTb |2 |=1, TO ee 06p

OprI)}I(;o;T;;eI ;Z)U I=3.l 11}1‘31?1)1;[{11‘!;1. 06pa3 OKpYXHOCTH 2z==Rcos?-+iR sint

NllN

=< 2m1) TIpU Oro0paxedHy W=
O=<i< )H“pe‘ Myers z==x4-iy. Jannoe, ypaBHeHne< ;;pg;{;c;c;s
foe;;rfncam B BHie Xx==R cos{, y=R'sin ¢, rae 0 ﬁ tmeem
l\ndgf)llémmenbny}o ¥ MHHMYIO 4aCTH GYHKIMH W=U-|-iv.
222 xr—yt i 2xy '
RS ETET e et

Ortciopa B —y?

T Xy
=2y
R

u

:
n aBJAd x—-—‘R COSt H y——'_R sinfBuwu v, I JIquM napaMe p e
OJICT 0. TPHYECK
ypaBHeHMH 06p333 Opr)KHOCTH

cos? {—sin? {

—— T —cos 2,
" cos? t}-sin2t (a)
2costsint —sin 2,

U= G+ sin?

T ’ : y axK bl
Hrak 06;83 ecTh €JUHHYHAA OKPYXHOCTb, HPOXOZHMAA JB bl
’

yro caegyer M3 Toro, uto 0<Cf << 2m, u U3 dopmyn (a)-
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50. YcTaHOBHUTb, Ha KaKue JIHHHH IIJIOCKOCTH w OTOGpa-

1
XKawTcd ¢ NOMOIIbIO Q)YHKIII/II/I w=7 Caeayrue JinHHH
IJIOCKOCTH Z2:

1
a) lzl':?; 6) Rez=0; B) argz=%ﬂ;
r) argz2=—%; 1) Rez=Imz; e)|z|=z

51. Haititu o6pasm KoopaunaTHHX ocelt OX u OY npu
CAeAYIoUUX OTOOpaKeHHsAX:

a) w=211 6) w=14.

z—1
OcHOBHLIEe 5MeMeHTapHEHEe QYHKOHH KOMIOAEKCHOTO
nepeMeHHOFO
1. Tpo6Ho-panuoHancHas QyHKUS
n n-1
W aozm—l—alzmk +...+an .
boZ —I—blz 1+...+bm’
B YACTHOCTH, paudonanbHoil QyHKuHeH saBIsieTCs MHOrOYJeH
W=qy2"+a;2" 1 ... +a,

2. HoxasaTeJle%ﬁ GyBRRUHSA ef onpefiesseTcs KaK cyMMa aGcoJoTHO
CXOAAIErocss BO Bcell KOMMJGKCHOH NJIOCKOCTH CTENEHHOro psina

2 22 2z,
(4 =1+2—|—QT —I—.+ "{!'—l—...

IToxasatenbHass QyHKuHA ef ofJajaerT ClelyIOUHMH CBOHCTBAMHU;
21t 2o 21, pR2
a) e =¢l.e%%, re 2 U 23— Mmobble KOMIJIEKCHEIE BeJIMUMHBL,
6) ez—|—2km‘_ 2 b—0. + 1 2
i =€ (k=0,x1, +2,..) 1 e ¢ saderca nepuo-
nuueckolt dyHxuueH ¢ nepuopoMm 2mi.

3. Tpuronomerpuueckye QyHKIHH Sill Z H COS Z ONPEAESIOTCS CTeneH-
HBIMH PSALAMH:

sin 2—2—23 a2
=2 U gy

22 24 22n
COSZ=l—ﬁ—l—n—...—l—(——l)n(QT)!—l—...,

a6COMOTHO CXONSIUHMMHCST DK /1I06OM KOMIJIEKCHOM 3HadeHuH 2. Pymk-
OUA sinZ M cosZ MNepuojHuyeckHe C JieHCTBUTEJNbHBIM TEPHOROM 2m H

HMEKT TOJNBKO JeHCTBHTe/bHBIE HYJAH 2=A&M H z:%—{—kn (k=0
1
+ 1, & 2,...) COOTBETCTBEHHO.

g9l SYHKIIMM KOMILAEKCHOI'O MEPEMEHHOTO 19

LE: HKIMI e?, sinZ # CoS2 HMEIT MecTo (QOpMY/JIbl Bitnepa
y

ez =cosztisinz, e ¥=cosz—~Isinz, M
OTKyAa 1z 1z 1z iz
e e . ef—e”
coszz___;__., Sifl 2=~ @

Gyuxuun gz ® ctg z onpegensores paBeHCTBAMH

sint 2 cosz “
tg 2 —=—— ctgz=——. 3
g cos 2’ 8 sifl 2 )

Jlnsi TPHFOHOMETPHUYECKHX GYHKNHA OCTAaKTCs B CHJe BCe ¢opmyJIbl TPH-
FOHOMETPHH.

4. T'unepGonnueckue ¢yuxkumy shz, chz, thez, cthz onpenensiorcs
paBenCcTBaMH

_ez_e—z _ez_l_e—z

she=—7—, chz=—p—o, “)
shz chz

thz:al_Z’ C‘[h?——‘—'sﬁz. )]

5. Jlorapu¢muueckast ¢ynkuus Lnz, rxe 240, onpejensieTcs Kax
¢GyHrUHs, o0parHas nokasaTeNbHOH, IpHYEM

an=1n|2]+iArg2:1n]2[—|—iargz—|—2km (6)
(=0, =1, =2, ..).

Sra (yHKUHS ABJSETCS MHOTORHAYHOH. [napHbIM 3HaueHueM Lnz nasel-
BacTCs To SHAuEHWe, KOTOpoe mojyuaercst nipH k=0; OHO 0603Hauaercs
nz=In|z|+iargz.

CrpasefJiisbl CjefyloliHe COOTHOWIEHHA:
Ln (z12)=Lnz;+Lnz,

Ln <zl> =Llnz—Lnz,
29
Lnzt=nLlnz42nki, rme k=0, x1,..

6. OGpaTHble TPHIOHOMETpHYeCK e GYHKIHA Arcsin 2, Arccos 2, Arctgz
onpegensiorcs Kax GyHKIuH, 06parHble COOTBETCTBEHHO X sin 2, cos 2, tg 2.

Hanpumep, ecau z=sin @, T0 @ HA3bIBACTCA ADPKCHHYCOM HHCIA Z
u o6o3nauaercst W= Arcsin 2.

Bce 5TH (yHKUMH SBASIOTCS MHOTO3HAUHLIMA H BBHIPRXKAIOTCS Hepes
Jorapumuueckye GyHKIHHT

Arcsinz=— i Ln (iz+V1=2), (7
Arccos z—=— i Ln (z+22—1), 8
Arctgz=— L Ln 1te 9

2 1—w”

N vlf
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7. O6was crenennas (QyHKups w=29, rie a=q--if —moGoe Kom-
NJeKCHOE YHCJO, OfpeflesifieTcsl COOTHOLIGHHEM

20— Ln z (10)
Dra q)yHKIIHﬁ MHOro3HauHas; ee rJaBnoe 3HadeHHe paBHO
2% =% lnz_ (1 1)

8. Ofmas noxasareabHas QyHKUHs @w=a? (a3~ 0—n060e KOMIVIEK-
CHOE YHCJIO) OmpefelsieTcs PABEHCTBOM

z=eana.

a (12)
TnaBHoe 3HaueHne 3TOH QyHKUHH
af=¢*1n4, (13)

52. BoigequTs AeficTBUTENBHYIO H MHMMYIO 4YacTH y cJje-
AyIOHX QYHKUMH:

a) w=e" 6) w=2¢";

B) w=sinz, ) w==ch(z—-1i);"
1) w=2", e) w=shgz

K) w=tgz.

Opumep 4. Haittu 3uavenue mofyns ¢ynxuun w=sinz B 1ouKe

z=n+iln(2+V5).
Pewenune. Iycrs z=x4iy. Torma
w=sin x ch y-4{sh ycosx.
Monyas ¢yHxnuH sinz pasey
| sin z | =V siu2x ch?y - sh2y cos?x =
=}/ sinZx ch2y - sh2y - (I — sinZx) = }/ sinZx -} sh2y.

Monaras z=n-i ln (2+V5), naiinem
|sin {41 1n 24+ V5)]|=sh [In 2+VB)]=

= 1
_em(z+v5)_e~m(z+v5)_2+V5_"““‘2+V5 L,
- : - - _

Sror npumep MNOKA3plBaeT, 4YTO TPHPOHOMETpHYECKas Gbynknua sinz
B KOMIUJIEKCHOi 06MaCTH MOXeT NPUHHMArb 3HaYeHHd, N0 MOAY.IO GOb-
WHe einHHLEL
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B cieayIOIIHX 3ajadax HaiiTH 3Ha4YeHue MOAyJs U IJaB-
Hoe 3HayeHie AapryMeHTa jaHHBIX (yHKUME B YyKasaHHBIX
TOYKaX: B '

53. w=C0S2, &) z1:§+z1n2’; 6) z,=n-+iln2.

54. w=shz, z,=141 %

55. w=2¢", 2Z,=7Ti.

56. w=ch?z, z;=iln3.

57. Haiitu jorapudmbl CJIELYIOMUX YHCRT: | .
a) e; 6) —i; B) I; r) —1—i; 1) 3—2i; ) i

58. Hailru:

L : . 10\,
a) i 6) 15 B 15 0 (=D ) (ﬁ) '
3 P\l

e) <‘—/2—§+%> ;

59. HafiTd MOLyJb P M apTyMEHT @ KOMIIEKCHBIX qucesn:
a) thami; 6) 105 B) ¥7°

x) (1 — )%

L
Mpumep b 3anmucars B anreGpanyeckoit Gopme Arcsin ) i

o,
Pewenue [onaras B ¢opmyie (7) 2= 3 i, moay4nM

) n?
Arcsin %[:—iLn<——§i ]/ l—l—*9->.
Orcioza

—

Arcsin -g j=—iln [—- <_g__|_1/ 1_}_{‘9_)];_

=—i[1n <—g-+]/ 1—;—%E>‘+ni+2kni]=

=(?k+1)ﬂ-—i1n<g—+]/l+%z> (=0, =1, £2,..)
n

—
Arcsin g i =—i Ln (]/1 +%—%>=
=— i[ln (]/1 +n—9—2-——~g—)—|—2kni]=

/!
=%kn—iln (]/ 1+%~%> (=0, £ 1, £2 «).

\
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Ipumep 6. 3amicats B aareGpamueckoii dopme Arctg (l+-i).

Pemenne. Ilosaras B dopmyae (9) 2=1--i, nonyunm
. i 1Hi(l4-: i ;
ArCtg(1+l)=—%Ln-l—i_—zil—i;—;:_ém—rii —
i

e

JHanee )
Ln <— %—1—% i>=— lnyV5 +(2k -+ 1) ni—i arctg 2.
OxkonuarenbHO
, 1 b i =
Arctg(l—}—z):——?arctg 2-}-(21@-}-1)—2-|~7 InV5
(=0, =1, =2, ..).

60. 3amucath B anareSpaudeckoil ¢dopme caeayouHe
KOMIIJIEKCHEIE YHC/a!

a) sin s, 6) cos mi; B) tg%i;
r) ctg mi; 1) Arcsini; e} Arctg —;~; :
®) Arccosi; 3) sh J—I—i; u) thai. ]

Mpumep 7. Pewnrb ypabuende sinz=3.
Pemenne 3agaua CBOLHTCS K HaXOXJEHHIO BeAHYMHE!
z = Arcsin 3.
Bocnoassyemest ¢opmynolt (7):
Arcsinti=—iLn (it + V1 —=2).
Bynem nmerb
2= Arcsin3= —iLn (3 + Y =238)

WM, YYHTHIBAA TO, YTO

V=8=+V8i

noNy4uMm
z2=—i[Ln(3+V8)il,
z=—1[Ln 3—-¥8)i].

§ 3 YCJIOBHSI KOIIK — PUMAHA 23

Tak Kak

arg [(3+VE) i =arg [B—VE) il = 5,
|(3+V8)i|=3+V8, [(B-V8)il=3-V8,
Lﬂ@iV@ﬂzM@iV@+%bﬂMh
re k=0, £ 1, £2, ... CiefoBaTesibHO,

=%+%m4mmiV® (=0, £1, £2 ...

PeniuTh caeaylonne ypaBHeHI/IﬂZ

61. &+i=0.

62. 4cosz+45=0.

63. shiz=—1.

64. sinz=rmi.

65. ¢=cosnx  (¥— NeiCTBHTEJbHOE).
66. €2 +2¢°—3=0.

67. chz=i.

68. a) In(z+i)=0; 6) In(i—2)=1.

§ 3. JAuddepenuupopanue dyHKUUHA
KOMILIEKCHOTO TepPeMEHHOr0.
Ycaosus Kourn — Pumana

Mycrs ¢ynxuus ©w=f(2) omnpelenena B nexoropoit obaactu D
KOMIIEKCHOro Tepemensoro 2. Ilycrb Toukd 2 H 24 Az npusagiexar
obnacta D. O603HaUHM

Aw=f(z+A2)—f (@), Az=Ax-+iAy.
Onpepenenune 1. @ypxuus w=/(z) nasviBaercs Ougpepen-
yupyemoti ¢ mouxe 2 €D, ecan OTHOUWEHHE —A% yMeeT KOHeuHEIH TMpejen

npu Az, crpemsimenmcst K O 1pOH3BOJLHEIM ofpasom. IrtoT Ipejea HAa3wl-

Baetcst npouseoduoi GynxuuH f(z) ¥ 0003HAUAETCT CHMBOJIOM [ @ (mm

w', uam —(E)’ TaK 4TO IO OlpeAesenHIo

Aw
'=f (2)= lim —. 1
o =} @)= lim T M
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Tonbaysice yceaosusivu Koum — PuMmana, ananurtaueckyilo QyHKIHIO
f(2) MOXKHO BOCCTAHOBHTb, €CJHM H3BecTHA ee jelicTBHTe/NbHAS YacTb
u (X, y) uAn MHAMAs 9acTb U (X, y).

Kpome s10r0, aHalHTHYECKYIO B OKDECTHOCTH TOYKH Z; (YHKIHIO
f(2) MOXHO BOCCTAaHOBHTb 10 OAHOH M3 CJAeAyOUHX HopMy.a:

ro - (ThR, SR g, ®

rie Cy— conpsaxennoe uucno wist Co=f (2o), @ Zg— CONpsKEHHOE YHCAO
ans 2.

Ipumep 4. Halitu aHanurnuecKyw GyHKUMIO W=/{ (2) 10 u3BECT-
HOH ee JeficTBuTesnbHOH uYactH u (X, Yy)=2e¥cosy M JONMOIHHTEIBHOM
yeaosun f (0)=2.

Pemenune IMepBrii cnoco6b. Vimeem %%=Qexc0sy. To

M du dv
nepsoMy u3 ycaosuii Kowrn — PumaHa fomkHO GbITh 73)_c=0_y’ TaK  YTO
av

a—g~23x cosy. Orciopa v (x, y)= S 2e* cos Y dy=2¢* sin y+ @ (x), rne

¢byuKuEs @ (¥) moka HemspecrHa. [luddepenunpysa v (x, y) 10 X M HC-
noab3yst BTopoe H3 ycaoBuii Kown — Pumana, nmoaydum

2¥ siny+ ¢’ (x)=— %%:2@” sin y,

otkyfa ¢’ (¥)=0, a suaunr ¢ (x)=C, rae C=const.
Hrak, v (%, y)=2e*siny-+C, H, clefoBaTeabHo,

f () =2e¥ cos y+i (2* sin y +C) =2e¢+iC.

Mocrosiunyto C Baiizem u3 ycaosus f(0)=2, 1. e. 209-+iC=2; orciona
C=0. Orser: f(2)=2¢%.

Bropoi#t cnoco6 Bocnonesyemes ¢opmyaoit (5). B nawewm

npumepe u (X, y)=2e¥cosy, 2,=0, Cy=2. 3nauut, no dopmyse (5)
4

S
Gymem uvets f (2)=2-2¢7 cos 57 —2. Tombaysics tem, uTo cos Qiz =

= cos <—— -125> =ch % , TIOJYUHM OKOHUATeJbHO f (2)=2¢%.
Mpumep 5. Halitn ananutuseckyo Qynkuuio @=f(2) 0o ussecr-
goil ee MHHMOH Yactd v (¥, y) =3x-+2xy npu YC/IOBHH, YTO f(— 1) =2.
Pewmenue. Bocnonbsyemcst dopmynoit (6). B mamem npumepe
v(x, y)=3x+2xy, 2g=—1, Cy=2, TaK uyTO

f(z)=2i< 2—J2£3+22_J2£_i-5%>+2=3iz+z2.

§ 31 YCJIOBUS KOIIY — PHMAHA 27

BOCCTAaHOBHTb aHAJUTHYECKYIO B OKDECTHOCTH TOUKH 2o
¢yngumo f(2) 0o M3BECTHOH J1eHCTBUTENbHONA 4acTH U (X, Y)
i MHEMO# U (x, y) i sHaueHuio f (2):

1
75. a) u=prs,  [O=%;

6) v=arctg % (x>=>0) f(H=0;

B) u=x*—y?+2x, fi)y=2i—1.
76. a) v=2(ch xsiny—xy), f(0)=0;
6) u=2sinxchy—ux, f(0)=0;

B) v==2(2shxsiny+xy), f(0)y=3.
77. a) v=—2sin2xsh 2y +y, f(0)=2;
6) v=2cosxchy—x*+y?,  [(0)=2.

_Onpenenenne 3. dynxuus @ (¥, y) Ha3HBaeTca 20 p MOHUMECKOL
g 06aacmu D, ecam OHa HMeeT B 3TOH O6GJAcTH HeNpPepHlBHBIE YaCTHEIE
NpOM3BOAHBIE JO BTOPOro MOpSAKA BKJIOYHTENbHO H  YAOBJAETBOPAET
B aTOl o6/acTH ypaBHeHulo Jlamniaca

P, %9
Ecz_‘_ oz 0

Ecan ¢yukuust f(2)=u--iv aBHalATHYHA B Hexoropoit obnacry D,
T0 ee neficTBHTeNbHAs uacTb u(x, y) H MHHMAst uacTb U (¥, y) SBAAKTCS
rapMOHHYECKHME B 3TOH ofnact GOYHKIHAMH.

Onpako ecan up (%, y) U Uy (X, y)—niofble JBe rapMOHHUeCKHe
QyHKIEH, TO GYHKUHS f; (2) =uy (X, y)+ vy (% y) BoBCe He 0fsi3ana ObITh
anaquTHUeCKON GyHKIMeH: A5 aHAIMTHYHOCTH [y (2) HYXKHO, uyTO6H QYyHK-
IHH 4y ¥ U; AOMONHHTEJBHO YAOBJETBODSIA YCIOBHAM Ko — Pumana.

Jlse rapmonnueckne GYHKIHH, YIOBJAETBOPSIOUIHE yCAOBH M 2,
HA3BIBAIOT CONPINCEHHOU Napoli 2apMOHUMECKUX pynryui.

Tlokasath, 4To caeayiompe GYHKUHH ABJASIOTCA rapMo-
HHYeCKHMH

78. a) u=x*+42x—y* 6) u=2¢e"cosy;
_r . - Y .
x2—|—y2’ F) U= x2+y2v

1) u:arctg%; e) u=In (x> y?).

79. Tlpu KakuX YCJIOBHAX TpPeXWieH U =ax? -+ 2bxy - cy?

IBJISIeTCS] TapMOHMYECKOH (QyHKLMEH?

B) U=

B ciepyioliux npuMepax AaHbl napel i (¥, ¥), v(x, y)
rapMonnyeckux (ynkumi. HafiTu cpenn HUX COUPSKEHHBIE
napbl rapMOHHYECKHX (YHKUHH.
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80. a) u=3(x2—y?), v==3x% — 1%
. * — y .
6) u—x2-l—y2’ - U—_xz_l_yza
B) U=JX, V=—1,

r) u=e‘cosy+1, v=1-4¢€"siny.

FeomMeTpHYeCKHE CMBICA MOLYJdH
HapryMmMeHnrta nNpoM3BOLHOMN

[lycrs GyHKuHs f(2) aHajuTHueckKas B TOuke 2o 1 ' (20) #£0.
Torza | f' (2,)| pasen Kos(duuueury pacTKeHHd B TOUKE 2, NpH OTO-
Gpaxenns w=f (z) WIOCKOCTH Z Ha MIOCKOCTR w; ToyHee: npH | [’ (Z)l >
= | pMeeT mecto pactskenne, a 1pH | [’ (%) | << 1 —cxarne.

Apryment npousBofiHol [’ (Zg) reoMeTpuyeckn pasetl yniay, Ha KOTO-
puiil HYXKHO TIOBEPHYTbH KacaTesbiylo B TOuKe 2, K JI000f raagkoit KpH-
BOll a4 TJIOCKOCTH 2, NpOXOAAmeH uyepes TOUKY Zo, yro6bl NOMYUYHUTh
panpabJenne KacaTedbHOll B TOuKe W, —f (2)) X 06pasy sTOH KpuBOH
pa IJOCKOCTH @ NpH OTOGpamenny w={(2). 3amMeTHM, UYTO eCIH @ =
= arg ' () >0, TO MOBOPOT MPOHCXOXUT NPOTHB 4YacoBOW CTpeJKH,
a npa < 0— 10 4acoBOi.

IMpumep 6. Haittu KO>(QUIHeRT pPACTSKEHHS H yroJ MOBOPOTA
1pH OTOGpaMeHuH w=2% B TOYKe 20=V2 +iVe2

Pemenue Vmeem @ (2)=22, Tax 4TO w'i =2V2+

- s=VILiVZ
L2V
Tepefina oT anre6panyeckoll (opMbl 3aMHCH  KOMIVIEKCHOTO yucsa

22 +i2)2 X TPHrOHOMETpHUECKOH, NOMYIHM

2V2 12 ]/2_=4<—V—22-+i l—/2—2_—>=4 (costT—l—i sin :—:1->
3nauur,

@), _yzpivs =4

»

INE

aef @, _yapivi™
n
T. e. KO9QOUIMEHT pacTKEHUA r=4, a yroa mopopora @=-r.

HaiiTn Ko3HUIHEHT paCTSXEHUs 7 U yron nosopora @
npu 3a]aBHBIX OTOGDAKEHHAX w=/(2) B 3alaHHbIX TOYKaX:

LT .

81. a) w=¢" B TOYKAX Zi=In2+i5 12 =——1——L%;
6) w=sinz B TOYKaX z2,=0 H z,=1+1,

B) w=2% B TOYKax 71=2—1 u Zz:l’*“%-

§ 3] YCJIOBUSI KOMY ~ PUMAHA 29

82. BLIICHATb, KaKas 4acTb KOMILIEKCHOH TMIOCKOCTH
pacTSrHBaeTcd, a KaKas cxuMaeTcs IpH cleAylolHX 0To6pa-
HKEHUAK!

1 .
2 b

a) w=¢" 6) w=Inz B) wW== r) w=2°%

Ecan ¢yHknua @=f (2), aHaluTHYeCKas B nexoropo#t obaacru D,
B3aHMHO OLHO3HAUHO OTOGpaxKaer 9Ty ofaactb Ha o6aacTtb D, TO KpuBag

L, nexamas B obnactd D, oro6pasurca B HEKOTOPY KPHBYIO L B mno-
CKOCTH W, JJIMHA KOTOpOfl paBHA

lw={17 @ld]. U]
L

Amnanorsuno, o6aacte D B TJIOCKOCTH 2 TMEPEXOIHT B obnactb D B
MIOCKOCTA @, TpHUEM njomans o6nactd D Bbl- v
paaercs GopMmy.iof |

Sy= ; VIF @) 2 dx dy. ®) £'(62)

Taxum obpasom, | f (2) |2 pasen xoahdu-
LHeHTy HCKaXKeRus [IOMANH NpH OTobpake-
i w={ (2).

pumep 7. Touka z=x-iy ONACHBaET
OTpPe30K

=1, —l=sy<l )

Yemy paBHa AAMHA JHMHAH, noayuarmencs
npyu 0TOGpAXKEHAH ITOTO OTPE3KAa C MOMOMUILIO
GyHKIHA @ =2%?

Pemenue. Meppuilt cnocof.
Vmeem w==22 nin

u-+iv=x2—y2+iZxy,

T. €
{/ u= X2 — yﬁ‘
v=2xy.
Ouepuguo, Ha auund (9) GyneM HMETh A0 2)
u=1—y2
10
{ v=2y, (10) Puc. 3.

npHuey npu uamemenud y or — 1 go 41 v GyleT MeHATbCs OT —2 no
-+ 2. Us (i10) mosyyaem ypaBBenHe napabobl

—1-2 (uc. 3 (n
g e o
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Huuna gyru A'B'C' napa6oau (11)
2

2
w:QS 1+2 do— % VIT®Rdo—=2V 7 10 (3-42V7).
\ \

(=1

Bropo# cnoco6. Moabsysace gopmysroii (7), Gyrem HMeTb

1
w=§|f'<z>[|dz|=§1221|dzl=2 SIV_1+y2‘dy=
L i
1
=4§l/1—|—y2 dg=2V 2 +1la(34+2V7).

Mpumep 8 Bolyucauts momags o6Jactd, B KOTOpylo mpeo6pa-
ayercs Npu OTOOpa’KeHRH w=ef KBagpar
a—e=<Cx=ta-te —E=y=¢ (puc. 4).
(a— pefictBurenchoe, 0 <& << m, 2=x-1y).

BrmscauTs upenes OTHOuEHHs Huomagedl sTux obaacredf, Kornxa
e—0.

Pemenne IlepBoil cnoco6. Hmeem w=e®=e*=e%plv
i w=pe'?, rie p=e*, @=y. TaxuMm 06pazoM, 0pH OTOOpaXKEHHH

a a-€ aq a+& &

Puc. 4,

w=¢% B NJIOCKOCTH @ TNOAYYHM 06J1aCTb, OFpaHHYEHHYIO HBYMS JyyaMH
arfg w=-—¢ ¥ arg w=g U Qyramu IBYX OKpYMKHoCTeH p=g% ¢ n p=gt®
(puc. 5). Ilnomans orobpaxenHoit obnacty 6yner pasHa

€ ea+E
Sw= S do S p dp==ge2® % (g% —1),
-8 d-c

€

§3 YCIOBUS KOWY — PUMAHA 31

Bropofi cnoco6. Ilpumenan dopmyay (8), umeem

_|_
Sw_lgjif @) [2dx dy= §>5 e¥*dx dy = Saezxdx ?dy:sez““”(e“—l).

a—¢g —8
QueBURHO, YTO Maomanb obiactd D S,==4¢2, nmoaromy

lim i‘?: lim w=eza_

5-’08 g—0 4e2

83. Ha#itu mnmowans o6pasa kBaapata D{0<<x=<C1,
0=<<y==1} npu oro6paxKeHUH w==2% U JJHHY €ro IPaHUIH.

‘ 4

*

ﬂ =pd€

Puc. 5.
84. Haiitu nsomans ofpasa npsMoyrosbHUKa
Pl0<n<x<in<y, 0<pu<y<p<i)
npu orobpakeHHH W =COS 2.

85. Ilyerb z omuceiBaer o6GmacTb, ONpefessieMylo ycio-
BHAMH ~

a

I<<|2|=<2, —r<argz<c

n
T.

Ha#itn mromane ofiacta, nosyueHHOH npu orobGpaxe-
HUn W= 22

86. Haiitu AnHRY L cnupany, Ha KOTOPYIO € IIOMOIIbIO
byHRuEN w="¢° OTOGpaxaeTcsi OTPE3OK y==x, 0<< x=C 2m.

87. Ha#itu ofnacts P,, Ha KOTOpYI0 OGYyHRKuUA ©=¢*
otoGpaxaer npsiMoyroibHUK P {l << x<<2, 0<<y=<<8}. Bu-
HHCIHTL miomanb obnactu P, ¢ nomomipio dopmyaet (8) u
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OOBSICHUTL, NOYeMy 3Ta dopMy/a faeT HENpaBHIbHLIA pe-
SyJIbTaT.

88. Halitu njiomans ¢urypsl, noayvawoumefics Npu 0OTo-
6pakeHHH TPEYroJbHHKa, OIPaHHYEHHOrO JMHHUAMH X=0,
y=0, x+y=1, ¢ nomowso dyukuun w=1-iz.

§ 4. Unrerpuporanue Qyuknuil
KOMIIEKCHOT'O NepeMeHHOT0

Iycts opnosnaunass ¢yHxums f(z) onpeleleHa H HeUpepHBHA B
obnactn D, a C—KycouHo-rnafkas saMKHyTasi WM He3aMKHyTas Kpupas,
dexamas B D.

Hycts 2=x-Fiy, f @) =u+iv, rre u=u (x, y), v=uv (x, y)— neicr-
BUTeJbHEIC QYHKIHH NEPEMEHHBIX X H Y.

Boiuncaenne unterpasna or GyHKUHMH [ (2) KOMIVIEKCHOFO IIePEMEHHOrO
2 CBOIMTCSL K BbIUMC/EHHIO OOGBIYHBIX KPHBOJIHHeNMBIX WHTErpanos, a
HMeHHO,

;;f(2)dz=§:udx—-vdy—|—i§vdx+udy. 1)

Hwurerpan §f(z) dz, BOOGIIE TOBOpS, 3aBHCHT OT IYTH HHTerpupoBauus C.

Ecan f (2) —ananuruueckast QyBKuus B OAHOCBsI3HOH o6aacta D,
TO MHTerpasj He 3aBMCAT OT IIyTH HMHTErpHpoBanus. B stom cayuae

{ () dz=0,
L

rge L — mo6ol 3aMKHYTHIl KyCOYHO-rAagKuil KOHTYp B ob6aactu D.
Ecan xpuBas C 3agaBa NapaMerpHuyecKAMH yDaBHEHHSIMH

x=x (), y=y )

¥ HauajAbHas ¥ KOHeuHbie TOYKH RyrH C COOTBETCTBYIOT 3HAYEHHMSIM Hapa-
merpa f=1{, t=1;, TO

ty

§f @ dz={ { [z ]2 () dt, @
t

rie

z({t)y=x{)+iy ().
Ecan dyHnxuua f (2) amanutiysa B OAHOCBs3HON ofaactu D, conep-
Kauleld TOUKH Z, W Z;, TO UMeeT Mmecro ¢opmynaa HuvworoHa—Jlefi6unna
23
[ 1@d=0@)—0e)=0@ ", @

Zp A

rie @ (2) — Kaxas-au60 neppoobpasnas gaa dyHkuuu [ (2), 1. €. @' (2)=
=f (2) B o6nactu D.

§ 4] VHTETPUPOBAHUE OYHKUNM 33

Ecau dynruun [ (2) ¥ ¢ (2) aHaluTHYeCKHe B OJHOCBSI3HOH ofsacTu
D, a 2, 4 2; — NOPOU3BOJbHBIC TOYKH 3TOH 00JacTH, TO HMEET MecTro
¢dopMyna MHTErPHPOBAHMS MO HacTsM!

2 2 L2 ,
{1ov@de=taral| {05 e e 4

3aveHa nepeMeHHbIX B HHTerpasax oT QyHKuuH KOMIJIEKCHOrO mepe-
MEHHOrO TMPOH3BOLUTCS aHAJOrHYHO Clyualo (QYHKUHH JAeficTBHTeNbHOro
nepemennoro. Ilycre ananuTHuecxas ¢yHKunus 2==Q (@) oto6paxaer
B3aMMHO OIHO3HauHO XOHTYp C B 2-myockocri Ha Kouryp Cy B w-nJjo-

cxoctH. Torza
7@ d={ flg @1 @ de )
4 .

Ecay myTh HHTErpHPOBAHHS SBJSETCA NOJYNPSAMOH, BeIXOAsIIER U3 TOUKH
Zg, WJH OKPYKHOCTBIO C LEHTPOM B TOUKE 2, TO TOJIE3HO JieNaTh 3aMeHy
nepeMeHHOH BHAA

72—z =pe'. (6)
B nepsom cnyuae @e==const, a p— AelicTBUTe/bHAS TNepeMEHHAS HuTe-

rpupoBanUs, BO BTOPOM cayuae p==const, a ¢-— JeificrBuTenbHasl mepe-
MeHHasl MHTerpHupOBaHHus.

Mpumep 1. Boluucanrs uHTErpan

§ (1 Fi—22) az
¢

N0 JUHASM, COSJUHSIIONUM TOUKH 2; =0 # 2,=1--1i,
1) no mpsMoi;
2) no napatone y =x2;’
3) no JoMaHOH 2732, rhe 23= 1.
Pemenue. Ilepenumem nopbiHTErpaibHyI0 (YHKUHIO B BUIE

14i—22=(1—-2x)+i (1 +2y).
3neck u=1—2x, v=142y. .
Ipumensiss ¢opmyay (1), nonyunm

§(1+i—22) dz=\ (1—20) dx— (1 +-29) dy +
¢
i §(1+2y) dx+ (1 —2%) dy.

1) YpaBHenue npsmoft, npoxopsued yepe3 ToukH 23 =0 0 2, =11,
6yner y=x, 0<<x<< 1, a suauur dy=dx. [lostomy
|
f(1+i—22) dz={ (1 —20 — (1 +-20)] dx +
C i
|
+i {10 +20+(—20)de=2 (G —1).
0

9 M. Jl. Kpacuos # Ap.




34 ®YHKUUH KOMIMJEKCHOIO NMEPEMEHHOrO (ra i

2) Jlan napaGonsl y=1x* umeem dy=2x dx O=sx<1).
CneposaresasHo,
1

§(1+z~2§)dz=§[l—2x—(l +2x2) 2x] dx -+
1
+i § [l-!-2x2+(1—2x) 2X) dx = — 2+%—i.

3) Ha orpeske 22p; y=0, dy=0, O<<x=1. Ha OTpesKe 2g2y:
x=1, dx=0, 0 <<y <1. Mcmomssys cpoiictso auHeiinoCcTH KpHBOJH-
HeHlHHIX HHUTErpasios, NOAyduM

§(1+i—22)dz= § (1+i—22)dz+ { 0+i—22)de=
123 | \ 2324 |

1
=§(1 —2%) dx+z§dx——§(l—|—2y) dy+i§(1—2.1)dy=_ 2.
i) 0

10T mpuMep NOKA3HBAET, WTO HMTErpan; OT HeTpepLBHOH, HO He
anaJuTHYECKOH (YHKUUM 3aBHCHT, BooOme roBops, or dopmel nytn unTe-
FpHPOBaHUA.

[Ipumep 2. Buuucants unterpan

§_ (2 4-22) e,

rie C—pyra oKPyXHOCTH |2 |=1 (0 < argz < a),
Pewenne Ilonoxum z=¢'¢, Torfa dz—ip'¢ dp n

n
é(zurzz) dz= § ie"? (¢2¢ 4 1) dp=

=i § (e'39 - ¢'9) dq>=<% ei39+ei‘?)l

n

-8
o 3

Iprumep 3. Bouncaurs unrerpan \ ezdz, rpe C —otpesox mpsimoli

Y=—X%, CoeMHSIOMEN TOUKH 2;=0 H 2, =g5—x.
Pewenue. Ilapaverpuueckue ypasuenus Juuud C ecth

x=t, y-—-'———t
WM B KOMIVIEKCHOA dopme
2=f—it,

rie JeHcTBuTeNbHOE mepeMeHHOe / uaMensiercs ot 0 4o m.

§ 4] MHTETPUPOBAHHE ®YHKUMMA 35

[Mpumenss dopmyay (2), nomyuum

R v 1—1 n
éezdz=set+tt (1—i)dt =1 ‘_i)é e+t gy T e+t s =(e"+1)i.
b

IMpumep 4. Buaucnuts unrerpan
241
{ (32242) ce.
1=

Pewenne. Tak Kak nopsiHTerpainHas QyHKuus f (2) =3224-22
aHaJHTHYHA BCIOAY, TO, NpHMeHsis Gopmyay Heiorona—JleiGuuna, nafizem

—1

244 241
| Ge42md—(ia)
1=
=@+ + 2+)2— (1 — P — (1—i)2 =74 195,
[Ipumep 5. Breumeaurs unrerpan
!
ézcoudz.

Pewenne Oyukunn f(2)=z n @ (2) =C0s2 ABAAOTCA AHATHTH-
uecKuMn Beiofty. Ilpumenss ¢opmyany wuurerpupoBaHdst mo wacrsM, mo-
JYYIM

i i P
§zeosz dz=§ 2 (sin 2)’ dz=(z sin 2) , 0—§ sin 2 dz=

1—¢

i
=i simi-cosz 0=——sh l+chl—1=

OnHoO3HayYHbEe BETBH MUOrO3HAYHOH OdYHXIHH
ToukH pasBeTBaennus.

Ilycrs dynkmwia w=f(2), ananuruseckas B o6nacru D, orobpaxaer
D na obaacts G, u Takopa, uTO obpaTHast QyHKUHs Z==@ (@) MHOrO-
3Hauna B obnactd G. Eciy cywecTBYOT ORHO3HAUHEE, aHANHTHYECKHE
B o6nactu G dyHRuUHH 2= @, (@), Z2==@; (@), ..., ANA KOTOPHIX JaHHas
yHKUUA @=f(2) sBaserca oGpaTHOH, TO Gysrnud @ (@), @y (@), ...
Ha3bIBAIOTCSL  OOHOHA4HOIMU  gemeamu  dysKyuL @ (w), olpefeseHHLIMH
B o6nactn G. .

Hanpumep, dynkuus w==2" kaxpoii Touke 2y CTABHT B COOTBETCTBHE
CIMHCTBEHHYIO TOYKY W), HO OJHOH W Tofl XKe TOYKe Wy (w0, w=co!)

n
bynxnas z=3/w crasur B cootBercraye 7 Pas3iHYHEIX TOUEK IJOCKOCTH
2, TIpu sToM ecan w=pe'®, To aTH 1 3uauennii 2 Haxoxarcs no dopMynam

zk=rel¢k, rae
n b, %

T=Ve =+ (Rt k=0, |, 2 ., a1y, (7)
2*




36 GYHKUNY KOMIIJIEKCHOTIO NMEPEMEHHOTO [T 1

[ycte ognocesidHas obnacTe G COMEPMHUT TOUKY W,, HO HE COAEPKHUT
touek w=0 ¥ w=oco. Torga pasyuuHbiM (GUKCHPOBAHHBIM 3HAUEHHM K
(=0, 1, 2, ..., n—1) npu opHom M TOM XKe Bpifope gucaa 8, (HampH-

n
Mep, 8y==arg W,) COOTBETCTBYIOT pa3nuuHele BeTBH (yHKUHUH 2:1/w.

Touka, oGJajalomast TeM CBOHCTBOM, YTO OGXOA BOKDYT Hee B focra-
TOUHO Ma/ofi OKPECTHOCTH BileueT 3a COGOH Tepexoi OT OfHOH BeTBH
MHOrO3HAUHOH YHKUMH K [pyrolf, HasblBaeTCaA moukol passemeienus
paccmarpuBaemMoll MHEOTO3HaYHON (yHKIHH. TOuKamu paspeTBaeHHs (yHK-

n
nuH 3/ @ SBJASIOTGE TOYKH @ =0 0 ©W=00.
TMocne n-xpaTHOro 0GX0Aa BOKPYT TOUKH @ =10 MBI BepHeMCs X NepBo-

- n
HayanbHOH BeTBH (YHKIMH I/w; TOUKM pa3BeTBJeHHd, 06aajawlnue

TAaKuM CBOMCTBOM, HAa3bBAIOTCS gazebpaudeckumil TOUKAMH Pa3BETBJEHUS
nopsigxa n--1. B Kaxjaof U3 3THX TOYeK (QYHKLHS HMeeT TOJbKO OAHO

n,r— n —
3HayeHHe: 1/0 =0, ]/oo:oo, T. e. pasJuyHble BeTBH QyHKUHH B 9THX

TOYKaX COBNAJaIoT.

JIlna aorapudmuueckoll GVHKUMH @w=Lngz TOuKAMHM DA3BETBJIEHUS
aeasorea 2=0 1 2=o00, npuueM Ln0=co u Lnoo=oo. JlioGoe xoneu-
HOe YMCAO O6GXONOB (B OZHOM H TOM K€ HANpaBJEHMH) BOKPYI TOYKH
z=0 He npuBejer K nepBoHauadbHON BeTBM Qymnxuuu Lnoz. Taxue TOUKH
BeTBJICHHSI HASKIBAIOTCH A0zapupmuteckumu. TIpy HHTErpApOBaHUH HEOO-
XOAMMO BBIJe/STb BETBb MHOrO3HayHOH (YHKUMHM. 370 JOCTHraercs
gajaHHeM 3HAueHHS MHOro3HauHoH QYHKNHH B HEKOTODOH TOUKE KOHTYypa
HHTEr pHPOBaHHU 4.

Ecau kontyp unrerpupoBannsi C 3aMKHYT, TO HauaJbHOH TOUKOM 2,
NyTH HMHTEPHPOBAHHS CYHTAETCA T& TOYKA, B KOTOPOH 3ajaHO 3HaueHye
nojelHTErpanbHoll QYHKIHH.

[Tpumep 6. Beruncaurs uHTErpan

N S dz ‘
-,
F4
C
rae C— BepxXHsist iyra OKpYKHOCTH |z|=1. Ons V2 Gepercs Ta Bers,
aas goropoii Y1 =—1.

Pemenune Tlepsuilt cnocod PyHxruua V'z umeer gpa sHa-
YeHH ST

V?:|z|<cos%——|—isin %),
Vez=|z]| [cos(% —|—n>+i sin (% —{—,:rrﬂ:— lz| <cos —CQE—I—i sin 52)—>,

rre @=—argz.
Tax xax sHauenus z GepyTcst HA eHHHUHON OKPY2.HOCTH, TO |2z |=1,
H, CleJ0BaTesbHO,

gl P, P
V'z ==cos 5 —+i sin 9

4 i sin @

/7 —-— CO§ & —
}z~—c032 9

§ 4l ) WUHTETPUPOBAHUE @YHKIIUM 37
Yeaosuwo Y1 = —1 ypoBnerBopsier BTOpOE 3HaueHue
S —cos X —ism 2
V2 = —cos g —ism o 8
B camom jene, mycrb z=1, torga argz=0 n .
V1 =—cosO—isin 0= —1. -

[pumenss dopmyay Heiorona — JledGuuua, noayuum
—1

{ 7= o (Y =TIV,

1

C 1

TMonaras B gopmyJe (8) 2= — 1, Hafizem

—_ arg (—1) , . . arg(—17] LA A
YV =1= [cos—————2 i sin —=5—" | = —{cos 5 +i sin 5 )= —i.
Cornacno BLIOOPY BeTBH HMEeM V1= —1 u oxonuaTesLHO MOAYHHUM

. dz

——=2(1—1i).
g Ve (
Bropofi cnoco6. [lonaraem z:peiq’, rre p=1, a ¢ MeHseTcs
)

— — il —4n
or 0 no m. Y ycnomua V1= —1 crenyer, uro V & =e <2 )
B camom gene, npu ¢=0 noayunm ¢®=el=1 n

(2 ,
el<2 +n> pmo =€ =Cosmtisinm=—1.
Tenepn
n . fat . no
dz ie'® ie’% do . ’(%"“)
- = [
) Ve Ve t(9+n> .
/C 0 0 e 0
) fad

T
0 =2 <e 2 ~—e‘”‘>=2 (1—1).
i
In3 2
Iipumep 7. Borumcaure unrerpan /= 5 dz no pyre oxXpyx-
1
Hoctd | z|=1 (Inz—raaBHoe 3pavenue Jorapugma, In1==0),
Pemenune. [TepBril cuoco6. Ilpumensa popmyay Heiorona—
JlefiGhuna, noayunM
; .

3
* 3 4
1= Sl—n——zd.z:S In? 2d (In 2) = 22
z 4
1 1

i

1

Cdmi—Intl Inti 1w\ me
/ = /R | =




38 GYHKUUY KOMIIJIEKCHOrO TNTEPEMEHHOTO [T 1

Bropo# cmoco®. [lenaem 3aMeHy nepemMeRHOA

dz

lnz=w, dwo= >

Jlyra OKpYIKHOCTH |z|=1 nepexomut B OTpe3ok MHHMOM ocH, 3aKJI0-
77\
yennoft Mexny Toukamu {0, 0) n 0, —2—),
Hurerpain npuMer BHJ
: n

T
2 4 1 474 4
1=Suz,v3dw=£ﬂ—\‘Z Ty z
4 1
0

Tperu# cnocof. Tonoxum z=e!? (agecy p=|z|=1)
Torza

Inz=ig, dz=ie'®do.

. T
JleficTBuTeNbHAR NePeMeHHas @ M3MeHseTcs B mpenenaX <@ <73

B sroM cliyuae noJydaeM

]

2 ot
o B

(P4
=7

LA
. 2

3q3e’®i dg
= \
0

S 20| d
(‘N
S

Bruuc/uTh CHAeAYOLHE HUHTErpaJbl:

89. {zImz2dz, C: lz]=1 (—n<argz<0).
s
90. Se‘ z*Rezdz, C —npsaMas, COSAHHALIAs TOUKH

o
2, =0, z,=1+1.
91. Slnzdz (Inz — riaBHOe ~ 3HaUEHHE sgorapudma),

o
C: |z|=1, a) navajpHas TO4YKa NyTH WHTETrPUPOBAHHA Zo==1;

6) z,= — 1. O6X0A 1pOTHB 4yacoBOH CTpEJIKH.
92. SzRez dz, C: |z|=1. 06xon npoTHs YyacoBoH
¢
CTpEJIKH.

93. Szz dz, C: |z|=1. O6xox npoTHB yacoBOH CTPEJIKH.
c

~§ 4] MHTECPUPOBAHUE GYHKUUMA 39

i
94, {2¢" dz. 95. {Rezdz, C: a) =2+t O<t<I)
i c
6) JoMaHas, COCTOAINAsA M3 OTPE3Ka [0, 2] meficrBuTENBHON
OCH U OTPE3Kd, COEQMHSIOUIEro TOUKH 71=2 0 2,=241.

—1'—-1 i1 i
96. | (2z+41)dz. 97. { 2°dz. 98. { (324 — 22%) dz.
1+i 0 1

v .
99. Se dz, C: a) nyra napaboanl y==x?, coeauHsIOMIas
C
ToukH 2, ==0 U z,=1+1i; 6) OTPe3oK HpsIMOH, COeHHSIONLIA
3TH K€ TOYKH.

100 Scoszdz, C: oTpe3oK HPSIMOH, COENUHSIOUNHA TOUKH
C

MY .
=7 H z,=n 1.

dz
101. (S: Ve C: a) BepxHss NOJNOBHHA OKPYXHOCTH |2|=1;
poifupaercss T4 BeTBb Q)yHKuHH_VE, VI KOTOpO# VT=1;

6) |z|=1, Rez=0; V:—_i=K§2—(l—i).

dz
102. Sf’/—z‘? C: BepxHsifl [IOJOBUHA OKPYyXKHOCTH |z|=1;
c
Gepercst Ta BeTBb (PYHKIHH w=12%, a1a Kotopoi Vi=1.
Qi ﬁ i
103. | (z*—2)e?dz. 104. {zcoszdz.
1i+i ; 0
105. {zsinzdz. 106. {(z—1i)e~dz.
1 0
i

1 1
107. S —n—z(%:_T)dz no ayre okpyxHocta |z|==1, Imz=0,

Rez;o.1

21=1 H
1+
109. S sinzcosz dz.

’ \

i
108. \ “24z mo o ; ;i
. 5 Tpe3Ky NpsIMOIl, COEAUHSIIIEA TOYKHU
1
Zy =i
i
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i

14t . .
110. S +2gzdz 110 npaMOH, COeHHAIOIEH TOUKH ;=1

Cos“ 2
. 1
H 2,=1.
i
cos z dz . o
111. S 7:_— Mo npAMOH, COeLMHAIOLIEH TOYKH z,=—1
s z

—1
U 2,==i; BbIOMpaeM Ty Be1Bb GYHKLHH V'sinz, mast KOTOpoi
Vsin(— =i Vsinl.

112. %Re(sinz)coszdz, C: |lmz|=1, Rez=

i a

113. {zIm (2 dz, C: |Imz|<]1, Rez=1.

i
114. g ze?* dz.

—1

Oy O

115. Stgzdz, C: nyra napaGoJibl y==x%, coefuHsOLAA

C
goukd z=0, z=1-+1.

§ 5. WUnrerpanbnad dopmyaa Komu

Ecan Gynkuua f(2) sBaseTcs amajuTHYecKoil B obmactd D, orpa-
HHUEHHOH KyCOUHO-TJIAJKHM 3aMKHYTHIM KOHTYPOM C, v Ha camOM KOH-
Type, TO CHpaBej/nBa WHTErpa/ibHas dopmyna Koutu

z—2,

f(zo)=% § [@dz ., =D, )

rae koutyp C ofxoputrca TaK, 4T0 o6aacTe D ocraetcs Bce Bpems C/eBa.
Wnrerpanssas  Qopmyna Kowmm no3possieT BBUHCAATE HEKOTOpHIC
HHTErpanbl.
[Ipumep 1. BolunciuTb nuTErpan

chiz
ST Tad%.
22--4z43
lz]=2
Pemenue, DBHYTpH OKPYXHOCTH |2 |=92 sHaveHategb APOGH
ofpauiaercs B Hy/Jp B TOUKE zy=—1. Jl1a npumMeHerus dopmysl (1)
nepenuimey MHTErpal B CAeAyloliem BHAE:

chiz
chiz . chiz _ 243
\ rrEgsts % ernETa T S'z—(—l)"z'

l2i=2 121=2 |z{=2

§ 51 MHTETPAJIBHAST ®OPMYJIA KON 41\

chiz o
213 qprsieTcs aHAJUTHUECKOH B Kpyre

3nech 2o=-—1 1 QyHRUHA f @)=
|2 | = 2. TlostomMy

ch iz ot Ty S )
% 22+4z+3dz_2mf( 1) =25 —5— =i chi=umicos 1.

|z/=2
Mpuwmep 2. Toap3yack HHTEr pajibHOM dopmyvrofi Kotun, BHTHCIATS

pHTErpad
e
' S 7 6e dz,

C

ecJ:
) C:lz—2|=1
9) C: |2—2|=3;
3) C: |z2—2|=b.

Pemenne. 1) B savgnyToft ofaacTy, OrpaHHUeHHOM OKPYIKHOCTHIO
2 —2|==1, noppHTErpanbHas (yHKiHA aHATHTHUECKAs, TOITOMY. B CHJIY

Teopemsl Kot
S ,_f_zj_ dz=0 /
26z N

lz—2al=1

2) Buytpu 00nactH, OrpaHAueHHOf OKPyKHOCTRIO {2—2|=3, naxo-
uTCH OfHa TOUKa 2=0, B KOTOpO¥ 3HAMEeHATE/b ofpauiaercs B HYJb.
[lepenuiuem HHTErpal B BUIE

2
ez

&’ 2—6

S__———dz—_— S Z . dz.,
2

4 26 jz—2|=3 z

z2
qapaseTcsa AHAJUTHUECKOH B nanHofl 06JaCTH.

®yukuua [ @)= po

TpuveHss HHTErpajJbHYI0 dopmyy Kouwn (2o=0), noJayunM

e” e g1 i
S z2_6zdz=2m—z—:—6\z= ——2ﬂl('—€'>———'§‘.

lzg—2al=3

3) B ofnactH, orpannuenHofl OKpYKHOCTHIO |z—2|==5, uveeM ine
touku 2==0, 2==0, B KOTOPBIX 3HaMeHaTed b noummerpanbﬂoﬁ (hyHKIUH
ofpalaercs B HyJb. Henocpexcrsenno QopMyTy (1) mpuveHsiTh HEMb3A.
B sroM caydaé Als BeITHC/GHHS HHTErpaia MOYHO TOCTYIaTh TaK.

na mpocrefinme. Mueem

. 1
Heprmit cnocob. PasnoxuM ApoSh 6




42 ®YHKLIUW KOMIIJEKCHOIO NEPEMEHHOTO ria. 1

Mozxcrapass B uurerpan, nomyuum

622 1 ezz dz 1 e”d

- — 2
S z’—ﬁzdz 6 S 2_6—_‘6— S 2 =
ls—3/=3 17 —3]=8 e—31=8

1, . 1 ., es8__
=5 2nie38 — —6—2m= € 3 lm-.

. T(E{;'a(;p gioc 10co6. TlocTpouM ORpYXHOCTH ¥, U Y, ¢ HEeHTpaMu
=0 7 z=6 pnocraTouHo MaJbIX PagUyCcOB TaKHX, YTO6HI

()pr}KHOClH HE nepeceKanHCb H NEJTUKOM JNeXaJau B K er 2—

Y

We

Puc. 6.

B rtpexceasnoft o6nacti, orpasnyeHHOH OKPYXHOCTAMH [2—2|=5
- b

Y1 U Y, TONHHTETpalbHas (YHK
OUs1 BCIOAY aHaJHTHYHA.
Komn pas MHOrocBstsHofi o61actu Y a. Tlo reopeve

e'dz S 0?4z e?’ dz
2—6z" ) 22—6z g 262"
| 2= =5 . . 22— 62z

K kaxnomy nurerpamy B n
PABOH YAaCTH MOXKHO NMPHMEHHT!
$opmyary Komwu (1). B pesyabrate mostyunm P > HiTerpaTLryie

2
& dz &=t
22—6z z2—6 F

§ 51 WHTETPAJIBHASL ®OPMYJIA KOWH 43

C nomowbio HHTerpanbHoil opMynsl Kouwd BbIYHCIHTD

cJellylotiHe HHTErpasbl:
1

z

(4
116. S ———22+2d2.

117, S ezcosnzdz.

2242z
lz2—1j= = lel=1
p)
chz sin 5t (z—1)
1‘8. ) Zﬁdz. “9.l 1 mdz
lz—2|= z—1—i|=1
gz cos (z -} i)
120. Z_dz. 2 | S5l e
z(e?+2
j2l=1 207 T2 o 2
dz dz
2. | 57 2.\ oy
j2|=5H |2{=4
sh(z+1) . 2 2y %/s
124.6——“_1 dz, C:x*sty’ls=23"%s.
125. smzsn@E—1) g,
22—z
|2|=2

Ecan ¢yHkmus f(2) aHaiuTHYHA B ofnacT D W Ha ee Tpanune C,
To 7 JO60TO HATYpaJBHOTO 1 HMeeT MecTo (opmyna

! d
P ) =g 5 R @

rie =D, ze C ®opmynol (2) MOXKHO DOMBb30BATECA AMIHA BbIYHCJIE-
HHS HEKOTOpHIX WHTErpajos.
Mpumep 3. Buuncauts unrerpan

S T2
S m dZ.

j2—"|=1

sin mz
Pemenue. [TogpHterpanbian QyHKOHS fzz—lﬁ aBaAfeTCs aHa-

JMTHYECKOH B O6MacTH | z—1|<< 1 Beioxy, KpoMe TOuKH Zp=1. Beize-
JMM 10 3HAaKOM HHTerpaia QyHKHHMIO f(2), ABISIONy0CH aHAJUTHYECKOH
B kpyre | z—1| =< 1. Jnst 3T0r0 mepemnuiniem NofibiHTErpallbHyio GbyHKOHO
B BHJE
sin 1z
sin nz (z41)2

@1 =1




44 GYHKINNY KOMIUTFKCHOTO MEPEMEHHOTO i

H B XayecTBe | (2) BO3bMeM —(% INonaras B dopmyne (2) n=1, no-
JYYHM
sin 712z
z--1)2 ,
S Ez:;z dz = 2saf’ (1).

lz—11=1

Haxogum npou3ssonryto

i (2) =< sinnz>'= mcosmz- (1) —2sinaz

(z4-1)2 (z1)3
Orciona
¢y 2mcosa @
="t = T
Caef0BaTeNbHO,
S sin mz o nzi
.

Jz—1]=1

Mprnwmep 4. Boiuncanrs uHrerpan

S chzdz
JEFRE=D

Pemenne. MepBufi cnmoco6. 3uamerarens (z--1)3(z—1)
MoJILIHTErpanbHofl GyHKHHYU Of6paliaercss B HYib B JBYX TOUKaX 2y = —I,

zy==1, nexamux BHYTDH Kpyra |[z|=<2. Pasnoxum Ha npocrefilive
Ipo6u QYHKUUIO

1 1 1 1 1 1 1 1 1

Gr1pE—1) 8 z—1 8 z+1 4 (z+1 2 fiE"

Ucnone3ysi muHeAHOCTh MHTErpasa, MOMYUHM

S chz doee 1 chzdz 1 chz
| ,EFDEE=D "8 S 8 S 241
igl=

z—1 8

dz—

jz[=2

lz1=2

1 chz 1 chz
K} S erp?T 2 S i

lz|=2 |z]=2

K wepBnM xBYM WHTerpajaM MNpHMEHseM HHTErpafibHYIO Qopmyay
Kommn (1):

S 2 omichl,
z2—1

|z|=2

chz
S z_l_le:Qm ch i,

|2]=2

§ 51 MHTETPAJIBHAS GOPMYJIA KOUIH 45

.
Tpetuil M UeTBepTHUl WHTErpassl BHIHHCIAEM C nomotipto dopMyas (2).

chz .
—— d2 = h 2)’ = —2nishl,
S (2+1)2d2 2mu (ch 2) .
|2|=2
chz 2
=5 " = hl.
S EEmE dz o (ch?) e F178
jz2|=2
OKOHUATENbHO NOJNYUUM
dz :2mch1_?mchl+_l"2msh1__
(z+1)3@E—1) 8 8 4
= 1. hl_shl——chl m‘———n—i
9 mchl =g =—5.

Bropoii cnocof. IlocTpouM OKPYNKHOCTH Yy H Yy C HEHTpaMi
B TOYKaX 2y =—1 ¥ Z=1 JOCTaTOYHO MajblX DajAyCOB TAKHX, 4T06H
OKpYKHOCTH He TepeceKaluch W UEJHKOM JEKa H B Kpyre lz|=2.
B TpexcBsigHOM 0o6nacTd, OFpaHUYEHHOH OKDYKHOCTAMA |2|=2, y1 ¥ Vs
nojslETerpasbEad (yHKuMs Beony anaiuTHyHa. ITo Teopeme Komn ans
MHOTOCBSI3HO{ 00J1acTH HMeeM

chzdz chzdz chzdz 3
S (z+1)3(z—1)=S(z+1>3(z—1)+g(z+1)3(z— R

lz[=2 Vi Ve

K nepBoMy uHTErpaly npaBoff uacTu (3) npumerum ¢opmyay (2), npen-
BapHTENBHO TIPEJCT2BUB NOLBIHTEr PANBHYIO GbyHKUHMIO B BUAE
chz
chz z—1

EFDPEe—1 @+
7 zl gGBJisercss aHAAUTHYeCKOH BHYTPH 7y;, TNOTOMY B CHIY
dopuyaur (2)
chz

\ (u—c}f)iiz—l): \ (fllw w= <zc—i'zf>”\z=-x=

" v 9itchl
———-T—Tu.

QyHKIUA

Ko BropoMy wumTerpany B npasoif dactu (3) MpHMEHsAEM HHTErpallbHYIO
dopmyny Komu (1)

chz
chzdz s A chz _ .chl
S(z+1)3(z—1)‘8 e N c 1 PN L

Ya V2




46 OYHKIVH KOMIIJIEKCHOTO NEPEMEHHOTO TN 1

OKOH4aTeLHO TIoNTyYaeM

S chzdz t,2e’1+chl n chl 1)

s e R
z|l=

BHUHCAHTL CAEYIOUIHe HHTErpassl;

126. | %ae 127. g,

|z]=1 te]=1

sinfﬁ—z
4 2shz

128. mdz 129. S (zT_—T)—z—dz

fz—1|=1 |z|=2

zdz ch ei®z

130. § m. 131. S B4 dz.

lg—3|=6 jg—2]|=3

1
182, { Hoosld 133 &z
* 23 z41 77" ’ 242"

fz|=1/2 le—%, =1
134, LY

lz|=1/2

¢iz

‘35. _ZE:.T—ZdZ.

lz—1}=1/2

§ 6. Pagpl B xomnaekcHo# o6aacTu
[lycts HMeeM psl C KOMIJIEKCHEIMH YJICHAMH
[es]
itz btz b= 32n 1

n=1
TAE 2,=X,-+ Yy

Pax (1) cxogmtcs Toria ¥ TONLKO TOTRA, KOrKa CXOAHMTCA Kak pax

Xidxpg bt Xat = 3 X, (2)
=1
Tak H psd "
BtYe-teFYpt..= Zl/n‘ 3
n=1

Pap (1) nasmBaercs a6COMOTHO CXONALIHMCH, €CJIH CXOAMTCS PAl

lzy |+ lzg 4ot Za o= X |20l “)

=1

§ 6 Panbl B KOMITJIEKCHOM OBJACTH 47

Paxsi (2), (3), (4) sBASIOTCS pAXAMH C AeHCTBHTENbHBIMH 4/eHaMH,
¥ Bompoc 06 HX CXOZNMOCTH PEIBAeTCsi C NOMOIULbI0 H3BECTHHX MpH3Ha-
KOB CXOJMMOCTH PSioB B JeHCTBHTE/NbHOH 06s1acTH.

TMpumep 1. HeenenoBare Ha CXOAUMOCTH Psll

)
oin
2%

n=1

Pemenue. Hmeem e*=cosn-kisinn. Takum o6pasoM, BOmpoC
0 CXOJMMOCTH JAHHOTO pfAa CBOJUTCS K BOMPOCY O CXOAUMOCTH PSNOB
¢ AefiCTBUTENbHLIMH UJIEHAMH:

[ee} [es]

cos n sin n
P "

n=1 n=I1

Kawzelfi 8 3THX psoB cxomures a6comorHo. CaeloBaTesbHo, JaHHBIA
psn CXOXHTCH afCOMOTHO.
Mpumep 2. HcenefoaTs Ha CXONUMOCTH psil

_.
afa

.

inas
LY
s

Pemeune. Mmeem
*

— ., T
e " ==cos —-+{sin —,
n+ n

n . T
0 co§ 2 sin —

Pan Z pacxopuTcst, a psilk Z

n=1 n=1
HO, MaHHbI pAX PacXOQUTCH.

cxopurcs. CiaenoBatens-

HcecnenoBats Ha CXOZHMOCTHL PAIBI:

[ee] (s o)
136. Z . 137. Z nESEE,

n=1 n==1

138. 2“’“”’. 139. Z%
n=1

572
n=1

140, Z‘il/: 14, Y CEC
n

— n=192 costn
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48 GYHKUMH KOMIIJIEKCHOTO TTEPEMEHHOTO [T 1

O()1 . _ 0
142, 25‘1—‘@- 143. 2 Inn

sin in shin®
n==1 n=1
E11
O chi— e
144, ¥ " 145. ¥ e
nél " n=1
CreneHHOHN psajx Psag Baga
o0
Gzt e 4o e = D o, (5)
n=0

rie ¢p, ¢4 4 T. J.— KOMIIJIEKCHEIE NOCTOSIHHBIE, & 2 — KOMILJIEKCHAs mepe-
MEHHas, Has3biBAeTCS CeneHHuiM pACoM B KOMIMEKCHOH 06JacTH.

Teopema AGensa. Ecau cmenennoil pad (5) cxodumca npu we-
KOMOpow SHOMEHUU 2Z==25, MO OH CXOOUMCA U NPUMOM abCONOINKO ApU
scex snauBnuax z, 0an Komopex |z|<Clzy|. Ecau psd (5) pacxodumca
npu 2=z,, mo OH pacxo0umcs U npiu MOBOM BHA4EHUU 2, OAR KOMOPO2O
(2] >]2].

O6nacte cxogumoctd psifa (5) ecTb KPYr ¢ UEHTPOM B Hauaje Koop-
IVHAT.

Pajuyc CXOXHMOCTH CTeNMEHHOr0 pfAAa ompefensercd no Gopmynaam

R=1im L2l (20 ©)
a—oo | Cnsl
HJTH
R— 1
S —— 7
lim ”V lenl @
n—-ao

€CJIM COOTBETCTBYIOLIHE Mpefessl CYUIeCTBYIOT.
NMpumep 3. Onpesennurp paguyC CXOLHUMOCTH CTENEHHOTO pAAd

[e)
> cosin-2m,
=0

e teht
2

Pemenue. Hmeem

Cp==Cosin= =ch n.

Jna maxomjeHus paguyca cxogumoctd R mpumensem dopmyay (6):

R= lim |chn| = lim chn —
n—oo [Ch{n+1)] 4o ch(nd-1)

— i chn _
"_,,_,moo chn.cht4shn-shl —

. 1 |
—a'Lmoo chitthn-shl chiltfshl

el

§ 6l PIibl B KOMIIJIEKCHOM OBJACTH ’ 49
TaK Kak
. . etden . I 4-e2n
llm thn= lim '+—_n: lim jﬁ@i: .
n-oo noco€t—e noco t—e

HMtak pamuyc CXOAMMOCTH JaHHOTO CTENEHHOro pajga R=e L.
IMNpumep 4. Halttu paguyc cXOXMMOCTH CTENEHHOro psifa

D (402,
n=0

Pemenne. Haxogum Moxynp Kosdduuuenta c,=(1--i)%

n
2

loal= (14" |=[14i|"=(V2)" =22
Mpumerss dopmyay (7), HaligeM pajguyc CXOIUMOCTH JAaHHOTO pajia

1 1
R,
lim 7% V2
n— oo
HaiitTh pagdychl CXOJUMOCTH CJENYIOLIMX CTeNeHHbIX
pANOB:

146. Y "2, 147. N e,

n=0 n=1

< 2 \7 O‘; Z\7
us. Y (). e Y2V

n=0 n=1

\ l n \ Ln 001 n.,n
150. ;lch; 2. 15l. ’;(mln) SRS
123, Zsinl 2". 154, Zcos”%z”.

g
=
g 0

" 2l o1

155. Z s 156 X (i)

n=0

157, Psan Z c,2" uMeeT pajguyC CXOJHUMOCTH r, a AR
n=0

D) cie"—paguyc CXOAHMOCTH r'.
n=0
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50 ®VHKUHMH KOMIIJIEKCHOTO MEPEMEHHOIO froL 1
OLEeHUTL PaAHYC CXOAMMOCTH R ClepYIOUmHX pALOB:

a) > (caten) 75 6) 3, (ca—cn) Y .
n=0

n=>0

0 [o0]
. C .
B) D, CnCa2"; r) E 2" (cr # 0.
n=>0 n=0 "

Psaw Teftnopa u Jiopana

dyuxuus f(2), ORHO3HAUHAs W AHATHTAUECKAs B TOUKE Z2=2Z,, pa3-
naraeTcs B OKPECTHOCTH 9TOH TOWKH B cTenernofi pan Teiinopa
[ee]

f@)= ) tnl&—20)" ®)

n=>0
re KOs(HIBERTH ¢y BLIUHCASIOTCS MO GOpMYJIaM

L P j@d [ e
$z :
r

Cp = &5+ =
"= O gt nl

(n=0,1, 2 ..), )

rme D' —OKpyXHOCTH C HEHTPOM B TOUKE 2Z=2, Ue/JHKOM Jexallas
B OKPECTHOCTH TOYKH 24, B kotopoi yHKuMA f(2) amaIHTHYHA. (3nech
nonaraeM Ol =11==1.) leHTp OKPYKHOCTH Kpyra CXOHMOCTH HaXOXUTCH
B TOUKE 25, 3Ta OKDYKHOCTb TPOXOJHT Uepe3 0CO6YI TOUKY ¢ dynk-
e f(2), Oaukafirylo K TOUKe 2y, T. €. PajHyc CXOIMMOCTH psla 8)
6yjleT paBeH DAcCTOSHHIO OT TOUYKH 2, [0 Gauxaiiuieli 0co60H TOYKH
¢dyukunn f (2).
Insa Gynxouf
In (1+4-2), (1+2)

HMEIOT MecTO CJefyiomiie pasjokenus B psi Tefimopa B OKPeCTHOCTH
TOYKH 2p==0:

In (1+z)=z—§+§—...+(— priil R=1, (10
(1-|—z)“=l—|—az+a(G;l_l)z’z—i-a(a—;)l @=2)pq...
vt “““”"ﬂ'l(‘”””l)zw o R=D. (D
B uacrHocTH, NpH o=— 1 NOAYUHM
1_J1F3=1“2+ﬁ_ b (= D)., (R=1). (12)

Mpumep 5. Pazntoxure B psag Tedsopa B OKPECTHOCTH TOUKH
2,=0 ¢yurnuio
z
to=z=—%"3"

ucnonb3ys pasaoxenue (12), W HafiTH pagHyC CXOAMMOCTH psiia.

N

§ 6] Pl B KOMIIJIEKCHOM OBJIACTU 51

Pemenue Pastoxum jpasnyo OysKumio Ha npocrefimine xpoGu
z _1 1 3 1
A3 dzyitdz=3

[Ipeo6pasyeM mpaBylo 4acTh CAERYIOUWHM OGPasoM:

f(z):l_l__%__l__

1
14-2°

1 1 2
fo= g (—zt2—a+.)— (\1+ %+—z§+...>=

Wcnoabsys pasnoxenue (12) ¢yurnun

NIOJIY4HM

1 4 8 28 k4 2 7
Sl S— — 2 "8 —_ e — 2 ,
—’4 < 32+92 272 +> 3—l—322 33 23+"'

Baumkaiime#l K Touke 2,==0 oco6ofi Toykof KaHHOH (QyHKHHH #B-

asetcst Touka z==— 1. [losTOMy pajuyc CXOAHMOCTH TOJYYEHHOrO Dffia
R=1.
Mpumep 6. PasioxuTe [0 CTeneHAM Da3HOCTH 2—3 (QyHKHHIO
1
2) = e
[ @) =5—.

Pemenue. IlpeoSpasyem jaHHYO QyHKOHIO CAEKYIOWHM 00 pasoM:
| 1 . 1 _ 1 1
3-2% 3-2@—3+3% —3—-2(z—3) 3 1+_§_(z_3)

3amenss B pasnoxenun (12) z Ha %(2—3)‘ NOJIY4HM
1 2 22 28
3= —-g[l -3 (z—3)—l—§ (3‘3)2—§ (z—3pP+ ] =

H \

1, 2 22 23
=gy =Y — g e
DT0T pAx CXOAMTCA NPH YCIOBHH
2
|5 e-a|<1,
, T.€ pagHyc CXORMMOCTH psga R = 5 -
Mpumep 7. Hailith HeCKOJIBKO TEPBHIX UJEHOB PasloXKeHHsS B Psf

N0 crenensM z ¢yHKuHH f(2)=1€2z # HaWTH paguyc CXOAMMOCTH Psia.
Pemwenue [lycte HCKOMBII psjl HMEET BHR

f@)=cotcz ot +-cg2®+ ...,

[ =f(mnl(0) (n_—_O, i, 2, ),

HITH ]z_3‘<§

I'Ie

fo (0) =Ff (0) =0.




52 GYHKLIMU KOMITJIEKCHOTO NEPEMEHHOTO rn i

Jlns HAXOKJGHHS 3HaueHHH MpoM3BOmHBIX [ (2) B TOuke z=0 npognd-
depennupyem Qyrkumio. Mmeem

P ——e mmn [ @=14 ) (13)

cos?z
I @=2@F @,
Pr@=20" @+ @ @l
PVe=203 @F @+ @F" @ (14)
Q=213 @4 @F" @+ @[ @]

[osaras B (13) u (14) z=0, Haiizem
FO=1 FrO=0 ;@=% fMO=0 NO=16..

TogcraBnsas HaﬁﬂeHHble 3HaueHus [POM3BOAHBIX B DS, noaqy4um

2 16
tgz:z-{—ﬁzS—i-STzﬁ—l- (15)

o . . . n
Brukaiime#i ocoboft Toukoit K Touke 2=0 sBiIseTcs TOUKA C=§,

T
[losToMy pajuyC CXOXMMOCTH MOJNYHEHHOrO psifia Rz?'

B caepyioliux 3ajauax JaHHble (QYHKIUA pasioXHTb
B pan Teisopa, HCnoJb3ysi TOTOBbIE Pas3OKeHHd, H HalTH
paguycsl CXOAUMOCTH PSJOB!

158. sin(2z-+1) no crenenam z+ 1.

k14
159. coSz 1o crene’HsaMm z—}—f. '
160. ¢° no cremeHam 2z—1.

1
161. %1 no cremnedaM z-+2.
z4-1
162. Fr4—5 10 CTeleHsIM 2.
A
163. P, o cTeneHsiM 2.
164. cosz% no crermeHsaM z. 165. shz% 0O CTEIeHAM 2.

166. In(2—=z2) no cremeHaM z.

167. In (2 4-z2—2*%) 1o CTeneHaM Z.

HafiTi HECKOJLKO MEepBHIX YJEHOB pa3foXeHus B pAl
no creneHsM z caenyiomux ¢ynknuii. Hafitn pagnyc cxo-
AUMOCTH PALOB:

§ 6l PAAbl B KOMIJIEKCHOM OBJACTH 53
1
168, S
1+lez' 169. 2-4sinz’
170. m 171. lﬂ(l—{—e—z).
1
172. Incosz. 173. In(1+4cos2). 174. el—z,

}2{1<751. PII{allf;II: dyukumio f(z), amanuTHYeckylo B Kpyre

< HUMAKLYI0 Ha OKPYKHOCT ==

HHe by u |z|=1 3Haue-
a—cos 6 4 sin 6

P %cseiic 4>l fG=arge

176. Ilycte dyHKuuA f(2)= Z ay?" aBasercs amanuTH-
0

YeCcKOH B K;z)yre |z|=< 1. Jlokasarte, uTO cpexHee 3HaueHHe
Al ————
byuxIun > Ha OKDPYXKHOCTH |z|=1 paBHO a.

llyets pan pan

C_y c %
g oG Con =¥ G
z2—25 (22 +(2—20)n+ T (z'—;)n' (10
. n=1 o
CIH C_p 70 U cymecTByer koHeuHH Hpeges
r= lim Leonal
a—eo [Con| ’ (1
TO 3TOT PSAJ CXOAUTCH B 06JacTH
je—zyi>r. (18)
o]
Ipumep 8 Haiitu ofnacts cxomumocts psina (U ol
zn ’
n=1

IIoaTOMeym enme. 3peck o p=(141)"1, ¢ = (1 40)™2, 2,=0.
’ li | (1 A-iyrrz| . .
ﬂ—»ool(l—i—l)n-rll ﬂlqlm!1+l|_"”/§<°

.Ham-lx_lbxﬁ pSL cxozuTes B ofnacty [z > V2.
pumep 9. Halitu o6sacts CXOguMOCTH pfiga

[e0]

Z sin i
G

n=

Pewenne. Hmeem

C_p=sinin=1shn, C_na=ish(n1).




. 54 SYHKUUY KOMINJIEKCHOIO INEPEMEHHOrO [T 1
Toatomy
r= lim |ish (n—|—1)] sh(n—|-1)
nsoo |ishn] n—»oo shn
ell+] _e—‘n—] e— e’Zﬂ-l

‘ = R —2n :
n e —en nooo 1—€

CrepoBatesbHO, psif cXoputca B ofjactd |2--i|>e, T. e. BHe Kpy-
ra ¢ UEHTPOM B TOUKe Z,=—1{ H paguyca e.

OHpElIeJIHTb o6sacTb CXOAHMOCTH CAEAYIOHIUX DPAAOB:

N (VZ4iya)
177. 2 g=rer ,,zn. 178. Y = .

n=1 n=1
" 001 o~
179. 2 — 180. 3 e (iz)"
n=1 n=1
\ 1 n2™n
Z 4% z4-1)n 182. Z (z— Z—2—p""
i V @41—i)n
183, Z g D
n==
Psap Buga
S a3 e ﬂ+2 S
n=— o n=
="'+( ) +Cl (Z_ZO)—I_ +cn(z_20) +"'
(19)
cxouTcsi B O6/IaCTH, B KOTOPO#H CXOAATCS pAABl
C.1
Z (3‘—20 Z—Zo+(2—zo)2+ 20)
Z en (2—2)" =Co+61 2 —2g) + 62 (2—20 + ... (21)

Mycrs pan (20) cxogutess B oBaacTd |2—2,|>7r, T. €. BHe Kpyra
C LEHTPOM B TOuKe z=2, H papuyca 7, a psd (21) B kpyre jz—z, | <<R.
Toma, eCcaH

1) r> R, 1o psx (19) pacxoxutca Beooay;

2) r<<R, 10 pan (19) cxomutca B Kosmbue 7 <<|z—2p| <<R. 3peck
r=0, 0<R <+

§ 6l PSLBl B KOMIJIEKCHOM OBJACTH 56

Hpumep 10. Onpegennts o6macts CXOIMMOCTH psifa

ein (z + 1)"
,gl CENY

n=0 , in +—

Pemenne. —Lm
Hnsa paga 2 L HMeeM
n==1

C_p== e"", C_p_y==£'BHD),
CrenoBarenbHo,
in+1) X
r==lim e | .
n—oo ‘ gin ‘ ~

Ilepsuift psip cxomurcs B 06Jxac-m Jz4+1]>1,

2—
Onga CTeHeHHOl‘O paaa 2 ( )1 HMeeM

a0 in+—

1
. _e—in——i —i(n-{-l)-—-—;-
n == N Cpy=e .

Ero paguye cxogumocTn
' -in—-% ,
R=tim Lol _ e =1

n-+co |Cn+1 N

Bropo#t psan cxomutes B 06
Jion peome. nactd [24-1] << 1.

Opumep 11. Onpenennts 0671aCTb CXONHMOCTH psifa

3 e 3 ey

Haunett psax  pacxo-

n=0
0
Pemenne un paa 3 GLEN
Hasa pana (Z—I—Ql)n HMmeeM
n=|
C_n=(3+4i)", C_p_1=(344)n+1,

Cnenosare.nbﬂo,

re tim LBH41]

pme [BFAP] = 3+4i]=5.




56

z-1-2i\"
TTepemii psix cxogutcs B obnacth (2421 |>>5. Has psaza Z —5

upeeM

Tlostomy PajHyC CXOZMMOCTH 3ITOTO CTeleHHOTo psza Gyjer paBeH

SYHKLIHUY KOMIWIEKCHOI'O MEPEMEHHOTIO

Cn=6""  Cpaq =671

(]
R= lim 1o " 6.

nco 6 1]

OH cxonurca B obnact |z 2| <C6.

Urak, r=>5 << R=06. CnepoBareNbHO, NaHHBI DAL CXOAUTCS B KOJb-

ne 5<<|z242i | <6

o0

n=0

[T 1

OnpenenuTs 06MACTH CXOAHMOCTH CJENYIMHUX PALOB:

185. i<%+in> (z+1+0)%  186. i

1817.

188.

189.

190.

191.

192.

193.

n=1
[o0]

n

DAe 1 hs
S

ibs ibe

n=1

(z—1i)"
o

n

1 N . 7
m+ ’Z‘O(l+ln)(2'2+0 .

=
I

0
‘ sin in \ l—i) .
=t +- Z - Or=1).

(1 2
pre el 2 on

1 n=1
0

n—1
i)

n=0

(24 1)
G

§ 6] PSAbI B KOMITJIEKCHOP OBJIACTH 57

[ 1 O(')\ n{z—1)?
194, —2(2_l)+7;0(—1) e

n

l \ n 1 N n n
195 -+ Y 2 196 — 5+ Y (= 1)y @-1n
n=0 n=0

-

e8] e8]

aﬂ z2n

197. YL+ X5 0.
n=1 n==0

Qynxuus f(z), OLHO3HAUHAs H AHAIMTHYECKass B KOJLHE 7 << |2—

— 20| <<R (He uck/moualoTca ciyuad, Korga r=0 u R=4 ), pas-
Jaraetcs B 3TOM KoJbhe B Dsin Jlopana

s —1

Z n (2—2p)" = Z

n==—00 n= —Co

fle)= =z + X cale—20%  (@22)
n=0

rae xos(pHUMEHTH ¢, HaXo#aTca N0 (popMysam

S| Lo

T 2m z—2g)" 71 (n=0, =1, +2,..).
i

(23)

3peck I'—mpousBosbHas OKPYKHOCTE C LEHTPOM B TOUKE Z,, JeXamas
BHYTPU A2HHOTO KOJbIA,

B dopmyne (22) psx
-1

Y ””‘Z“Z")":gl(?%m

n—=—o

HaspiBaeTcsi IVIaBHOH uacTeio psiza Jlopana, psap

oo}

Z Cn (2—2)"

n=0

HasbiBaeTcsi NPaBHJABHOM uacTblo psifa Jlopama.

Ha npakTuke mpn HaxoXIeHHH KOS(QQUIMEHTOB ¢, CTApalorcs Hale-
ratb mpumenenus Qopmya (23), TaK KaK OHH NPHBOAAT K TPOMO3AKHM
Bolkjafkam OGBIYHO, €CNH 3TO BO3MOXKHO, HCNOJNB3YIOTCS TOTOBHE Das-
Jo0xenus B psf Tellsopa s/eMeHTAapHBIX (YHKIMEA,

pnmep 12. Pasnoxuts B pag Jlopana B kombme 0<C|z2—1| <<
<2 dyukguio
1

f(z):'(zT_T)g-

Pewmenne, [epBui cnoco6 ®Oymknus /‘(2):22_.ﬁé

ABAAETCA aHANUTHUeCKOH B woabue 0<C|2—1[<2. Kosdduuyuenth




58 SYHKUHUM KOMITAEKCHOTO NEPEMEHHOTO {ri. 1

pana Jlopana naxozum mno tdopmyse (23)

1
1 (22—1)2 pe 1 dz
T ) emr =gy E—D"F R
r r

rie I'—mo6as oxpyxuoers ¢ LeHTPOM B TOUYKe 24 =1, Jexamas B gau-
HOM KOJble.

Ecmu n4-3<0, 1. e n< —3, TO noguHTerpasbHas dyHKURS
G TTs iz OVAeT aHannTHYecKo# BO Beex TOYKAX, 3aK/IOUEHHBIX
E=T77 s a1 O¥A ’

BHYTpH OkpyxHOcTH T, B ToM wicne n B Touke z—1. B aroM cayuae

dz =0
IS(2—~1)"+3(2+1)’_ ’

T. € ¢,=0 npu n=—3, —4, ... Ecuu n+3>0, 1 e n>-—3, TO,

npuMensas gopmyay (2) us § 5 aas NpOU3BOAHOM Mo6oro mopsigka or
AHAJUTHYeCKON (QYHKNHH, MOSyuHM

1

—_—

R N W O oV L S LR e N _
C;.-—E[S _(z—-_l)”‘” Z—_h(n+2)! dz’“"z[(z—l-l)zj z—l_
L =03 (= 1yr (a3
_(ﬂ—l-?)’ (z+l)”+4 z—lh on+4 *

dngn=—2, —1, 0, 1, 2,... uMeem

o, (=1 (143)

9n¥e -

Pan Jlopana ana pamsmof OYUKUNH B KoJbue O0<]z—1]<2 6yner
HMeTb BHJ

L\ N ety
— n
o= Z Cn (2—1)P= TomTe —.e—-1)"
n=-—2 n=-—2

HIH
1 1 1 1 1

3 1
@—E 4=l " Tz=1 T g -+
5 3
+6—4(Z“—1)2— 6‘2(2—1)3-*‘...

Bropo# cnmoco6. Hau HYXKHO TPEACTABHTE f(2) B BHAE cymMbl
CTeneHedl (HOMOKHTENbHBIX W OTPHHATENbHBIX) PA3HOCTH {z—1). Ipeos-

§ 6l PAABl B KOMIIJIEKCHOM OBJIACTH 59

pasyeM JIanHYO GyHKUHIO CleRyomiM o6pasomM:

1 L1 1)2_
f(Z):(zz_.l)2=T<z~l—z+l -

1 11,1 1 11
I N7 VER S i oy el o g

p—

4

[lepBrie fiBa caaraeMbix B npapodl uact# (24) UMelOT HYXKHBIN BHA, Tak
Kak TPEACTAaBANIOT OGOl Cremenu pasHocTd (2 — 1).

[locnennne nBa cjaraeMblX 3amuieM B BHIE

1 1 1 1 P 1 i <ﬂ ‘2.
Z+1 E=N)+2 2 A N CE S L 4[ 2 ”
2

TNpumensis popmyny (12), a satem gopmyay (11) npu o= — 2, nosyaum
1 1 z2—1 z—1 2__(2—1 3 ‘ 25)
z+1=7[_1* 2+<2> 2>+"]’ (
1 1r z2—1  —2(—2—1) (z«l)2

(z+1)2=71‘|1“2' g+ ] 2 +

+_2(—2—311)(—2~2)(3‘2" )3+...]. (26)

MMoncrabasia (25) u (26) B (24), nafinem
1 1 1 1 1 _1-[1_2"1 (z—-l)’_
E-TE a4 4:=1138 gt g
1\3

_< =) + ...J+%|1_(2—1)+%(z~1)2—§5(z—1)3+ ]

Hau

S R S
(=1 4 =1 42—

3 1

e (= 1+ .

Mpumep 13. Pasnoxute B pay Jlopana bysxuuio
1
— 42
f(2)=22cos p

B OKpecTHOCTH TOYKH 2,=0.
Pemenue. [ moGOro KOMIIEKCHOrO { HumeeM
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1
Ionaras §=?, HOJTY HHM

1 1 1 1
2008 —==g2 (] -y - 1 —
Feos =2 (1 2122 T 4)12%  Blz6 )

1 1 1
:22—2"_*_4‘—22-_6‘2-44— ‘en

W

1 1 1 1
2 e 2.0
22 cos P 5 +2 +4'22 6!z4+

910 pasnokenne crpaBeATHBO I8 MIOGOH TO4KH 20, B pamnom ciy-
Ja€ «KOJIbIO» NpescTaBIseT cofol BCIO KOMMIEKCHYIO MAOCKOCTh ¢ OJHOH
BHIOPOIWE"HOH TOuKol 2=0, D10 €KOJIbIO» MOXHO ONPeleJHTh ¢ OMOUIBbIO
Cieayiowero coorHowennsa 0 <<|z—0| < +co, 3nrech r=0, R=-}-co,
29=0. [lannan Qpynkuus apisercs amajiuTHIecKol b YKa3aHHOM «KOJiblley,

ITpumep 14. Pacemorpers pasinuHbe pasjioxends B pag Jlopana
byHKIHHK

2z 41

f) =i
NPHHSB 2zo=0,
Pewmenne. ®yskmus f(2) Hmeer xBe ocobhle TOUKH: =—2
W zp=1. CuhegoBatesbno, umeeTcs Tpu <KOJIbLId» C IUEHTPOM B TOUKe
2p==0, B KaXjoM H3 KOTOPHIX [ (2) aBnserca amaanTHYeckofi:
a) Kpyr [z|<<1;
6) koo 1< |z | << 2;
B) 2 <C |z | <4 cO— BHemHOCTS Kpyra |z )=<2.
Hafizem psam Jlopana gis byHkuny f(2) B KaxioM U3 3THX KOJIeI».
Tlpeacrasum f (2) B Buge CYMMEI 3JIEMEHTapHEIX IpobGeil

1
242

@)= +2T11' @7

a) Pasnomenne B kpyre |z|<<1. IlpeoSpasyem (27) cnegyromum
oBpasom:

1 1 1 1

1

f(z)=2_1+2+2:7 21—z (28)

14+

2

Henomssyst popmyay (12), monyyum
é:l—{-z-;-zh[—sz—{—..., |2 <1, 29
1 =1-242 2 <e (30)
z 2 ' 4 8

§ 61 PSbl B KOMILIEKCHOM OBJIACTU 61

Mozcrasass (29) u (30) B (28), noayuum

1 2z 22 2
%—1—227—?+§—T6+"——(1 +2+22+23—i—...)=

1 3 7 15
T e 2 22 7 58
=T R 8 2 162 +...

ro pasjoxenue Apjgerca pajom Tefinopa dyHKuuu [ ().
6) Pasnomenne B koumpie 1<<|zl<<2. Pag (30) s dyskuEn

OCTAETCS CXOAAMANCA B STOM KOJble, TaK Kak {2 | << 2. Pag (29)

2
1—{—5

A5 QyHKIHH

[—; Pacxomures g lz|>1. TosTomy npeoBpasyem f (2)

caenyiomin o6pasom:
1 1 1 1

f(2)=§l“2~+7 T (31)
Ty 2&&
lpumenas Qopmyay (12), nonydum
1 1,1 1
1 =1+‘2‘+5§+2?+ 32)
Tz
1
STOT psj CXOEUTCA s ’?{<1, T. e. IpH |z | > 1.
Hozcrasass (30) u (32) B (31), Haiizem
24l 1 2z 2 1,0,
Br,—2 2 47§ Tty Tt
1 1 1 2z 2 8
TetEty vy Tty et
HIIH
o0 o0
2+l W1, 1 Z n
22—]-2'—2_2 PR e
n=1 n=9_
B) Pasnoxenue fas [z|>2. Pag (30) ana dymkmun npy

2

|2} >2 pacxogutcs, a pax (32) mas dyHKuHH OYIET CXOTHTBLCH,

1
1

TaK KaK ec/d |2|>>2, To H N0JaBHO [z >1,
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dyuxnuio f (2) npeicTaBUM B TAKOM BHJE.

TR N YA i
to=yT2%7°7] 1=?( g+ 1)'
Tz z

- 1.*.? ——

2
Henoasays dopmyay (12), nomyuum

| 2 4 8 1 1 1
/(z)=?<1—?+;—§+... +lt+ut 5+ >=

1 I 5 7
=?<2—?+§—§+ )
HIH
2241 2 1,5 7
Frz2 -z F B AT
3roT mphMep TMoKaselBaeT, UTO s OfHOA W Tofl ke dyuruuu f(2)
pan Jlopaua, BooGlie TOBOP:A, HMeeT Pasueli BHJ AJIS PasHLIX KOJeN.
Mpumep 15. Pasnoxure B pan Jlopana dyuxuuio
223
f(z)_zz—-Sz-{-Q
B OKPEeCTHOCTH ee OCOOHIX TOUEK.
emenHe. OcoSule ToukH dyHkuun f(2): zy=1, 2,=2.
1) Pasnoxeude f(z) B OKPeCTHOCTH TOuKH z;=1, T. e. B KoJblie
0 < |z—1]<< . TIpegcraBuM QysKumo f(2) B BHIE CyMMbl 3MeMeHTap-
HBIX jpobed
2z2—3 1 X l
22—32+2 2—1 " 2—2°

Mpasyio wacts mpeofpasyeM Tak:
22—-3 _ 1 1
23242 z2—1 1—(-—1"
Ipumenss pasioxende (12), B KOTOpoM Z 3aMeHeno Ha — (—1), no-
JIy4HM

223 i
mzz“__‘l—ll+(2—1)+(z—-1)2+...]
WM
2—3 1 e
-2—2“‘32-{-2:2—-]—2 (z— 1) (33)
n=0

2) Pasnomenne f(2) B OKPeCTHOCTH TOUKH 2,=2, T. e. B Komblue
0<|z2—2|< 1. Hmeem

23 i L 1
AR T i—T Time e T 15 =)

R . Bt i St LR
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HJan ©
2—3 |
=gt 2 (—1)" z—2)n. 34
n=0

Pa3nokuTe B pAA JlopaHa B OKPECTHOCTH ToukH z2=0
creaytoumue QyHKUHE:

198. $%, 199, 222 200. <.
201, & . 1 1
01. . 202. z%=, 203. ztcos -.
204, + s 2. 205. 1=S2 g6, £=!
—.
I 4-cosz | —e#
207, 1E52Z, 208. — 27,

Pas3noxuThb caeayouiye q.)yHKl.U/IH B psal Jlopal-la B yKa-
3aHHBIX KOJbLaX:
|
1
210. 7 A 0<lzI<L 6) I<|z|<+oco.

i
211. ryaT @ l<lz|<4; 6) 4<<|z|<+o0.

2:4-3 ‘
2—2+3
213. m, a) ‘Zl<1;~ 6) I<l2l<2,
B) 2<|z| << co.

21, i <]z 42| <3,
1

215. oy I<lz+2]<4.
242

216 g 2<<le—1|<+oo.
25

217, G, 2<lzl<+oo.
2
218. @—H@E=T <]zl < 2. §

< ] .
219. 2-?:_{-_]’ O<l2—ll<2

1
220. gy 4<<lz+2[<+oo. ‘
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§ 7. Hysu dynkuun. Hsonuposanubie ocoGbie TOUKH

1. Hyau ¢yukuunu Ilyers dynkuus f(2) sBiseTCs aHaJUTH-
yeckoll B Touke 2,. Touka 2, HasbiBaeTcs Aytes Pynxyuu [ (2) nopadka
(W Kpamuocmu) 1, €CJN BHIIOMHIOTCA YCJOBHS

Flzoy==0, [' (2) =0, ..., F" (z) =0, f* (zo) 0.

Ecay n=1, T0 TOuKa 2, Ha3LIBAETCA IIPOCTRIM HYyJIeM.

Touka 2, mo2da u MOALKO Mo200 REAREMCA Hylem n-20 nopAdKa
pynuryun [ (2), anatumuaeckol @ mouaxe Z, koeda 8 Hekomopol oOxkpecm-
HOCML SMOLL MOUKU uMeem Mecnio PaseHcImeo

[@)=@&-—2)" ¢ (2),
20e yHxyus @ (2) aHaaumuuna 8 mouke 2o U @ (2o) #0.
Ilpumep 1. Haitrn myan dyukuun f(2) =1 {-cosz H OHDEREHTH
HX TIOD ANOK.
Peuwenue IlpupasuuBas f (2) HyJo, HOJIyunM cos2=—I1, OTKYAa
2,=0Cn+1)n (n=0, x£1, 2, ..)—nyau JaHHOH YHKUHH. Hauee
Fl@n+1) a)=—sin (@2n+1) =0, -
Fri@Ent-1)n]=—cos 2n+1)m=1£0.

Clef0BaTe/IBHO, TOUKH Zp==(2n-+1)m (n=0, x1, x 2, ..) asasgorcs
HyJISIMH BTOPOTO TIOPSIKA JAHHOM (Y HKIHH.

Hpuwmep 2. Haiitu nynu dynknud f (2)=1-—¢® H onpenejuTs HX
Hop AXKH.

Pemenue. Ilpupasumsas f(2) Hymo, Haliiem HYJIH 2,=2ngti
(n=0, =1, ...) dyukuun f(2). Hamee

7 (2nau) = — 2™ == — ] £ 0.

Urak, [(Qani)=0, ' (2nmi)z~0, ciepoBaTelbHoO, TOUKH 2, =2nmt

(n=0, +1, + 2, ..)—T1pocTbie HYIH (yHKIHH fl@y=1—¢%
Mpumep 3. Haittu nopspox mysas zo=0 pas QyHKIuH

G p—

T2z—sinz

Pemenue. Vcnoandys pasioxkenne Qyukmuu sinz B psap Ted-
J10pa B OKDECTHOCTH TOMKH 2p==0, mOsyuim

28 28
f(z):z—sinz: ” 2 s =
z—< —3 +5—l
_ 28 _ 25 5 1
T3 5 - 22 - 1 22
sTE T omoE T s e T
[Tonoxum
i
. Q@)= 175
5T

e —
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Torna f(z)=z5(p‘ (2), rae @ (2) —byHKUMA, aHATHTHUECKAS B TOUKe 2, =0,
npuyen ¢ {0)=6 . CrepoBatesibHO, TOUKa 2,=0 sBaAsieTcs A1 1aH-
HOM I@IyHKuHH H}gﬂeM HSITOTO MOpsjKa.
pumep 4. Haittu nyan dyukuuu f(z) =(224-1)3shz -
JHTh HX TOPAIKH. v by =6+ " onpexe
Pewmenue, Tlonaras f(2)=0, noayuum (22-4-1)3 shz=0, otk
’ =V pit:)
22+1f72:)0 un shz=0. Pemast 5TH ypaBHEHHs, HAXOMUM HYJH ¢y¥m-
IAH :

2=—1, 2=i, z=kni (k=0, xI, =2, ..,). -

Iyctb 2=-—1i, TOra [ (2) MOXKHO MpeNCTAaBUTL B BHjE
[@=r+0)P¢@),

rae GQyHKuHA @ (2)=(2—i)?sh2 sBasercs aHaauTMYeCKON B TOUKe 2=
npuiem @ (—i)=8ishi=—8sinl1£0. Sro oasnauaer, uro
TOUKA Z==—1{ eCTh HYJ]b TPETHEFO MOPsAAKa. AHAJIOTHUHO JOKA3HBARTCH,
YTO M TOYKA Z==i SIBJISIETCH HYJeM TpeThero nopaaka. Vcenenyem HyJsn
2=kt (k=0, x1, + 2, ..). INpoussognas

F(e)=06z(2+-1)2shz|(224-1)3 chz

B TOYKaxX 2=ksi omIHuHA OT Hyas. ChenoBaTesbHO, 2= kiti — Hyaw
NepBoro HopfaiKka.

=1,

Y cnenyomux GYHKUUE HalTH HYJHM U ONPENIEJHTb HX
HOPSAKH:

921. a) f(2) =24 + 422 6) f (o) =02,
222. a) f(2)=2%sinz; 6) f(z)=s—h;.
923. a) f(2)=1-chz; 6) f () =L="2"

224, a) f(2)=(z-+ai)shz; 0) f(z)=rcos 2.

225; a) f(2)=(2+n2) (1 +e7); 6) f(z)=cosz +chiz.
Haittn mopsinoxk Hynsi z,=0 aast cjaenyomux QyHKuui
226. f() =y, 227. [(2)=ewn7 — eiv,
7/ =)
23
228. f(z)*——m. 229, f(2)=2(chz-1) -2
1 —cos 22)2
230. f(2)= (S0 2F 931, f(z)=(¢—e*")In(1—2).

232. f(e)=22(e* - 1).
233. f(2)=6sinz® 4 23 (2% — 6).
3 M. Jl. Kpacuos u ap.
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234. Touka 2z, ABASIETCA HyJ/eM NOpsaka 7 LI ¢byHK-
nuu @ (z) U HyJem nopsaaka m Aid dynkuan P (2). Hewm
ABJISeTCH TOUKA 2, AJis QyHKIHHA

? @),

2) () +% (@) 06) 9@ V(R B) Hp’

9. VsonupoBaHHBEE OCOOHE TOTKH. Touka 2, HasbIBaeTCs
u30AUpoBaHHOL 0C060U mouKoll ¢yHKUHH f (2), €CJAH CYUWECTBYET OKDECT-
Hoeth O <C | 2—2, | << & 3TOH TOUKH (C HCK/TIOUeHHOH TOUKOH 2p), B KOTO-
poil f(z) aHaJMTHUNA, KpOME caMOH TOUKH Z=2;.

Touka 2, Ha3wBaeTCs yemparumod  oco6oil mouxoti QyHKIHH [ (2),
eC/IH CYWECTBYET KOHewHblH Tpeje yukuna f(2) B TOUKE Zo.

Mpumep 5.

Z
F =22

2

OcoBas Touka GyHKmud [ (2) ecth 2o=0. Vimeem

i @)= m Sl =1
A z2—0 z—0 2 .

CrefoBaTeIbHO, TOuKa 2, =0 ecTs ycTpaHumMas ocoBast TOUKa.
Touka 2, Ha3wBaercs MOAOCOM (HYHKIAH f(2), ecin lim f(2)=co.

s moeo umoBsl mouxa 2o Oblaa noAcom pynryuL ffz}j z:teoﬁxoaumo
u docmamouto, 4mobbt ama mouxa bslaa Hy eM 045 hyHryuL @ (z):f—(?)-_
Touky 2, Ha3bIBAIOT NOAOCOM nopadxa n (n==1) GyHKuAH f (2), ecu
3Ta TOUKA SBJASETCS HYyJeM IopAnka n id GbyHKLIHH cp(z)_——f—i;) B

cayuae n=1 HOMOC HA3LIBAIOT MPOCTHIM.
Mpumep 6.

1
FO=25.
o3¢
Ocobas Touka 2,="0. Iosoxum z=pe'?, TorAa f@)= e Ovye-
1
BUJIHO, 4TO \f(z)1:§§, OTKyAa Ceiyer, uto |f (2)| HEOrpauHueHHO BO3-
pacraet, Korja Z — 0 110 mobomy 3axony. CreoBaTeIBHO, lim [ (2) =0,
z—>0

1. e. Touka 2,=0 ecTp nosmioc 5TOH (yHKIHH. Ias Gynxkuall ¢ (2)=23
Touka z,="0 €CTb Hy/b TDETbLETO MOpALKA, 2 3HANHT, 2,=0 ssxasercs
HOJIFOCOM TPeThero nopsiika At lingeiQitiict f(z):;,

[1as mo20 wmofsl MOUKa 2, AGARAACL MOAOCOM nopsadka n, GyHKyUU
f(2) Heobxodusmo u Qocmamoito, umobnt ynkyuio f (2) moocro 6620 nped-

cmagump 8 8ude f z):—(P—(Zl— 20e pyrkyua @ (2) QHAAUMUMHA 8 MOUKE
(z —_— Zo)n ] (P

2o 4 ¢ (20) 70- .

§7 HYJIM OYHKUWHU H30JIMPOBAHHBIE OCOBBLIE TOUKH 67
MMpumep 7.
sinz
1 (2) =
@ BL2—z—1"
Dyuxuds f (2) uMeer 1Be ocobble TOY
Kd 2=—1 H 2=1,
touky 2==—1. IIpejcraBum [ (2) B BHIe { Hecrenyen
sin 2
z2—1
FR) = r-—s
Oz
31ecs
sin 2
2)—=
9 @)=
aHaJUTHUHA B OKPECTHOCTH TOUKH Z==—I, IpHuyem (p(—1)=iin—1¢0
CrefoBaTte/IbHO, T0uKa 2=—1 3B, ? '
) =— JI9€TCS ABYKDATHHIM [OJIOCOM i
¢yuknuu. Anasnoruuso, sanucas Qymnkuuio f (2) B BHIe AamHon
s 2
2-1)2
@=L
z—1

sam?qaem, 4To TOuKa z=1 ecTs mpoctofi mouoc 3TOH GyHKIHH.
OYKa 2, Ha3bIBAETCH CYjeCmeeHHo ocobotl moukod QyHKIHU [ (),

ecIM B TOYKe 2, OYHK
o Oynxuua f(z) He HMeeT npeieta HH
GeCKOHeYHOr 0. pess FONEAHore, i

I plu mep 8. Onpegenuts Xapakrep 0co60H TOYkH 2 =0 QyHKIHH

f(2) =¢e*".
Pewme nue. Pacemorpum nosejenne 310f QyHKIHH Ha JefiCTBHTENb-

Hoft u MHHMOH ocax. Ha pgeHcrButesbHON OCH 2=x u f(x):ca:"—2 — OO
1

npu x — 0. Ha muumolt ocu 2= [ Ty
=iyu f(iy)=e ¥ —O0nupuy—0. Cie
JIoBaTe/iLHO, Tpenes [ (2) B Touke 2=0 wHe CyI_LLECTByéJT y}m KOHeu-

HBIH H 6ECK HE T =Vv — Cy -
B . CYLIECTBEHHO 0c06Gast ToukKa YHK
(H) OHEUYHLIH OuYKa 2z 0 T Cl 1} q)

Onpenennts xapakTe i
p ocobofi TOYKH z,=0 nmas cJje-
Ayomux QyHKnui: °

i
235. a e 6 1 . {
) Z2-—8inz ) COSZ—I+2—2- ’ B) 3‘2,{_2_1 .
) 2
236. 8) =i o) Sl

3
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Hatiti ocoGble TOUKM H ONPEJeqHTb WX Xapakrep y c/e-
Aylomux QyHKUui:
1

I—cosz
237. a) Tm; 6) —
1
1
238. a) e°t% 6) cos—.
2 1 1
239. 8) zrgigw O =1 E
L 1 1
240, a) e*; 6) zsin—; B) zsh .
ZCOSlZ«
241, a) ———75 6) thz; B) zctgz.

VMeioT MecTo cJeAylomue YTBEPXKIESHHS . ) )

1. Jas mozo amofbl MO4KA 2o Goiaa yemparusotl ocobod mourol pynk-
yuu f(2), HeoGxoOumo u docmamouro, 4mobbl A0pAHOBCKOE pastoXerue f@
& OKpeCMHOCIMU MO4KU 2o HE codepacano 2aagroll wacmu.

9. Jlas moeo umoGbl MO4KA Zg Goiaa noawcom Gynkyuu f(2), neobxo-
Jumo u docmamouno, 4molbl 2AA8HASL 4ACMb AOPAHOGCKOZO pazodcenus [ (2)
6 OKPECTHOCTU 2o CO0EPILAAd AL KOREUHOE qUCAO 4AEHO08

Tl W el O

n=10

PO =t

C_k
@—2) 2
Hauboastuit us noxagameaell cmetieneil y pasHocmell 2 —2y, codepara-
Wuxcs 8 3HOMEHAMEAAX 4AEHO8 eqaenoll wacmu pada Jlopana, cosnadaem

¢ nopAdKom HOMOCA. )
3. Touka 2, mozda U MOAbKO mozda aeAsemcs Cyuiecmaenno 0cobol

moukoti 048 ynxyuw [ (2), Koeda 2aagra 4acmb ee AOPAHOBCKO20 Pa3A0-
oceHUs 8 OKpecmHocmud Mmod4Ki 2oy codepacumm BECKOHEWHO MHOZ0 “AEHOS.
MNpumep 9. YcraHOBHTL XapaKTep ocoGoil ToukH Zp=0 (yHKUHH

|

f@Q=—F—"

z
Pemenue Hcnoabsys pasioxkeHne B DAl Teiitopa w1 QyHk-

nHH €% B OKPECTHOCTH TOUKH 2,=0, TOJyYHM JIOpAHOBCKOE PA3JIOKEHHE
(pyHKUKH [ (2) B OKPECTHOCTH HYJIS

i 22 2 z | 2
R B PR I DU B
2 <z CTRAEY ) TR

D70 pa3JOKEHHE HE COASPIKHT raasHol wact. [Tostomy Touka zg=0
apJIsieTcsd YCTpaHHMOH OCOGOH TOHKOH.

§7 HYAM OYHKUMM W30JAHMPOBAHHBIE OCOBBIE TOUYKU 69

®dyukuusa f(2), poonpefenennasi B Touke 2=0 egunnied, T. €.
[—e?
[@= z

L, eecnn z2=0,

ecin 270,

ABIAETCA AHAJHTHYECKOH H B Touke 2y==0.
NMpumep 10. Onpegenutb xapakrep 0co60f TouKH 2,=0 dysknuM

f(z)=l—cosz.

27
Pemenune. Pazraras ¢yHKuuio cosz B psij Telsopa no creme-
HSIM 2, TIOJYYHM JIOpAaHOBCKOe passioxeHHe (QYHKUMH f(2) B OKPeCTHOCTH
HYJ1:
@)=

1 /22 24 28 28 2l
'ﬁ(ﬁr“m - a )=

1 1 1z, 2
=sE maTes 8 TIor

Pasnoxenne B psap Jlopaua dbyHkuuu f(2) B OKDECTHOCTH TOUKH 2, =0
COREpUT KOHEYHOE UHC/IO WIEHOB C OTPHIATE/NbHBIMH CTEHEHAMH 2.
CuiefoBaTe/IbHO, TOYKAa 2,==0 sBJAseTCA NOIIOCOM MATOrO NOPSIAKA, Tax
KaK HaHGOJbIIHH [OKa3aTelb CTENEHH Y 2, COfepXeuMXcd B 3HAMeHa-
TeJIsIX WIEHOB TJIaBHOH uyacTH paga Jlopana, paBeH HSTH.

Dpumep 11. Onpegesure Xapaktep 0co60H TOYKH 2=1 ¢yHKUHH

1
f@=@E—1)e "L

Pemenune Hcnoabsys pasioxkenue
ur  us
u_ — —_—

et=14u-- 2!-{— 3!«}-...

H moJjarag fd==

T NOJYYHM JIOPAHOBCKOE pasnokeHHe GYHKuHH [ (2)
B OKPECTHOCTH TOYKH Z,=1I:

1 1 i
[@Q=6=D|l+;—+7 (2—1)2+3!(z—1)3+"']=

— 1 1
=l+e=Dtg eyt

D10 pasfioxkeHHe COAEPIKHT OECKOHEUHOE MHOMKECTBO UJIEHOB C OTpHIA-
TeJbHHIME creneHamu 2—1. CuegoparesbHo, Touka 2,=1 sBAAeTCH
CylecTBeHHO 0cofol Toukodl QyHkuuu f(2).

OmnpenenuTb XapakTep yKa3aHHbBIX OCOOBIX TOYEK:

2qp, 1hcos? Zo=m. 243, 2—3242

z—n Fourr w=l
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sin 2 . shz
244. 7, ZOZO. 245. —z*—, 20=0.
221
246, COSm, 2y == — T. 247. mgﬁ, ZO=O, ZO—'—'I-
3 in2z
248, U o 0. 249, B2, o,
e#ie 1, . 2—m .
250. m, 2= —8¢. 251. COS?—‘—SIHT, ZO——-—O.

252. zshlz, 2,=0.

§ 8. Boiuerni. Boiuucaenue unrterpanos
€ NOMOIBIO BHIYETOB

Tlycts TOuKa 2, ecTb H30JMPOBaHHAs ocobast Touka QyHKUHHA [ (2).
Bowemon ¢ynkuuH f(2) B TouKe 2, HAa3bIBaeTCs 4YHCI0, 0603Hauaemoe
CHMBOJIOM T€s [ (2,) H OlpeiensieMOe PaBeHCTBOM

1
res f (2,) =5 § f () da. 1)
T
(dpyrue obosnauenus: ves [f (2); 2,], resf(2).)

_ B kauecTBe KOHTYDa Y. MOXHO B3STh OKDYKHOCTh CIEHTPOM B TOUKE Z, 10~
CTaTOYHO MaJOro Pajnyca TaKoro, 4ToObl OKPYIKHOCTb He BBIXOJHJIA 32
npeneasl 06/1acTH aHAJATHYNOCTH QyUKnHH f(2) © He colepKana BHYTPH
IPYTUX 0co6blX TouekK QyuKiud f(2). Boier GyHKunyu paBen Koa(uuues-
Ty NpH MHHYC NepBOH creledd B JIODAHOBCKOM DPas3joiKeHHH [ (2) B
OKDECTHOCIH TOUKH Z==2;:

res | (20) =¢_y. )

Brier B ycrpanHMOH OCOGOH TOYKe paBeH HyJIIO.
Ecmu TOuKa 24 ecTh NOJOC 11-ro Nopsiaka QyHKUHH f(2), TO

. drt
. res f (zo) =(n—ll)—, Jim s @ @207} 3

B cayuae mpocroro noJioca (n=1)
res (o) =1im [1 2) (z—2o)]. @

s

Ecin ¢ynxkuusa f(2) B OKPECTHOCTH TOYKH 2, HPEACTAB/ISAETCS KaK 4acT-
HOe 1BYX aHaJHTHYeCKHX (QYHKIHUH

—
~

=20

—
~

mpuuemM @ (29) 0, P(2g) =0, a ' (Zy) %0, 1. e. 2y ecTb HPOCTOA noTIOC
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OYHKIHH | (2), TO

_9&)
i V@ ®
“C/IH TOYKA Z, €CTh CYMIRCTBEHHO 0COGAs
TOUKa (GyHKUHH f(2), T
AR HAXOKIEHHS res f (z)) HeOGXORUMO HafiTh Koatp(bﬂu(ﬁ}e/m €4 ';(JI)(’)pa(-)

HOBCKOM DasjioxkeHHH dOyHKIUK ;
pom byuxuun f (2) B okpecrroery TOUKH 2o; 3T0 # Oyger

Hpumep 1. Hafitu souery byHKIHH

res f (24)

sin z2

23_% 22

f@)=

B €& OCOOHX TOYKaX.

Peme nue. Ocobumu Toukamn dynkuuy — 0 2

ABJAIOTCH TOYKH

23____22
4
2=0 1 z2="
= =7 B touke 2=0 umeem
. sin 22
lim f (2) =Im —— lim ! =_i
Z2—0 Z—0 4 z—>02 i '’

CrepoBatensho, Touka 2z—

0 ecrs ye
). Tostomy YCTpaHuMasa oco6as Toyka bYHRIUH

res f (0) =0,
7

B rouke 2= limf (z)=co, T. e.

7
; TOYKa 2:Z €CTh MOJUOC (EPBOro

2>
nopszka) dyurnun f (2).
CorsacHo dopmy.e (4) umeewm

T \ i
resf<T>=1im f(z)(z—%):]jm ﬂ(z_ﬂ\:
z_,ﬁ z_>£23_%[ 22 4/
4

- sinz® 16 gn2
5 —Résml—é,

2=

Hpumep 2. Haiitu sruern byHKUHHK

@) e

T
B ee 0COOHX TOYKAX. C+ie %)

€lenne. Ocobbie ToUKM ynKHH f(@) cyms 2=—1 y z—=9

Touka 2= — 1 g
Cormaera bopryme (%))w;ﬁgé:[ (@) aBaserca nomocom TPeTbEro Mopsijgxa.
res}(—l):Q% lim f(ﬁ_}si e 17
eme1d2\2=32) 72 U0 T = g
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Touka 2= 2—TioJioC TIEPBOrO MOpsfKa, NO3TOMy 1O dopmyde (4)

. & e?
A= T

1
Ipumep 3. Haiity Bbiuers! ¢QyuruHH f(z)=z4_}_1 B €& OCOGRIX

TOYKaX.
Pemenue Ocobue TOYKH [ (2)—Hy/JAU 3Hamenartesdsd, T. €. KODHH

ypaBHesus 24~ 1=0. Vimeem

e ,
i-- f R -1 —i
n=e %, z=e Y, z=—e¢ , zg==e
[Moas3sysace Qopmyaoi (5), nomyuaem
an
| |y
-~ = — €
resf @) =7z T4 ’
z=e 4
1 s
res ] @)= =7 ¢ ,
ze=e &
| ;9
1 n
Za) == e ="
res f (z3) 473 _i3mT 7 s
z=¢e i
s
= =€
res f () 423 ;T4
z=—e &

Mpumep 4. Hafitn Bhuer bynrkuuu
I (2) =23 sin %

B ee 0co6OH TOUKe.
Pemenne. Ocofas Touka ¢yHRUHH f(2) ectb Touka z==0. Ona

AIBJSIETCS CymecTBeHHO ocofoii Toukod ¢ynknun f(2). B camom gnesne,
JIOpaHOBCKOE paa/iokeHHe (YHKIHH B OKPECTHOCTH TOUKH 2==0 HMeeT BUR

1o IR
f(z)=23 (;2—-—3-1—2—6"]—'52—1()—...) —2—73];-}-'%7——“.,

T. e COJepKHT OeCKOHeulioe HHCJAO WIEHOB B [JIaBHO¥ uacTH. Bruer
GyukUuud B TOUKe z=0 paBed HyMO, TaK KaK KO3(pQHUHEHT ¢_y B JOpa-
HOBCKOM DPa3JIOXKeHHH paBeH HyJIo.

Hafitn BoteTsr B OCOGHIX TOUKAX CHAELYIONHX (QyHKUMH:

1
253. [ (2)=—"20-. 954. f(2)=2%".
ﬁ~zz
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chz

255. f(2)=(z—z+—1)m-

256, f(2)=1—" .
I———sinzz

- 2
257. f(2)=5 i 258. f(z)=m-
1

259. [ (2) = {ss. 260. f (2)=2*sin .

261. [ (2)=cos . + 2.

262. f(Z): sin 22 —
e+ (=)

11— 224 L
263. [ ()= 5o =r. 264, [(2)=e @ 7
eiz
265. [ @) ==y 266 f(z)=23—c—(%z—;.
-z
2
267. [ (2) =7 268, f(z)z(z—f"l_)n

(n>0 uenoe).
269. f(z)=ctg?z.

Teope Ma Komu oBroiyerax. Ecau pynryus f(2) asanemes
aratumubeckol na epanuye C obaacmu D u eciody snympu obaacmu,
50 UCKAIOUEHUEM KOMEHORO 4UCAQ 0COBbIX MOYEK 21, 23, evv, 2y, MO

n

(F@dz=2mi 3! res(z,). v (6)
C k=1 -
] e —1
[Ipumep-5. Buuncauts uuterpan S P dz.
lzf=14
7
Peuwenune B obnactn |2|< 4 pyukuus | ) :%_F% aHaJHTHYHA

BCIOZY, KpoMe Touek 2=0 n 2=—1.
o Teopeme Kown o Briuerax

Z__| )
| S;szz:Qm (res f (0) +-res f (—1)). -
b2l =

Touka z=0 ecrs ycrpaHuMas ocobas Touxa Gyskumn f(2), ubo

2—»02(z+1)—- )
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TlostoMy resf (0) =0. Touka z=-— | —noJ/ioc NEPROr0 MOPAAKA

e?—1

resf (—1)= lim {z(z—{-l)

(z+1)}=1—eﬂ.
z——1
TaxuM 06pasoM,
g _ei:_l_dz—Q i (1 -1
gz ¥ ni (1 —e1).

Iz =14
Mpumep 6. Bouucants uurerpad S tgzda.
|z2]=2
Pemeunue. B obaactu D: |z2|<<2 ¢ynkuus f(2)=1gz anam-
i 7T
THUHA BCIOJY, KPOME TOWCK Z=-5 H Z=—— 5, ABITOWHXCT pOCTHIME

nomocamy. Bce npyrue ocofble TOYKH zkzg—f-kn ¢Qyukunn f(2) =tgez

Jexar BHe 06JacTH D W NO3TOMY He YUHTHIBAIOTCA.

Hmeem
res f ~y__smz =—1
2] (cos2) =
P
2
resf<—£>— sin 2 .
2/ (COSZ)' z=—1t/2—
Tostomy
1g 2 d2 = — 4mi.
|z|=2 ,
el/z2
Ilpumep 7. Buuncants HHTErpan R dz.
|z —i[=3/2

1/z2
Pemenue. B obmactu D: [2—i|<<3/2 ¢ynkuus f(z):z—;i?—f

HMeeT zBe OcoOble TOYKH: Z=={—MNoJIOoC IepBOrc nopsgka H 2=0—
CyllecTBeHHO ocofasi TOYKA.
Tlo ¢opmyJie (5) nmeeM

el/zz
22

restl)= "5 . =%

Jlns HaxomjeHHs Bhiuera B TouKe 2=0 He0OXOJMMO HMETb JODPAHOBCKOE
passioxkenne QYRKIHH f(Z) B OKDECTHOCTH TOYKH 2=0. Opnako B jan-
HOM cayyae HCKath psig Jlopana HeT HeOOXOJMMOCTH: ¢byrkuus f (2) yer-
Has, H TMOSTOMY MOMKHO 3apaHee CKasath, YTO B ee JOPAHOBCKOM pasio-

eHuH GYAyT cONepkarbCsl TOJBKO HeTHble CTENEHH 2 H —-. Tax yto
¢_1=0 u, creloBare/bHO,
res f (0)=0.

BBLIUETHI

ITo Teopeme Kommu o BbrueTax

el/z‘
2241 dz
|z —i|=28/2
BoiaucAHTh MHTErpadibl:
270. S 2 tg nz dz. 271.
jzj=1
e? dz
2.\ =55 273.
1z |=2
274. 2 sin?1 dz. 275.
|z2{=1/2
zdz
276. \ Fis" 277.
lz41]=4
78 e? dz 979
218. ATALT -
|z—1|=1
Co8

9 4

__ﬂ
=Z.
2dz
§ ety ¢

C: x2B - y¥3 =3B,

et —1
S 23 122 az-
lz—1i]| =3

> sin m2
\ dz.

A 22—z
j2]=V3

\ 2 dz
sin3z cosz °

.
lz[=4

1.

281. CSzTez_z-l—dz, C: x4 — 2x=0.
282. S%dz, C: Xpp=1,
C
283. Sﬁgﬁ-dz, C: 2ryp=16.
C
o1, \ £ a2 C: 2Lt
C
285. (S?;i—j—_l_’ C: 2+ y2==2x.
286. 23 sin % dz.

jz]=1
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287. S (z-+1)elz dz,
z]=1/3
288. | S / <sin2—12+ezzcos z>dz.

12| =93

ITpunoxenue BHYCTOB K BHUHCIe H IO
OnpenefieHHHX HHTETrpasoB

. Muterpantk oT pannomansmex dyuruui. Ilyers
f (*¥) —~ panuonanbaas dysknus, f(x):%’-”~%), rne Py (%) u Q,(x) —
n

MHOTOUJIEHEl COOTBETCTBEHHO cTeneHed m u n. Ecsu f(x) HenmpepwmBHa
Ha BCedl JefcTBuTENBHOH ocu (Q, (*)£0) 1 n=m+2, 1. e. crenens
3HameHateJq, Mo Kpahned mepe, Ha jBe eIMHHNbL 6oJibHle CTemeHH Yy-
CJUTeNs, TO

+ oo
(%) dy=2nio, U

Py (2)

TIE O 03HAYaeT CYMMY BHIETOB GyHKUMH f (2) = 0, ) BO BCex TOJIo-
n

CaxX, PACHOJIOKEHHBIX B BePXHEH IOJIYMJIOCKOCTH.
Mpumep 8. Buuncaurs HHTETpan

oG
x2dx
I= S “_(xz—]—az)z (a>0).
0
2
Pemenue Tak kak nopmurterpaisnas bynkuns f (x) =#az)—2——
YeTHad, TO
+o0
I— 1 x2dx
T2 ) W@Fayrt
— 0

2 - "
Beezem ¢ynRIHIO f(z):m, KOTopas Ha NeHCTBATENBHOH ocCH,

T. €. HpH Z=x, coBnajaer c f(x) ®yskmusa f (2) umeer B Bepxmed mo-
JYTJIOCKOCTH TIOJEOC BTOPOIO NOPSIAKA B TOUKe 2=gi. Bpuer f (2) orxo-
CHTEJIBHO 3TOTO MOJIoCa

res f (a1) == zhﬂ;i gdg [f(2) ¢ —a)2]= z]m;i %[ (z—[fzaz)2 ]:

i 2aiz 1
= lim

za @4a)? T
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[osbsysace Gopmymnolt (7), nosyumm

+ e
[_1 x2dx ——i-Qn‘- 1 =n N
T2 ) T T Y i T 1

-— 00

BriyucauTh ciefyionie HHTErpaib ¢ GeCKOHEYHEIMMU npe-

JeJIaMK:
259, { 2EL 4y o0, | A
' OSx4+1 ‘ ' _300 (T a) (@159
(@>0, b>0).
o dx e dx
291. S Sy 292. S 0t
+ co + oo
xdx dx
M.\ w9\ g
205, | XLy 296 Tﬂdx
© Y W ' e 4%
0 — 0
1 dx e dx
207. \ 25 298. \ o
209. \ s @>0, p>0)
A ‘.

d 1.3...0@n—1
300. Hokasatb dopmyay S (1+xxz)n+1 = 2_4_6(.7‘2”)15.

1. Uurerpans Bupa

[es]

§ R (x) cos A x dx, S R (x) sin Ax dx, (8)
]

rie R (x)—npasuibHas payuoHaibHAd Apo6s, A >0—mo6oe BemecT-
BeHHOE 4HCJIO.

IIpn BbMMC/ICHUH TAKHX HHTerpajios YAOGHO HOMB30BATLCS CACTYIO-
meit emMMoit JKoppawa;

Iyemy g (2) — pynryus, anciumuueckas & sepxHetl  noayniockoc-
mu (0 <argz<<m), 8a uckAwdeHuerm KOMe4HOZ0 4ucAq ocobbix  mouex,




78 OYHKIIHUH KOMITJIEKCHOIO MEPEMEHHOTO a1

U cmpeMmumcs € smod noaynaockocmu K Hyaio npu |z |--»co. Toeda
npu A>0

lim | g ()P dz==0, ©)
20e xkonmyp C R — NOAYOKDYNCHOCML 6 6epXHell NOAYNAOCKOCMU € UEHMPOM

¢ mouxe O u paduycom R (puc. 7).
[Mpumep 9. Buuucauts uuTerpasn

[ee]
x sin ax
I—Swdx (a>0; k>0)_

Pemenne Bseiem BeroMoratesbuyo dynxmuio

2emz
f @) =——r .

21k
Herpyano Bugets, uro econm z=x, 10 lmf(x) coBnanaer ¢ moxuiHTe-
. , x sin ax .
rpaibHOd QysxuHed @ (¥) =——7r- O Paccmorpum KoHTyp, ykasanubi
v ua puc. 7. [lpu pocraroyno Gosbiom R
na  gomrype Cp ¢yuknua g (2) =

k4
G = FiE YIOBJIETBOP IeT HepaBeHCTBY
lg )] < R Ri_fz» M CIEJOBATebHO,
g2 CTpEMHTCﬂ K HyJmo npu R — co.
@ 7 % z OHaumt, no Jemme YKoppana
ll
lim S =7 d2=0.

Puc. 7. R—co ) At iz (19)

R

. g moboro R > k To TeopeMe O BbleTax HMeeM

R
xelax Zelaz
S m dx - S 22—]—132 dz= 23’510’

_R CR

ZElaZ ze laz 1
— o 2— k) | = = o~k
o= ziffk[zu k2] Z‘L,k[zz+k2( lk)] 5

rue

B npegese npu R— co, yunrsiBas coornomenne (10), noayunm

o
xemx
e rip QR
sz kzdx—me .
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Orpenaa chaeBa H ClipaBa BEIECTBEHHLIC W MHHMBIE YacTH, NOJAYYHM

-+ o
g X sin ax

Py %)

dx=nmne ok

B cuny TOro, uTO NOABIHTErpaibHAs (YHKIHA YeTHas, OKOHYATeJbHO
HHOJTYYHM

_E —ak
l—~22 .

Briaucaurs chefyromue HHTerpanbi:

xcos x dx X sin x
301. S R 302. S R dx.
¢ cos x dx OOcosxdx N
303. § m. 304- S x”+9 .
<ioc sax ¢ cos X
305. S 2 dr (@>0). 306. §x2+a2 dx (@ 0).
0
¢ 0S Mx 3 X sinx
307. \ S5 dx (m>0, a>>0). 308, §md
0
T cos Ax A>0). 310 §0x3 sin ax d
309\ gy >0 S InETa
(a >0).
811 { 22 cosxds 312 EOM cos mx dx
' §F§+l)2‘ ") e '
[Tpuwmep 10. Beruncaurs uuterpan
1:8%@ @>0, 6>0). (1)
0

wz
P eure nue. Beegem hyHKIMIOf (2) :m
Imf (2) conagaer ¢ mopwmmrerpasbuoit ¢yHkuuedl B (11). Pyuknus f(2)

HMeeT 0coGeHHOCTH ha BEUIECTBEHHOH OCH — MOJIOC NepBOrO MOPSAIKA
B touke 2=0. [To3TOMy KOHTYD HHTErDHPOBaHHs BbOEPEM TaK, Kak yKa

TaKylo, 4To HNpuZ==4x

<
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3aHo Ha puc. 8 (ocobas touka 2=0 06XOZUTCA MaJbLIM TOJYKPYIOM
C, (r < b); moaykpyr Cp BHOUpaeM TaK, uTOOH b < R).

TaruMm 06pasoM, BHYTPH 3aMKHYTOrO KOHTYPa HAaXOZMTCHA JHbL OfHH
noJioc hyHRUUK f(2) B Touke z==bi. CoraacHo reopeme Komn o BhueTax

prax ploz eiax dy
\ o +§zm+m o+ \ et
r

- r

etaz .
-+ S (22—|-b2) = 2nio, (12)
R
rre . . b .
< plaz . piaz (2__ i__ o a
= Sern e s e O

3aMeHss B mepsoM HHterpade (12) x Ha —x M OOBEAUHAA €TO C TPeTHAM
HHTErpaJjoM, MoJyuuM

e ax R iax
Y e e _
oA T ey
- r
o R ; . R
A _(dax—glax dx—9, \ Sinaxdx
\x =\ TweTre YT N ey
r r
> — (14
#o-r 0 rA % Tag kax
l elaZ 1
Puc. 8. AR TR
1az
TO TMOZBIHTErpAJLHAT (yHKIHS m NpeAcTaBUMA B BULE
faz 1 ¥ (2)

Z(@0% b2z z "’

rge lim (2) =0. Monaran z=re!?, naxogum

2—0
. 0
e%de 1 (& VY@, o dn . ;
Sz(zz+b2)—b7§ ?+§ - de=—ir+i \ b(re) dg.  (15)
r r r x
Harerpasn B tpasoil uactu {16) mpu r — 0 uMeeT npezesoM HyJsb
0
- lim \ ¥ (ret9)dg ==0. . (16)
r—»Oj.L

§ 8l BBIYETHI 81
Haxkonen, coriacHo jnemme )KopiaHa, ueTBepTHIH HHTErpast B JIeBOf
1
gacty (12) cTpemuTcd K Hymo npu R — oo, H60 GyHKLHA g (z):z—(zzm
CTpeMHTCS K HYJIIO HpH |2 | — oo:
. plaz
dm \ s =0 )

R

TakuM oBpasoM, NMpH R —CO H r—0 pasenctBo (12) ¢ yuetom
cootnowenuil (13) —(17) npunumaer BHZ

o

‘2iS—-———-——Sinax dx o m’e—_ib
x (x2+06% B2 b2
0
OTKyZa
X .
sin ax b
Sx(x2+b2)d 2b2(1 ).
h

BulunCcaUTL cleayolye HHTerpaJsl:

[eo]

sim x
313. S 314. \ i dx.
0 0
315. gcosax-cosbx dx (@>0, b>0).
b
sin mx
M&§ﬂﬁﬁ¥d

IIl. Buuncaenne HHTerpaJdoB, cojepXallHX To-

KaszaTeJdbHYIO byunkuHIw0.
Mpumep i1, Bouncauts HH- M ¥
terpansl ®penenas
(o) [e 8]
Ilzs cos x2dx;> 12=S sin x2 dx,
0 0
3HAd, YTO Z
# B
[e8] V_ > )
§ e—** dx:Tn, (18) 7
Pxuc. 9.

Pemenue. PaccMorpuM BcmoMoratenpHyo ¢GyHKRuO f(2) =¢i?? g

KOHTYp, yKasaHHbl Ha paC. 9 (prrosoﬁ cek10p OBAQ, rae 04 =0B=R
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82
H L BOA-%), Buyrpu storo kourypa f(2) amaamthueckas W To Teo-
peme Komu <
¢ dz={ o dx+§ e dz+ | o' dz=0. (19)
0BAO 0 R AO
MNoxaxkem, uro .
lim { " dz=0. (20)
R—oo ¢
R
dg
~ i
2VE

LeficTButennto, monarasg 22=E§, moayuum dz—

eit
LS %2 dz:PS 51—/—2 dt,
R R2

rie T'py—uetsepTs Ayrn okpymmoctn pammyca R2,
Dyurung g (?f,):gli/—g YACBJIETBOpSET yCA0BHAM JeMMbl JKoprana,

A0
Hepeiins B (19) K mpegeay mpn R —co ¢ yuerom (20

6yneM uMeTh
o0 ;U .

< ir
§ e gy —e t ]—/éjl

HJIH
¢ ¢ Ly/a ,  14/7
inxtde—— 1/ 2 1/
851nxdx_2]/2+t2]/2,
0

S cos x2dx-+1i
0
OTKYRA ToJydYaeM
a n
2 dx — — = inx2de— — e
Scosxdx—gl/g, Ssmxdx 2]/2.
0

0

(21)

a 3HAYHT, )
it -
lim S - dt= lim Se‘z dz=0,
R—oo Tpe 2VE R0
Ha orpeske AQ: z=pe * 222 2 =p%, 0=<p<R. Orcioza
. 0 iﬂ: i"ER
S ey =g 0% 1 dp=—e* S e P dp
K ]
), 21) u (18),

§ 8

(22)

W KOHTYD, yKasaniuul#f wa puc. 10 (
2m). BEYTpH 3TOr0 KomTypa [

83

BBIYETH!

IMpumep 12. Bowneants unrerpan

+
. 20%
de (O<a<1)

—C0

Pewenune Budepen BCTIOMOTaTesbHYI0 GyHKIHIO

eCZZ
Fe=1om
MpPAMOYTOILHHK €O cToposamu 2R ¥
4HAMUTHYHA, 38 HCKIIOUCHHEM TOUKH

A
¢ I
on
V4 4
-R 4 y z
Puc. 10.
Z=gql, KoTopas saBAserca A Hee TIPOCTHIM TTOMIOCOM
paz Pt .
res f () = ——_ = =— gonZ,
Ho =z |, =

Ilo reopeme Kommn o muiuerax
§ f@az+ § 7@ az+ { 7@ dz+ § F@) de=— 2sticari, (93
DA AB BC cD

Ha orpeske DA: 2=x, — R =X =< R; mostomy

- R
. S S il (24)
= \ —dx
1 4-e¥
pa p +
Ha orpeske A4B: 2=R-4iy, 0<<y<9n: 103TOMY
202 % (R4iy) P
Lo | 7| T eRio | Sk 7
Suauyr,
T e%R 2R
]S QS 7 dyzR —0 upu R—o00 (6o 0<a< 1) (25)
et —1 et —1
by b
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AnasoruuHo mosyuaem

\

¢p
Ha otpeske BC: 2=x4-2ni, — R<<x<<R: no3T0My

— aR

[ ) des 2 —
—e

2n—0 npu R - oo. (26)

iy o0 (x+2ni) samt 8 pa%
S = S IW dx = — e207 S l-w dx. (27)
BC R —R

[epexons x mpeneay s (23) nps R — 00 u yuuteBaft (24) — (27), moay-
UM

-+co + o
0% 4 N A% d o~
——— dx— p2axni S dy = — Qqedri
1-4-e¥ 1 fe¥ !
—00 —c0
OTKyZa
o0 .
ea¥ » 2mieont e
I4e*™" " pani_ | sinan’
-0

Bhuncuth caenyomue unrerpasel, coepxaiue 1oxasa-
TeJIbHYI0 OYHKIHIO:
oo
317. { e=**cosbxdx  (a>0, b>0).
0

(. 2
Yrasauue. Baame f(2)=¢" %", KOHTYD — IPSIMOYTOJILHHK €O

cropoHaMu 2R u 55

+ 00
o0X% __ obx

318. S—I_de (b<a<l, 0<b<1)

— o0

e%% __ pbz
Yxaszanue. Baam f(2) =-—{_,z KOHTyp—KaK Ha puc. 10.

IV. Bruncaenne unterpasos suga
23

S R (cos x, sin x) dx, (28)
0
rie R — panuonaibHas QyHKUMSA COSX W sinx, KOHEuHas BHYTpH 1po-
MEXYTKa MHTerDHPOBAHUS.
. dz
[lonaraem e¥ =z, torga dx=g i
$in x =+
’ 2z
Ovuesngno, B 5T0M cayuae [z |=1, 0= x =< 9.

COs X ==

2241 22—
2z
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Huterpan (28) mpunumaer pug

{ Fo)dz, (29)
C

rae C —OKpYKHOCTb eMHHUHOIC pajHyca ¢ MeHTPOM B Hauame KOODIH-
nar. Corzacno teopeme Komu o BbueTax uHTerpan (29) pamen 2noi,
Ile G eCThb CyMMa BbiYETOB OTHOCHTeJBHO MOJMOCOB, 3aK/ICUEHHBIX BHYTpH
oxpyxHoctn C.

25

ax
s (@ > b > 0).
S (a—|—bcosx)2( =>5>0)
0
Pemenue. TlpuMensia mojcraHoBKy ei¥ =2z, NOJY4HM TIOCJde Tpo-
CTBIX Ipeo6pasoBaHui

n

4 zdz 4 . ¥¢
[=-i_ S m=7 2mi Z res F (z).

C k=1

Ipumep 13. Bouncants nm:erpan [=

BuyTpu enunnumoro kpyra npe ycaoBmH, uro a > b0, HaXOAHTCS
TOILKO OJUH TOMOC (ABYKpaTHbI)

— et VER

2= B
F4
(b22 -+ 2az2 -+ b)2

. d 2(2—2)2 ab 379
res F (z)= lim —{h——l———-}:— a%— b2 312
= & b= e—ap) — 1 @)

Buiuer dynknun F (2) = OTHOCHTEJBHO 3TOTO MOJIOCA

Hrak,

. 2nab
="
(a2 —b2)312

BbILIHCJII/ITb Caenywlne uprerpasnl:
2n

319- SlTip—iT);?Jsz O<p<l).
0
1

520. S% O<p <.
0
2n

s \ =i > 1),
0
an

322. S%Wz O<p<]).

0
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2n
323, SH‘ZM @>1).
«
324. {ctg (x—a)dx (Ima > 0).
m :
325, S%dx @>b>0).
0
27 ’
326. S — O<a<l).
o
327. SO o :josx)z 0 < b<a).

N

§ 9. Jlorapudmuueckuii Boyer,
Npunuun aprymenta. Teopema Pyure.

Jlozapugmuueckoii  npoussoduo dyHruMH [ (2) HaskBaeTcs byHRIM S
P (2), ABATOMENCA TPOHBBOLHON oOT JorapudMa GyHRuun f (2)
I @
2)=[Lnf @) =22,
9@ =ILnf @) =72
OcoBrMu Toukamu OYyHKUME @ (2) MOryT 6bITH  TOMBKO HYJH WJIH 0coGbie
TOUKH bYHKUMH f (2). .

Buiuer sorapudmunyeckoii UDOH3BOAHON YHKIMK [ (Z) OTHOCHTeIBHO
TOUKH, sBafOMesica HydeM dyHKuuu f (2), pasen nopsury Hyas, a orso-
CHTEJNBHO TOYKH, SIBJASIOWENHCS MOMIOCOM byHRnHR f (2), —nopsxy sroro
TIOII0CA €O 3HAKOM Mumyc.

[Ipuvep 1. Haiitu sumern JorapudMuueckoil 1poHsBOLHO bynx-

sin 2 .
uu f(z):m OTHOCHTEJIBHO ee HyJell W HOJIOCOB.

Pewenne. lannas QYHERIMA  uMeer Geckomeunoe MHOXKeCTBO
NpOCTHIX HyJeH 2= km (k=0, + 1, +2,..) ¥ omun TIPOCTOH MOI0C
2=—1. Orciona

F@_y e + re__
z;e:nf 2 =1 (k=0, 1, *2,..), z;ef-lf(z) L.

Hafitu shiuern JIOTapUIMHYECKUX TIPOU3BOLHBIX JaHHEIX
GynKuMH oTHOCHTEABHO WX HYJeH W I[10JII0COB:

328. f()="% 899, f(z)=costz.

—-— e
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330. a) f(2)="%; 6) [(2)=sinz.

[ycte  dynrnus [ (&) 40 ananutuuna Bo meex TOYKaX 3aMKHYTOro
KoHTYpa C. Beanunua
(e,

25 Z
PRAY)
Ha3BIBARTCH  A0eapumuueckum  goemon Pyrryuy  f(2) oTHocHTenbHO
3aMKHYTOTO KOHTYpa C.
Teopema o TOTapHbMHUCCKOM BoiyeTe, Iyemo pynxyus
f () Asazemca anarumumeckor 6 samkrymotl obaacmu D, xpome xoneurozo
HUCAQ NOAOCOS, u Ha eparuye C amod obiacmu He umeem Hu wyaeil, nu
noarocos.  Tozda  pasnocme MEHAY wuciom myscd u  nosocos f@) e D,
nodeaumannoix ¢ ux nopadkamy, oydem pasna A02apuPmueckony sblyemy
Pyrryuy f(2) omuocumenono 3amKHymoeo xoumypa C:
!
i { LDy _p,
2m . @

e0e N — qucao nyaeii [ () ¢ D, P— qucao noatocos f (2) @ D.
Jlorapudmuyeckuii Beluer Mporousena

Qn (@)= Z ape®
k=0

OTHOCHTE/IBHO, KONTYypa C paBeH wucay HYJIel 5TOro MHOrouJera (c yue-
TOM HX KpaTHOCTH) B obiacth D, OrpaHHyeHHo# KoHTypoM C.

Hpumep 2. Hatiru JorapugMuueckuii  Bhier (yHKuMH f@ =
chz

- OTHOCHTEJbHO KOHTypa C: |2 ]=8,
ezz_
Pemenne. Haxoaum Hyau z, gyukunn f(2). Haa storo pemaem
ypaprenne ch2=0 nmium e?-£e2—0. Sanucan noc/IeHee ypaBHeHuUe

B Bule e*¥=—1, Haligem 2z—Ln (—D=@k-+ 5, tar uro 2, =
= 2k;—1 qi(k=0, x1, £2 ,.) (Bce Hyan mpocthe). Ilis HaXow-
AeHusl  mOMOCOB  ByHRUME f (2) peluaeM ypaBueHHe e2—]=0 wuy
e'?=1. lmeem iz=Ln 1 =2mn;, Zp=2mu(m=0, =+ 1, *2, ).
B rpyre |2| << 8 naxonsres HyJaH

zk=2k_2'_1 a k=0, =1, x 9 —3)

H TIpOCTHE MOJI0CH
2p=2mn (m=0, = 1

dyskmnn  f(2). Yueno Hyaeid N =86, uicao momocop P —3, Cure-
ZoBaTeJIbHO,

1 e, .
o § T d2—6—3—3,
iRf=
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INpumep 3. Haiitn JorapupMuyeckuil BolueT bydKIHEH

F @) =g—t2

1 —cos 2mz

OTHOCHTE/IBHO OKDPYIKHOCTH |2 =1,

Pemenmne. Ioaaraa [-422=0, HaxonuM [ABa MPOCTHIX HYyJs
dyukuun f (2): ay=-—i, ay==i. Ioaaras 1 — cos 22 =0, Haiifem nomocs
Qymrumn f(2): 2,==n, n=0, +1, +2, ... Kparnoers noawocos k=2,

B xpyre 12| <<m nammas ¢ymkuks umeer gma IPOCTHIX HyJIsl
My=-—1i, Qg==i{ H CeMb JBYKPaTHHX IOJIOCOB

Z=—3, =2 z3=—1, 2,=0, z,==1, 2g=2, 2;==3.
Urak, N=2 u P=7. B cuay reopems o JIOrapudMUUECKOM BblueTe

ToJydaeM, uTo JorapuhMHueckufl BblueT JaHHOHK (GyHKIHH [ (&) ornocn-
TeJbHO OKPYMKHOCTH |2 |=7 OygeT papeH

1 '@ oo 7o
5o S T %=2—T =12

l2l=mn

B crenyiowux sanauax naiiTn morapudMuueckue BhYeTH
AaHHBIX GYHKUHMH OTHOCHTE/IBHO yKasaHHBIX KOHTYPOB:

4
331. f(Z)Zm,
332, f(z)==cosz-|sing,
333. f(2)=(£—2)?,
334. f(z)=thg,
335. f(z)=tg?z,
336. f(z2)=1- th2z,

OOO00 S

Npueuwn aprymenra. Jocapupmuveckutt  soryem Pyrryun
[ @) omrocumenvno samknymozo  xkonmypa C  pagen npupatyeruio
Ac Argf (2) apeymenma f(2) npu 06x0de kormypa C, Oedentiomy na 2i:

1 (1@ ! :

CJ/ieoBaTe1bHO, PASHOCTE MEXKIY UHCIOM HyJeHl M Mo/aocoB GyHKUuH
[ (2), 3axmouennnx B obaactu D, paBra

1
N—-P=-2—nACArgf(z).

Hpyrunu caopamu, passocte N-—P papha uucay o6opoToB, KoTo-
pHl€ COBEpLIAeT B INIOCKOCTH W BEKTOP, UAYINMH M3 TOUKH w=0 p TOUKY
w=Ff(2), KOrga TOYka 2? OmMCHIBAET KoHTYD C (4neso 060opoTOB CuH-
Taetrcs HOJMOKHTENLHbIM, eC/H BEKTOD BPAIMARTCs NPOTHE YaCOBON CTPEJKH,
U OTpHUATeJbHLIM B IPOTHBONOOKHOM CilIyuae). .
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B uwacrhom cilyuae, Kora dyHKUMS W=/ () fABJsieTCH aHANNTHUE-
ckoif B 061acTh D u Ha ee rpanuuye C, Ha KOTOpoH oHa He obpaunaerca
B HyJb, JOTapHMHuUECKUli BeiueT f(2) oTHOcHTenbHO C faeT 4MC/Io HY-
qeil f(z) B D, KOTOpOe paBHO H3MeHeHHIo Argf(2) mpu o6xome KoH-
typa C, ZeneHHOMY Ha 2m:

1L 0@ 1 —
E § m-d?‘}:?—ﬁ AcArgf(z)_N.

n
BTo HMeeT MecTo, Hampumep, AJf MHOTOUNeHa Q, (2)= D a2t
E=0"
ITpumep 4. Haitrh uncao xopuefi B mpasoii NOJNYMJIOCKOCTH
Rez>0 ypaBuenus

Q@) =24244-28—-82—1=0.

Pemenwe B cuay npunmuna apryvenra uumcao Hyded BHYTpPH
Koutypa C paBHO

1
N = o Ap Arg Q5 (3),

TAe KOHTYp C COCTOHT H3 NOJyOKpYyKHOCTH CR: |2|=R, Rez>0, u
€e NHaMeTpa Ha MHHMOH OcCH; paanyc R cumraeMm cToqib GOMbIIHM, yTO
BCE Hy/m MHOrOWJeHa (; (2), HaXopsmuecs B NPaBoll MOJYIIOCKOCTH,
nollagaroT BHYTPhL Hoaykpyra [2|<<R, Rez>0. lmeem

Orcrona
Arg Q; ()= Arg [z5<1 +—21—+;2§—%——2%>]=
=Arg 254 Arg <1 -+ }L+z£2_§£_;“5>=
=5Argz+Arg (1 + —i——k%-z%_—.;?).

Ipupamenve aprymenta Qy (2) TpH 06X0Ze B HOMOIKHTEAbHOM Hanpag-
JeHUR MONYOKpyKHOCTH Cp OyzeT paBHo

1,2 8 1
ACR Arg Q; (2) =5ACR Argz—l—AcR Arg <1 + 7+§ — ‘E) .
TNepefizeM B 5TOM paBeHCTBe K Npegedy mpu R — 0O
lim Ay Ar 2) =
P Cp 205 ()

. . 1 2 8 1
=5 4 Ac Arged lim ac, drg (1454 2o f L)
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O6a npegena n 1paBoif wacty CYILECTBYIOT W paBHpl COOTBETCTBEHHO
lim ACR Arge=n,

R—o0

Tarum o6pasom,
lim Ao, Arg Q; (2) =5
R-> oo R

[Mycrs  renmepy touka 2 LBHMETCS 110 MHMMOH ocw op 2=iR jo
2==—R. Tlonoxum d=u, —R<{t<R. Torga
Qs () =u (t) L v =t —14, (5 — 218 —8y),
u=t—1,
{e =t (1)
U=1"—02p__ g

OTKYAa

3To~napame1‘puqecxne YPaBHeHUs JuHKH, KOTODYIO OMNHcHBaer Touka
=05 () B niockocrn (v, v), xorza Touka ¢ lIpoGeraeT muumyio ock
CBepXy BuUS. [Iaa TIOCTPOEHY ST 3TOH JmRUK HallleM Touky ee nepeceye-
HUHS C ROODAMHATHEIMH ocamu Oy ¥ Ov. Ilpupasnas y u o Hy/o, noay-

UMM COOTBETCTBEHHO
B—1=0 umn f=+ 1, 2

B—28—8=0 ugu l=x2 (=0, 3)

3amerumM, uro ypaBHenns (2), (3) we wmeror O6INMX KopHeil (meficran-
TeJAbHHIX), TaK Y4TO MHOrousen Qs (2) ne mmeer HyJdel Ha Mummoil ocy,
Crenoparessuo, NpHMeHeH e NpuHIKTa apryMenTa K XoHtypy C 3akonwo,
Kopuu ypasnenus (2) n (3) pacnonaraen s UOpsAKe yOuBanus, r. e,
B MopsjKe o6xoga KOHTYPA, ¥ maxogum COOTBETCTBYIOmMME 3Haye-
HUA U W U;
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A
aJgnee .
A lim u=- oo, lim v=+ co.
t—>+4co t—+co

OTH NaHHHE MO3BOJIAIOT IOCTPOHTA HHTEDECYIOUIYIO HAC JIHHMIO (pHC. 11).
Ha puc. 11 BHAwo, uro BEKIOp w=(); (z) moBepHeTcs Ha yroa ¢=23n

0

Puc. 11.

B OTPHIATE/ILHOM HalpaBJ/eHuH. Caenosareis Ho,
Ar ArgQ, (2) =5n —3n=2gm,
OTKYA2 UHCJO HyJdell B npasojl NOAYTNIOCKOCTH GyfeT paBHO

2n
N=2—n——=1.

Mpumep 5 Haditu unecso KOpHeH ypaBHeHus
Q@) =2 —~2%—-5=0

B NPABOR MOJYIJIOCKOCTH.

Pewenne Bubupaen KOHTYp C, Kak ykazamo B npumepe 4,

Torga
ACR ArgQ; ()= ACR Arg (27 —22—5) =

2 5
—Ac, Arg [z7<1—?——>]=
=7ACRArgz+ACRArg <1 *E“)-——

2 5
=7n +ACRArg<1—E—Z—7)—»7n mpu R — oo,

Honaraem z=itf (— R <t R). Torza

Q) =ut)+w()=— 541 (— 1720,
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oTKyza
{ U=—235,
v=—t (t54+9).
Tar xak u=£0, 10 mpumenenne npumnma apryMeHTa 3akOHHo

(Q; (2) Ha muuMOl ocH me umeer HyJeH). Ira JMHud —1pamas (puc. 12).
BexTtop w=Q, (2) genaer NOBOPOT B OT-

v PHLATE/IbHOM HaTpaBJEHHH Ha 7 pa-
auad. 3Hauur,
T ACR ArgQ, (2) P Tn—n=06n
& "
6
N ==
2n 3
Iy 0 7 T e [laHHOe YypaBHeHWe muMeer TpH
> KOPHSI B NPaBof 110/1yI/IOCKOCTH.
Hns cnenyromux ypaBHeHUH
Puc. 12 ONPENCTUTL YHC/IO KOPHEH B mpa-

BOH MOJYIJIOCKOCTH:
337. z4—}—2z3+322+z—}—2=0.
338, 22—2z—5—0. 339, 2°—422 4 5—(.
340. 28— 22— T2+ 5=0.
341. 254-54—5-—9. 342, 22—z 1 1 =0,

Teopema P yuwe. Iyemo pynxyuu f (@) u @ (2), anarumugecrue
8 samrnymol obaacmu D, oepanuuennod Koumypon C, 60 ecex mourax
SMOE0 KoHmypa ydogaemeopsiom nepasencmey | (2) | > | (2)|. Toeda ux

cymma F (@)=j @+ u pynxyus [ (@) umeom & o6racmu D 0dura-
K080¢ uuCA0 HYyAed (C yueToM WX KDPaTHOCTH),

Npamep 6. Haiitu uncuo HyJdeH ¢ynxnau
' F)=28—4s54.22_]

BHYTPH e€IMHHYHOrO Kpyra |z | << 1.

Pemenue. INpegeranum byHRIUIO F (2) B BHge CYMMEI IBYX ¢yHK-
Wit f(2) u @ ), xoTopre BEIGEDeM, HallphMep, Tak:

FO=—142, @@ =#ta_],
Torza Ha oxpyxuocru [2]=1 6ygem umers
[T @) |=]—425 | =4,
lo@ =2 +2~1|< |28+ |2 +1=3.

Hrak, Ha rpanuue |2|=1 Kpyra BblIOJdHSeTCH HEPaBeHCTBO jf(z) | >
> |9 @) | Oyukuus () =—425 umeer IATHKPATHLE Hy b B Hauajge
kooprunar. B cuay rteopems Pyme bynxuus

FO=f@+e@=s—tstr_)

AT
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umeeT B Kpyre |2 | <U 1 maTh HyJeit. SamemM,u YTO BO3MOXKEH H Hpyroi
Bol0Op PYHKUHA f(2) B @ (2), Hampumep, Takoii:

fR)=28—45, ¢@)=22—1.

Hpumep 7. Oupenennts uncao xopueil ypassenus
26 —62--10=0

HyTpH Kpyra |z| << 1.
Y }gemeﬂne. Honoxum, nanpumep, f(2)=10 u ¢ (2) =26 —62. Ha
OKPYXKHOCTH |2 =1 umeem

T@1=10, 9@ | =|2—62|< 20| +6]z]=7.

Hrak, BO BCeX TOUKAX OKPYKHOCTH |2 |=1 BEITIOJIHSAETCA HepaBeHCTRO
f@I>1e@]|. Dyukuus f(@)=10 ne nmeer Hyade#l BHyTpu Kpyra
2|<Cl, a sHaunt, no reopeme Pyue, He Hmeer HyJde#l u GyHruus
26— 624 10.

Honbsysick Teopemoit Pyme, naii1u uucsio KOpHeH TaHHBIX
ypaBHEHMH B yKa3aHHHIX O6/aCTSIX:

343. 1 —32—1=0, lz] < 2.
344, 25124 1=0, 2] <.
345, #4224 1=0, lz) < 2.
346. 2#4-624-10=0, |z < 1.

347. 272 — 1824 10=0, |z|< 1.
348, 22 —620—224-2=0, |z]| < 1.

ITpumep 8. Croavko kopueit ypaBHeHus
2—541=0 4)

HaxonuTcss B Koabue 1< |z| << 2?

Pewmenue. Ilycrb N —uncso KOpHell ypaBHeHus (4) B Kodbue
V<<|2] < 2. Torpa N =Ny—N;, rae Ny —uncao KopHe# ypaBrenns (4)
B Kpyre {2| << 1, N,—uncao KopHeHd ypaBHenust (4) B Kpyre lz] <2
(Ng = Ny). Herpynuo BHzets, uro na OKPYXHOCTH |2 |=1 ypaBHenue
(4) KopHell ne nMmeer: ecan [2]=1, 10 |28 —5z-1 | =3.

Has vaxompennst Ny Bossmem f(&)=—25z ¢ (z)=2*-+1. Ha OKDYK-
Hocth |z =1 nmeem [f(2)|>|¢(2)], Tak Kak |f(2)|=]—5z]=5,
[9@) =221 <] 28122, QyHrMA f(2)=—52 B Kpyre fz]<<1
HMeeT OAMH HyJib, CJEROBATEJbHO, N{=1.

Has naxoxnerus N, Bosbmem fE)=2, p()=1—5z Ha OKD Y K-
BOCTH {2 |=2 nmeeM |f(2) [> | @ (2)], Tak Kak [f@)|=]2%]|=2t=16,
[9@)|=]1—52]<1-5 |2]=11. Qyuxuus f(2)=2* wumeer HeThipe

KOpHA B Kpyre [z| <2, u, crefosatesbho, Ny=4.
Hneno kopeell ypaBHeHus (4) B xommene 1<C|z|<C2 Gyzer N =
3.

=4 )=
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B CIELYIOIHX 3axauax OMNpeleSIUTh KOJUYECTBO KOpHeﬁ
JNaHHBIX YpaBHEHHMH B YKa3saHHBIX KOJbIax:

349. 424 —2922 - 25=0, 2<]z| <3,
350. 2" —bz* 22 —2=0, l<|zl<2.
351, 26—824-10=0, l<|z|<3.

[Ipumep 9. Hafitu uyucao Kopuel ypasHenns
22— qae? =0, rae 0 <<a<CeT,

B eJMBHUYHOM Kpyre |z|<Cl.

jz]:ple 1;1;8;414 e. Tonoxum f(2)=2% u @ () =—ae?. Ha okpyxuoctu
IF@)|=|z2=1,
[@ @) =|—ae*|=ale?|=al]e* ¥ |=qe*¥ << ae < |

B cHdy yeaoBull —l=<<x =<1 u 0<<a<<e™™.
Wrak, |f(2)| > 1@ (2) |, ecan [z|=1. Oyukuua f(2)=22 B Kpyre
[2] <1 uMeer ABYKpaTHEI! KOpeHb B Hauaje KoopAuHAT. CiefoBaTedbHo,
no rTeopeMe Pyme uncxoiHoe ypaBHeHwe B Kpyre [2| <C1 wumeer gpa
KOpHS.
3aMeuanue PaccMoTpuM [efCTBHTENbH
. yio dynkuauio F (x)=
;rﬁz—-aex. Jra ¢yHKuua Ha oTpeske — | <Cx << | HempephiBHa. K(pzme
F(—l)=1—aet >0,
FO)=—a<0,

F()=1—ge>0,

Tak Kak 0 <<ae™l <<e™2 <1,

TaK Kak a << e¢71,

TaKPI% 06pasoM, Ha KOHLAX oTpeskoB — l=tx<cO m O <<x=<1 ¢ynk-
uus £ (X) OpuHMMaeT 3HayeHWs pasHHX 3raKoB, OTCIOfA CAeRyeT, wro

AanHOe ypaBHeRWe B Kpyre |z|<Cl uMeer 1Ba HefiCTBHTENbHEIX KOpHS
Pa3HEIX 3HaKOB.

B CENYIOMUX 3a7a9axX ONPENENUTh YUCJIO KOPHEH JaHHEIX
YPaBHEHHH B yKasaHHbIX 06JACTHX:

352. ¢tz (A>1), |z]<].

353. &=a2", rue n-—wuarypanbHoe YHCJIO U ]a]>5§,
2| <R. 5
354, 22—cosz=0, |2|<2.
355, 2t —sinz=0, |z|<m.
356. 224-chiz=0, |z|<0,5.
357. chz=2*—4z, |z|<1.
3568, 2°=4z, lz| << 1.
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[Ipuwmep 0. Haiitn yncsio KopHeH ypasnenus
A—z2—e%=0, A>1,

p mpaBoil mOAyMIOCKocTH Rez > 0.

P emre o i &. PaccMOTPHM KOHTYp, COCTaB/eHHEIA H3 oTpeska [—iR, iR]
y npaBofi TOAYOKPYIKHOCTH |2 |=R. Honoxum f{@)=2—A 1 @(2)=
— ¢ 2. Ha orpeske [— iR, iR], rie z=iy, umeeM

@) |=liy—r|=VRF@R=Vr=A>1
lg@|=le?|=leY]=],
u caegoBatensho, |f @) | >|¢ ().

Ha mnonyokpyx: octu |2|=R, rme Rez=x>0 npnm Z0CTaTOYHO
gomwioM R (R > A--1), umeem [f (2) | >| @ (2) |, Tak Kak
|[i@|=lz—A|=]2z|—A=R—A>1,

(9@ |=| % |=| ¥V =[S eV |=¢F|eW|=rF<l  (x>0).
[To Teopeme Pylue BHYTPH yKasaHHOTO KORTYDA NPH_Kak YIOZHO GOJIBIIOM
R JamHOe ypaBHeHHe HMEeT CTOMBKO JKe KOpHeH, CKOJBKO HX MMeeT

ypeBhenke f (z) =z-~-A=0, T. e. OguH KOpeHb. A 3paunt, ¥ BO Bceil
[IpaBofi MOJYIIOCKOCTH JaHHOE ypaBHeHHE MMeET eIWHCTBEHHLIA KOpeHb.

359. [lokasare, uTO YypaBHElMe zek“f:l, rne A>1,
UMeeT B eIHHMUHOM Kpyre |z|==1 elMHCTBeHHLIH NeHCTBU-
TeNbHBIA M IOJOXH €IbHBIH KOPEHb.

360. TlokasaTs, uro ypaBuenue 1--z--az"=0, rie n—
HaTypa/JbHOe YuCno, OOJbIIee eNUHHUBI, IPH BCAKOM 0 UMEeT
B Kpyre |z|=<2, mo kpaiiuedi mepe, OXMH KOpEHb.

361. Ilyctb f(2) ¥ ¢ (2) — DYHKUHMH aHaJUTHIECKHE B He-
KOTOPOH OKPECTHOCTH TOUKH @, C-——KPYyT C LEHTPOM B TOUKE
@ TakKoil, uTO BJOJb OKPYXKHOCTH 3TOr0 Kpyra HMeeMm

laf (2) |41 Be ()| <7

Mokasats, uro ypaBhenue F (2)=2z—a—af(2)—Pp¢ (2)=0
uMeeT BHYTPH Kpyra C oIMH M TOJNbKO OXMH KOPEHb.

§ 10. Kondopmubie oToOpakeHus:

Oro6pamenne w==f (2), cOXpaHdomlee yrabl MEKLY JHHHAMH, HA3bI-
Baercs kougopmubis. Eciaum Tpd 3TOM COXpaHSeTCs M HallpaBieHHe OT-
cueTa yrjos, TO TaKoe OToOpaxeHne Ha3niBaeTcs KOHGopMHBILM 0MoOpa-
aceruem nepeoeo poda *).

*) KongopmHoe oto6pazkente, P KOTOPOM YTkl COXPAHAIOTCH TOMb-
Ko N0 abCoIOTHOH BejUuMHe, HO M3MeHsercs HalpaBJeHue OTcueTa Ha
TIPOTHEONOMOKHOR, HA3BIBACTCS KOHMOPMHLIM 0MOBpaseriem smopozo poda.
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Orobpaxenne w=F (2) masbiBaercs KondopMHEM B ofaactu D, ecan
OHO KOHQOPMHO B KaxJoll Touke 5710if oGiacin. I[as Toro uroGH oroGpa-
KeHUe W =:f(z) Obo KomndopMubiM B 06JacTu D, HeoGXOZHMO H ZOCTa-
TOYHO, 4TOOH B D GyHKIMsA w=/{ (2) blia aHaJNUTHYHA H ee MPOH3BOARAS
f (@) Gbina ornnuHa or Hy.as.

O6wue reopeMb TeOPUU KOHGOPMHB X
oTob6paxeHut

I. Cymecteyer awamurnueckas ¢yHruus w=f(2), oroGpaxaiomas
B3alUMHO OJIHO3HAYHO H KOH(ODMHO OJHY OZHOCBASHYIO IJIOCKYIO 06JacTb
D na apyryio G, ecin TombKO Hu OfHa M3 3TMX O6JacTeil me coBmajael
CO BCeH IJIOCKOCTBIO C OfHOH BHIKJIOYEHHOH TOUYKOH uJH BCell pacuru-
PeHHOH MJI0CKOCTBIO (Teopema Pumana).

Hmeercst GeckoHeuHOe MHOMKECTBO AHAMHTHYECKAX bynkuui, ocyuecr-
BIAAIOMMX OTo0pamenue o6aacti D na obnacts G. EAMHCTBEHHOCTH OTO-
Gpaxaolledl (YRKuMH w==f (2) OyleT obecneuena, ecJu 1oTpeGoBarh,
4TOOH BHITIOJHAJIOCH OfHO W3 YCJAOBMI:

a) 3ajanHas TOYKa 2, o6nactu D uepeuta B 3aaHHYI0 TOUKY W,
obiactu G, a munus, BHIXOAASL M3 2, TOBepHYJA4ach Ha NaHmblil yroJ
o (Wo=F (%)), arg[' ()=o);

6) Touka 2, o6aacTu D u TOYKa 2y PAHHIB! y MepellIH COOTBETCT-
BeHRO B TOUKY w; o6mactu G u B TOUKy w; rpamuus I [wy=f (z,),
wy={()];

B) TpH TPaHMYHLIE TOYKH 25, 2, 23 OGdactn D mepemsu B Tpu rpa-
HUUHBIE TOYKH Wy, Wy, Wy O6Mactd G [wy=/f(2), W, =T (2)), ws=T (23)].

B cayuwasx 6) u B) dyuruusn f(2) mpeanonaraercs HElIPepLIBHOH B
3aMKHyTOH o6nactu D.

II. IpyBUUD B3aUMHO ONHOSHAUHOTLO COOTBETCT BHS
rpaHuu [lycrs obnacts D orpanuuena riagxuM WM KyCOUHO-FAAJKHM
xourypom y. Ilycts ¢ynkuua w=f(2), avanurtuueckas B D u na vy,
oToGpakaeT KOHTYD y Ha HeKoTOpwil Koutyp I', orpannuusaomuii o6aacts
G, upruem KOrja TOUKa 2 OGXOJHWT KOHTYp y Tak, uro o6Jaacte D oc-
TaeTcsl C/IeBa, COOTBETCTBYIOUIas TOYKAa @ OGXOAMT KOHTYp I' Tak, uto
obaacte G Takke ocraercsi ciesa. Torga o61acts D ¢ IOMOWBIO byuk-
Uuy W= (7) 0T00pa3NTCA B3AKMHO OZHO3HAYHO u KOHOPMHO Ha o6aacTs G.

II. prugun cummerpuu. Iycrs obaacrs D, conepKarnas
B COCTaBe CBOGH rpaHMubl PEKOTOPHI NPAMOMMHEHAHHIH OIPe3oK y (KoHeu-
HOil HaM OecKOHEeUHOH JyIHHLI), OTOOparkaercsl (yHKmMed w = (2) na
o6aacte G TaK, 4TO Y NepeXOjuT B UPAMOJHHEHHbII orpesok I', BxXogas-
wud B rpanmiy obmactu (puc. 13). OG03RAYMM COOTBETCTBEHHO yepes [
u L mupsiMble, #a KOTODBLIX JexkaT oOtpeskd y u I'. TMpunnun CHMMET PUH
yTBepKIaeT: ecau QyHKUMA W=/f () aBaguTHuHa B o6nactu D, a TakiKe
BO BCeX BHYTDEHHHX TOUKAX FDAHMYHOTO OTpPe3Ka Y, TO 3Ta (YHKIHS
aHaJHMTHYHA TaKke B ofnmacth D*, cuMMeTpuuHOH ¢ I OTHOCHTEJbHO
upsamo#t I, u ofagaeT TeM CBOMCTBOM, 4YTO JOGble [BE TOUKH 21 H 2
(n3 KOTOpHIX oama JekHT B D), CHMMETPUUHBIE OTHOCHTeJBHO [, OTOGpa-
KAoTCHA B TOUKH W; H W,, CHMMETPHYHBIE OTHOCHTENBHO Lnsvod L.

ITpumep 1. B ofmact D, orpanuueiniofi KoHTypoMm v

- X4 —2x=0,
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sajlaia QyRKuUA
w=23z-4-1.

B xakywo ofsacTs nepefifer D mpu oroGpaiKeHuH, OCyUIeCTBJISEMOM 5TOH
¢dyHKRUMEH? i
Pemenmne. Ilycte 2=x-+4iy, w=u-~iv. Torga cooTHoweHHe
w =23z} mepenuuiercss B BUJe u-]~iv=3x-~{ (3y+1), Tak uro uy=3x,
—1
v=23y-+1. Orcioza x=—§—, =U—3~.
Koutyp y orofpaxaercs B Kouryp I':

u\? v—1\2 u

<—> —|—<——> —2-%=0 wm (4—3R+f(@w—1)2=9,

3 3 3

T. €. OKPYMkHOCTh pajuyca 3 ¢ mentpom B rtouke M (3, 1). Tlomoxn-
Te/IbHOE HaNpaBieilde 06X0a KOHTYDA Y COOTBETCTBYET HOMOKMTedhHOMY
HalPaBAeHHIO  06X0fa  KOH-

typa I'. B sTOM MOMKHO yGe- @
JUTHCS, 3a7aB KOHTYpHl napa-
METPHUECKHMH YypaBHEHHUSMH:

Y: x=1l-cos@, y=sing,
0< o< 2m,
I': u=343cos g,
v=3singp41, 0=<<o<2nm.

CorJiacHO TPHHLMIY B3aUMHO ®
OJHO3HAYHOTO  COOTBETCTBUS

rpandl] o6nacte D oTofpasur- ¢
cst B o61acts G-BHYTPEeHHOCTD olly
OKDYIKHOCTH,  OFpaHHYEHHOM o, Z
Koutypom I'.
STO MOKHO TIPOBEPHTS elile 6"
B Tak: B3ATh JIOOYI0 TOUKY
2€D n uHalitu ee o6pas mpu Puc. 13,

orofpaxkenny w==3z-i. Ha-
npHMep, TOYKA z=1 mepeXojuT B TOUKY W= 3!, KOTOpas HaXOZUTCS
BHYTpH " KOHTYpa I.
[Tpumep 2. Janbt ToukH 2y ==2-+31 u 2, =32, cUMMeTpUuHble
LT
—iZ
OTHOCHTE/ILHO Tpsmoll y=yx. [lokasars, uto dyskmua w=e 2 2 mepe-
BOJAT 2y H 2, B TOUKH Wy;=3—2{ U Wy=2—3i, CHMMeTpHUYHBE OTHO-
CHTRIbHO NPSMOH y=-— X.

. T
—_— e
Pemenue. Herpyamo nposepurs, uto GynKLEA w=e 22z o10-
L 3T
T
6paxaer NPSIMyI0 y=X B OPAMYI0 y=—x. OyHruua w=¢ 22z aHa-

AUTHYHA BCORY. B cuay UpMHIMNA CHMMETDHH TOUKH 2;==2--3{ U z,=
= 34-2{, cUMMeTpHUHEIE OTHOCHTE/NBHO NpPAMON y=x, NepeiigyT B TOUKH
Wy =3—2{ 5 wy,=2—3i, CHMMETPHUHbIE OTHOCHTEJLHO TP AMOH § = — X.

4 M. JI. Kpacaos u zp.
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Koundopmnusie oToGpaxkenus, ocyuectTsasgembe
3JeMEHTAPDHBIMU PYHKOHUSAMHU

Jluneiinasa byuxkun s Jlureidnas dynkuus w=az-~b, TOe a
H b-—TmocTosnHbe KOMILIEKCHEE uncia (@ %= 0), ocymecrBaser KoHpopM-
HOe orofpameHne [OJHON IVIOCKOCTH 2 Ha TOJHYIO IVIOCKOCTb W, TaK
Kak mpu mobom 2 nmeeM w’ =a 3 0.

YacTable cayuau:

I.w=z-+b 1)
ocylilecTsJser npeobpasoBalne IMapaieibHOro NepeHoca.
2. w=r¢l%z, @)

rle o.— AgHCTBUTeNbHOE YHCJIO, OCYIIeCTBJsEeT peoGpasoBanye NOBOPOTA
BOKPYT' Hauaja KOODAMHAT Ha Yroa q.

3. w=rz, 3)
rje r— JeACTBUTR/LHOE MOJMOXKHTEIbHOe HHCJIO, OCYmECTBAAeT Tpeobpa-
80BanMe MOZOOHMS C UEHTPOM NMOZOCHS B Hauade KOOPAUHAT, r — x03pdu-

LMEeHT Nopolus.
Y Oburuii cayuait auHelinoro oro6pa-

@ KeHusd
(48

w=az4b, rIe a=relt, (4

OCYINECTBJASAETCA TYTeM 1OCAE0BATENAD -

- 4 HOTO NpuMeHeHusi: 1) mOBOpOTa OKOJIO

N Hayaja KOODAMHAT HA yroa o, 2) fpe-

L N 00pa3oBanus NOROOHs ¢ LEHTPOM HOJO-

A — 4 — 2 p’ Ousfi B Hadame KOODJHHAT H Kos(-

¢bunuenToM  1oo0Hs, paBHEIM 3)

b napajJ/easHOro 1lepeHoca ¢  HOMOL[BIO

Cy=ter @ BEKTOPa, COOTBETCTBYIONIEFO KOMIJICKC-
HOMY uucay b.

Ormernm, uto JuHelinoe mpeoGpa-

30BaHHE OCTABJSET HENOABUIKHLIMU JBC

&Y

4 5 TOUKH 2;==00 U Zp—= .
2 v l—a
NOIy4aeM 2; =00, T. €. B 3TOM CJyudae

06e HENOJBUXKHLIE TOUKH COBIIAZAIOT.
IMpumep 3. Halitu aumeiinyio
Puc. 14, ¢byHKUHIO, 0TOOPAXKAOUYI0 TPEYTOAbHUK
C BepwiHHamMu B Toukax U, 1, { B mjo-
CKOCTH 2 HAa NOAOCHBIA eMmy TpeyronbHMK ¢ Bepwuuamu 0, 2, 1--; B

TJIOCKOCTH W@, :

Pemenne, Mepsuiicioco6. s puc. 14 Bugum, uro A ABC
nepexogut B mogolublit emy A A;B,C; nyTeM caepyomux onepauHi:

Ipn a==

1) moBopor okOO Hayana KOOpAHHAT Ha yrod T, 4YTO COOTBer-

4
CTBYeT fipeo6pasoBaHuio

——
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2) mpeoGpasopanue NoZOGHs C LEHTPOM B Hauajle KOOPZHHAT H Ko-
- A.B "
apdunmenrom r=}'2 <TaK KaK —AI—B—1=V2>:
Wy = V2w

3) napaaneabeift mepenoc, cvemaomul Touky C (0, 0) B Touxy
Cy (1, 1) (monmyuaem b=1--1):

w=wy+ 1 1.
5 _ ~
izm 2 V2
YuurkiBas, uto ¢ ¥ =— K2— —i 1—/2—, TOJyYHM OKOHYATEJbHO

w=l/‘“2(——l/2—§—il/2~g> 2+14+i=(1—2) (142).

T
Bropoli cnmoto6. Ilycrs nckomas (yHRUHS ectb @W=az-4b,
rie a M b-—10Ka HeollpejeselHble KOHCTaHTHL. I[lo ycCJOBHIO 3ajaun
toukd 2y =0 u z;=1 RO/KHbL NMepefiTH COOTBETCTBEHHO B TOYKH W@y =
= 1+ 1 wy,=0. Ioayuaem cucremy ypas-
HeHWll AJ1s1 ollpefeseHus a u b:

I+i=b,
{ O=a-+b.
Orcioga a=—1—1i, b=1-}1, a 3Hauur,

w=(1+1) (1—2). (5)

1
Oyunrnua W=—.

e

Toukn M u M’ HaswbBaOTCA CUMMET-
PHUHBIMH OTHOCHTEIBHO OKDYXHOCTH T,

ecJqn
1) oHm HaXOAsTCsi HA OAHOM Jyude, BHIXOAALlEM K3 IEHTPA OKPyX-

HOCTH;
25 npouspeficHHe UMX DPAcCTOSHMH OT LEeHTPa OKPYKHOCTH paBHO
KBajparty paguyca okpymxnoctu: OM -OM’=R? (puc. 1b).
Gameuanue. Tourn oxpyxHocTy I' cummerpuuBbl camum ceGe
OTHOCHTEJILHO 3TOH OKDYXIOCTH. i
Jaa uenrpa O oxpyxnoctd I' CHMMeTPHUYROH TOUKOH OTHOCHUTENBLHO
I' aBasercs GeckOHeUHO ynajeHHas TOUKa.
Ecau uentp okpyxnocty I' raxogurcs B Hayajde KOODAHHAT u OJHA

H3 CHMMETDPUYHBIX OTHOCHTEJILHO I' Ttouek Hsoépamae'r K;)MHJIQKCHOG

UHCTO 2, TO HPYTas COOTBETCTBYET KOMIJEKCHOMY HHCIY —-,

1
IpeoGpasoBadne W==—- COCTOWT M3 ABYX CHMMETPHUHbIX OTpae-

HUH: OTHOCHT@BHO €AUHUYHOH OKPYXKHOCTH H OTHOCHTENbHO JeHCTBH-
Teaptol ocu (pHc. 16).

4%
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1 .
TpeoGpasosanne w=— ABJICTCH kon(opMHEIM BO Beell pacluMpeH-

Hofi TJIOCKOCTH, Mpiuem 10uke z==0 COOTBETCTBYET TOuKA W~—= 0O, & TO%
ke z—o00 cootBetcTByer Touka w=0. (Cunralor, uTO Yroj MeXAy JH-
HHAME B GeCKOHEUHO yjadeHnofi TOuke OJHOH H3 mJiockoctell (2 nam W)
paBeH yriy Mexjy o0pasamu ITHX JAMEMA B HauaJde KOODAMHAT ApYroi

1

naockoctn.) OKpYyKHOCTA (8 TaKxKe npaMsle) NpH OTOOpaKeHHH w=-

nepexoAsiT B OKPYKHOCTH HJH Tpsi-

mele. HenmojBmmxEBE TOUKH 2; = +1
H Zy=—1.

Tpuwmep 4. Haiitn obpas ox-

PYIKHOCTH |52]=3 npu orofpaxe-
2

¥

st~

HAH W=—,
z

z Pemenne. Ilyctb 2=x-1y,
w=u-}-tv. Torga  copTHOWEHHE
=

Z w:; nepenuiuercs B BUJE
2%
x+iy
25 ; 25y
Xy

u—+1u=

OTKy A2

o——
03~

25x 25y

“wig At @

Puc. 16.

YpasHeHHe OKPYXKHOCTA |z|{=3 B LekapTOBLIX KOOpJHHATAX SANHIIETCH
B BHIE

x24-y2=9. ©)
Kckmouas u3 (a) 1 (6) ¥ 1 Yy, NOAYy4HM

25\2
2 2 — | —
e _<3> ’

25
T. e. OKPYXKHOCTh pajuyca R~_—§ C HeHTPOM B Hauaje KOOpIHHAT B

NJOCKOCTH W.
JpobHoinHelHAd byHRIHUS
@ az+b 6
_CZ+ 4’ ( )
rae @, b, ¢, d—KOMI/JIEKCHbie NOCTOSIHIbIC H ad — be £ 0 B3aUMHO OJHO-
3HauHO M KouQOPMHO OTOGpamaer pacliupelHylo NJOCKOCTh 2 Ha pac-
INMPEHHYIO MJOCKOCTh W. ITpeoGpasobanne, OCYLIECTBIsIEMOE ApoGHO-TH-

HeiHO# (QyHKuued, HA3bIBALTCS ApoGHo-anHelnbM. Kaxpoe ApOGHO- I He#-
Hoe TIpeoGpasoBaHue MOKeT ObITh MOJYUEHO C MOMOLLBIO 110¢/le0BaTe]LHOro

_ . 1
nprMeHenns JHHEHHbIX npeoGpasoBanuil U IpeoOpasoBanusl BUAS W= —=.
z

——
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CeoficTBa npoéﬂo-nuﬂeﬁﬂpro
npeo6pasoBaHHsL

1. Kpyrosoe cBOHCTBO. Jpo6uo-nnneHBOe npeobpasosanne OKPpyX-
HOCTH OTOGpa)kaeT B OKPYKHOCTb. ([lpsiMas JuHHS CUATAETCH OKPYKHO-
CTBIO GECKOHEUHOro pamuyca.)

11. CeofictBo cuMmeTpuH. [IBe TOUKH 2y H 25, CHMMeTpHUIibie OTHO-
cnTeapHo OKpyXmocTH C, orofpaxaiorcs B TOUKH W; H Wy, CHMMETDHU-
Hble OTHOCHTENBHO OKpYKHOCTH I', Ha KOTOpYIO oTo6paaeTcsi OKPYX-
nocte C.

CyutecTByeT eJMHCTBEHHA RpoGHO-MHeliHAs PYHKIMS, KOTOpad TPH
3ajaHHble TOUKH 2y, Zg, &3 IWIOCKOCTH 2 mepeBogMT B TpH SdaHHBE
TOUKH W, Wy Wg MIIOCKOCTH W. Ona umeeT BHA

w—wl.w3——w2___z—z1 ) @
w—w, Wz—W Z—2 25—21
TMpumep 5. Haifiti apoGHO-AnHEHHYIO dyHKUHO, NepeBoAsLLyio

Toukrn z;=1, 23=1, 23=-—1 B TOUKH wy=—1, wy=0, wy=1.
Pemenue DBoCroab3oBaBUIuCh gopmynoit (7), OyfeM HMETb
w1 1-0 z—1 —1—i 1—2Z

Rl i) Rty e v G R

3ameuanue Ecam oana n3 Touek 2, umm w, (k=1, 2, 3)
apagercst OeCKOHEUHO yaanesHoil, 10 B dopmyJe (7) Hajo 3aMeHHTH &lH-
HUIAMH BCe Pa3HOCTH, COJEpRKAIlMe 3Ty TOUKY.

Hanpumep, €CIH 23=C0 H Wy=00, TO MOJYHYHM

— 23—2 wy—Wq) (23— 2
w—w 1 1z 2mmw=w1-{—(3 1) (33 2).
1 wy;—w; 2—2 1 z2—2,
TIpuBeseM ABe YacTo ynotpebasioupiecs: Gopmyabi:
1) ®ynkuus
. Z2—2
W= — 8)
z2—2Z4

orofpakaeT BEPXHIOIL TOJYJIOCKOCTD Imz>0 Ha eJMHHYEBIA KpyT

|w|<1 Tag, uro TOUKA 2=z, AapNOfi NOMYNJOCKOCTA TepeBOLHTCH

B nenrp w=0 kpyra. 3pech @ — JlioGoe JeficTBHTeNbHOE HHCIIO.
2) Qynxuus

22y ©)

1—2z,

oTo6pakaer egMuHuHbId KPYT z|<<1 Ha enMENYHED KPYT @ ] <1 rax,
4To TOUKA Z==Z, NIEPBOTC Kpyra nepeXOomuT B nenrp w=0 BTOpOTO

w=e¢l?

362. YKasarb reoMeTpuuecKuil CMbICa (coBHr, pacTsxe-
Hue, [OBOPOT) CJACAYIOUIHX npeoOpa3oBaHui:
a) w=2+3i; ©0) w=z+5; B) w=iz;
1—i
€) w=—= 2.

ve

/

14
r) w=e 8z, 1) ©=23%

—
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363. Hapitn ofwuil Bug uenbx JuHeHHbIX GyHKuui,
C IOMOULIBI0 KOTOPBIX OCYLXeCTBAAIOTCS Npeobpa3oBaHUs:

a) BepxHel Mony[JIOCKOCTH Ha cefs;

6) BepxHell MOJYNJOCKOCTH Ha HMXKHIOK MONYJIOCKOCTD;

B) BepxXHefl [IOJ1yIJIOCKOCTH Ha IpPaBYIO MOJMYIJIOCKOCTb.

364. Ha xakyiwo ofaacts oroGpaxaeT (yHKUUA w=~l—

nonynosocy 0 <<Rez<<1, Imz>0?
365. Haptu gpoGHo-auHeliHylo (GyHKUMO, oTobpaxka-

oy Kpyr 2] << 1 Ha monymiockocTh Imz > 0 Tak, urolbl
Toykd —1; 1; i mepemin B ToukH oo; 0; 1.
366. Hafitu koudopmHoe oTobpakeHHe Kpyra |z|<d

B Kpyr |w|<C1 Tak, ytoGBl Toukn — 5; 4-+3i; 5 mepeutu
B Ttouky —1; i; I.

367. Hafitn ¢yskumo w=="{(z), OTOOPaKaiOUYI0 KOH-
(dhopMHO eIUHHUYHBIA Kpyr Ha cefs ¥ Takylo, 4To

a) F(5)=0, aref' (5) =
6) f(0)=0, argf’ (0)=—7.

368. Halitu npo6uo-nuueiinyio QyHKuHIO, 0T06pa>xa-’

oy kpyr |z—-2|<<3 Ha xpyr |w|<<l Tak, yTOGHI
Toqui —1; 5 iV5 nepellyid COOTBETCTBEHHO B TOYKHU [;
5 369. Ha xakyio o6nacTb B IVIOCKOCTH @ 0T0Opa3uT dyHK-
nus w=ii—__Tz BepxHUH noJaykpyr |z|<< 1, Im2z>0?

370. Haiitn o6pas obmactu D: 1<<|2z|<<2, O<<argz<c
g—z— npy otobpaxkeHuu w=—z—+l.

371. Hafitu obmu#t Bug apoGro-1MHeHHBIX NpeofpasoBa-
Hufl, npeoOpasyOIUX BEepXHIO NOJAYIUIOCKOCTh —CaMoe
B cefsl.

Crenennas byEKnH4

w=2z", (10

e n=>2-—IeJ0e NOJOKHUTeNbHOE UHCJIO.

Oro6paxenite, ocymiecrsasemMoe crenensofl Qynxuued, spasercs
KOH(DOPMHBIM EO BCell MJOCKoCTH, KpoMe ToukH 2=0: npu 2£ 0 umeeM
@ =m" 1 npu z=0 w =0. Ilpy z=0 xoupnpmiocTe Hapymaercs,
TaK Kak np¥ oToGpameHuu c nomomblo ¢yHkuuu (10) yraml ypeammi-

§ 10] KOH®OPMHBIE OTOBPAKEHHSI 103

N

paioTed B 1 pas. Yroa 0 /q;< @ym{nueu (10) oro6pamxaercs B3a-

HMHO OJKO3HAUHO HA BCIO HJIOCKOCTb @ ¢ paspesoM HO MOJOKHTENbHOH
wacTH JeficTBHTebHOHA ocu, mpuueM aydy ¢=0 cooTBeTcTsyer BepXHHH,

a Jayuy @:%?——meﬂuﬁ kpa#t paspesa. Takoe e oToGpaxenue IO-
AyuMM JUI# KaX[OTo H3 YIJIOB, HA KOTOPHe MJIOCKOCTR Z pasGuBaior
Jy4H (p:T:rE (k—uenoe uucjao), NpudeM [PH OTOOpaxeHHH yTJaa
g_ge:__l)__ <(p<2kn (=1, 2, n) Ha MJOCKOCTb C pa3pesoM Jyuy
n
g @ Z @ v
©

4) 8)
Puc. 17.

2(k—1)m . 2k . .
=——— = COOTBETCTByeT BepXuni, a ny4y ¢ =~———wmKuui xpai

paspesa.
T «
ITpumep 6. Orobpasure cextop 0 <Cargz < < Ha epMHRuHb
i
kpyr |w} <1 Tak, utofbi TOyKa 2;=e¢
a rouka z,=0—8 TOYRy wy=1.

ool &

nepemsaa B uentp w;=0,

Pemeunune, Cexrop 0<Cargz < - (puic. 17, a) ¢ nomoutbio QynK-

nuy {=2% oro6pasuM Ha BepXHIOIO nomynnocxocn: Im¢ >0 (puc. 17, 6).

T
1 =

Touka z;=e 8 fepeitner B Touky f;=—2z!—1i, a z,=0 uepeiifer B TOuKy
t,=0.

3areM oTo6pasum moaynjaockocTh Im?>>0 ma xpyr |w | <1 Tag,
yTo6Bl TOuKA #y=¢ HepemwJa B uewtp Xpyra (puc. 17, 6). Bocnosabso-
BaBIIHCE (HOPMYJTIOH

z—2
w=eo 20
z—Z,
TI0JTy 4MM
t—i
w=e'? ;
ifi*

AN
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Tpefopanne, uToOb Touka fy=0 mepewna B TOUKY wy==1, Jaer &'? =
== —1. TlojcTaBafis B BHpaMeHHe A5 W SHAUeHHe ¢'¢=—| u {=2%,
HOJIY4HM OKOHYATE/]bHO
24—
W=——.
Fal )
IIpumep 7. Halitn dynkumo, 0TO6paKAIOWLYI0 BEPXHIOID NONOBHHY
Kpyra |z} <1, Im2 >0, ma Bepxuiolo moaymmockocts Im w > 0.
Pemeunne. 3anasHas 064acTh mpespcTaBasieT coGoli ABYYTOMLHHK

C BepWIMHAMH B TOYKaX Zy=—1] u Z,=1 ¥ yrJOM npH Bepuuse a:%
(puc. 18, qa).
¥
o T o e

)

7

2=/ z~1 < g é l v
“ 5) )
Puc. 18.
142
BenomorarenisHas  Qydakuus f= {5 ocyulecTsaser KOH(OpMHOe

1

OTOOpaxeHHE 3TOr0 ABYYrOJbLHHKA Ha NEpBbifl KBagpaHT MJOCKOCTH f
142

1—z

2
(puc. 18, 0). Oyukuus w=4# nin w:< \ Jaer uckomoe orobpa-

xenue (puc. 18, 6).
MMoxasarteabnas H JorapudMuyeckas GyHKLuH.
OroGpaxkenne, ocymecTJaseMOe NOKa3aTeabHOM $yHKuuel

w=¢?, (1)

KOH(GOPMHO BO Beell MJIOCKOCTH, TakK Kak @’ =—e? £ 0 BO BCAKOH KoHeu-
HOH TOYKe IJIOCKOCTH Z.
Eciu 10CKOCTh 2 pas6uTh Ha {10JOCHE

2kn <y<2(k+1)n (=0, =1, =2, ..),

TO Kaxjast U3 3THX MOJOC OTOOpasuTcs ¢yHKuHell W= e? B3aUMHO OfHO-
3HAUHO HA BCIO IIOCKOCTH W C Pa3pesoM BJOAb HOJOKHTENLHOH YacTH
LeficTBuTeApHOR ocu. [Mpn stoM cunTaem, uto HuKHel rpanuue y=2km
NOJIOCEE COOTBETCTBYET BepXHHME Kpafl paspesa, a BepXHeHl rpanume y=
= 2(k+4-1) m—nmxunil kpail paspesa. Tlpu 5TOM TOUKH 2y =1x,-t1y, H
p=Xo+t (yo+2kn) (k==1, + 2, ..) HepeXoisT B ONHY H Ty xKe
TOYKY MJOCKOCTH @. O3TO O3HAYaeT, YTO MOKasarejbHas QYHKILUS
SBJsIeTCST GeCKONeUHOMMCTHOH mepuogudeckoli (GYHKUHMEH KOMIJIEKCHO
nepeMeHuOd 2 ¢ MHMMBIM HepuojioM 2. OO0/acThi0 €@ OLHOJHMCTHOCTH
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ABaseTCs moGas [oa0ca Y, =< y << y, -+ 21, oTobpakaromasics wa HOJIHYIO
UIOCKOCTL @ C pa3pesoM 0O Jyuy arg @o=y, (puc. 19).
OTMEeTHM, UTO IOKAa3aTe/IbHAS (PYHKNHS © =¢? He ofparaercst B HyJlb

HUH HIPU KAKOM 3HAYEHHUHU 2.
@
///

7

®
(peex)l gy /
Zm /
Yyt
] /
ITpumep 8. Bo uro npeobpasyercs HOMYI0J0Ca

0<<Imz<<2n, Rez <0

Pnc. 19.

C NOMOUBIO PYHKUHMH == ¢??
Pewenne. Tlonokum z2=x4-iy, w=e?=¢*. et =pe'?. Torga

p=¢e% @=y, e —oo <x<<0, 0 <y<<2m,

Taxk urto O<<p <1, 0 << @< 2t. OueBupgHo, TouxH w=pe'?, yuo-
BNGTBOP AIOUHE STUM yCJAOBHSM, 3aOMHSIOT KPYr |w| << 1 ¢ paspesom no
OTPE3KY TpsiMOd, coenusiollell TouKH w=0 W w=1. B camom gese,
o6ofiieM KOHTyp y o6aacTd D B MOJOKHTEALEOM HaNpaBJ/eHHH, HAUHHAA

4
® U
/// ot I @
wi=1
7 ) Vi D ,&Il
V4 / 14 z A /o
a)
~ 6)
Puc. 20,

¢ yuactka I (—co<<x <0, y=0). Hanee /I (x=0, O<y<<2n)m
HakoHew, /// (y==2m, a x mamensercst or 0 g0 — co). OueBugHO, sTHM
YuacTkam B {LJIOCKOCTH @ 6yayT COOTBETCTBOBATH yuacrxu I', I, 11/,
Ile yuactok I’ coBmajaer ¢ BepXHUM Kpaem paspesa, a JIl" — ¢ HUXHUM
Kpaem (puc. 20).
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Jlorapudmnueckas ¢yHKUHST
w=Lnz (12)

onpejeasiercst Kak QyHKuHsd, ofparuas mokasaTensHoii. Jasa onpegeien-
HocTH OyfleM PaccMarpHBATh TIJaBHOe 3HAueHHe aorapudna 2z, T. €. TO
sHaueHHe, KOTOPOe COOTBETCTByeT IJIZBHOMY 3HAUEHHIO apryMeHTa

Inz=In|z|-iargz, —n<<argz=m.
Sra dyHKUHS aHAAHTHYECKas BO BCeX KOHEUHHIX TOUKAX 2400 w =
=?:,é0. 3naunt, oToOpakenne ¢ Iomouisio byHKIHH w=112 XoH-

dopMHO BO BCeX TaKHX TOUKax. Otmeruy, uto ToukH 2==0 m 2=00
ABASIOTCS TOUKAMH pasBeTBAeHusl QyHKuHH w=Lnz, npuuem Ln0=o00
u Lnoo=co.

Jlio6oe KoHeuHOe 4Yuc/a0 06XO0J0B (B OJHOM H TOM XKe HanpaBJ/eHHH)
BOXpyT ToukH z=0 He npuBeJeT BHOBL K nepBoHauaJsHOll BeTBH YHK-
may Lnz Takume TOUKH DAJBETBJEHHs HA3BIBAIOTCHA JOTApHOMHUECKHMH.

Oprvep 9. Hadru ¢pynxuno, oTo6paxkaollyio IIOCKOCTE z ¢ pas-
pe3OM BAOAL OTPHNATENBHOH HacTH BemrecTBeHHON ocH of Toukn Z=0

JO TOUKHM Z==— 0O HA HOJOCY — 71 <{U <7 7t B MJOCKOCTH W.
y v
© T Wy=11
. 7
/ 0 7, /

7 D

/ /// % Iy

a) ! w1t
4)
Puc. 21.

Pemenne. [Ipy paccuoTpeHUH nokazarenbHod OGYHKUHH ©=¢?
6ua0 yxasauo (ctp. 104), uro Jofas nojoca Yo <y << yo-+ 27 orobpa-
ykaeTcs 9ToH (hylKUuell Ha MOMHYIO IJIOCKOCTh W C paspesom no Jayqy
arg Wy ==Yy

Pacemorpunm  ofpaTioe oTofpaxKenue, a HMeHHO, otofpaxeHne mno-

JIOCH Vg << 0 << Uy 291, Tlie Up=— Il MJIOCKOCTH W Ha BCIO MJAOCKOCTH k4
¢ paspesoM Mo Jydy argz,=vp=-—T (PUC. 21). OueBHJHO, Taxoe OTO-
GpaxeHde faeT QyHKURA z==g¥; CJefoBaTeJBHO, HCKOMOE OTOOpaxeHHe
Gyzer w=lnrz=In|2z |+t argz Korga touka 2 npoferaer IO HHKHEMY
Gepery paspesa [ oT x=-—0C JI0 £=0, To B MJOCKOCTH @ COO1BETCT-
pyfomlas TouKa ONMINET JjuuHio [* OT gy=-co JOo u==—00 (V=—T).
Ilanee, xoraa TouxKa Zz mpoGeraer IO BEpXHEMY Gepery paspesa [ or
%—0 0 x=— 00, TO B MJIOCKOCTH @ COOTBETCTBYIOWdA TOUKA OIHIIET
mqEmio [J7 or u=— o0 10 u=-+co (v==m), TaK uTo objaactb D H

cootsercTBylomas el ofaacth G OCTaloTCA NpH 00XOJe KOHTYPOB ClpaBa.

-~
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TpuronoMeTpHUeCcKHue GyHKIHH
w=sin 2, W=C082. (13)
Ilns J11060ro KOMILIEKCHOTO 2

pl2 o2 eiz +e—iz
sin 2= ———— COSZ=—""g"—

N
-~

IMpuwnep 10. Bo yro orofpaxaercs noaynogoca 0 <x <<, y > 0
(puc. 22) ¢ momompio GYUKLHH COS z?

v &
/ Vi ® \\g\\l\”’ \
:’ VA / 7

NN ///H////

7 s

-~

]
&

)

—

Puc. 22.

Pewenue ViMeem cos2z=c08s (x-|iy)==C08 % chy—isinxshy.
Ecan Touka 2 mpoberaer yyacTOK rpaninibl ] o y=-+00 JO y=0
(npu x=0), To coorBeTCTRyOULAA TOUKA B nJ0CKOCTH W Hpoberaer yua-
crox I' ot u=-co no u=1 (npn v=0). Eciu Touka z mpoGeraet
yuacrok [ or x=0 po x=mn (npu y==0), TO W=CoSx ONHIET yua-

orox I’ or u=1 o u=—1 (upu v=0), Haxonen, eciu touxa z npo-
Geraer yuacrok [II or y=0 go y=-co (IpH x=m), To W=—chy
npoberaer ywacrok [[{" or go—=—1 g0 u==—o0 (npu v=0). Hrag,

co/u TOUKa 2z OGXOAT rpammmy mosymonocs 0 < x <7, y>0 TaK, uro
NOJYIOJI0Ca OCTaeTCH CJeBa, TO TOuKa W npo6eraeT CIpapa HajeBO BCIO
NeHCTBHTEJABHYIO OCh, H NMOSTOMY H3 INpHHUHAIA BIAHMHO OJ(HO3HAUHOIO
COOTBETCTBUSA CAGAYeT, H4TO PYHKUHS W=C0S2Z OTOGpaxaer paccMarpu-
BaeMyIO NMOJIYIOJNOCY HA HHIKHIOIO MOJYNAOCKOCTH W. AHaNOrH4HO MOKa-
aplBaercsi, uto mojymosoca 0 <<x <C o, y << 0 ¢dynkuueis w=cosz OTO-
GpaxaeTcss Ha BePXHIOK NMOJYMJIOCKOCTE W.

CTopOHe MOJYyNOAOCH X =7, y << 0 cOOTBETCTBYeT OTPesOK — 0O <
< 4 < —1 JelCTBUTeJbHOA OCH MJOCKOCTH W, cropore 0 <Tx <1, y=0
(npoxomumoli oT 7 K 0) COOTBETCTBYET OTPESOK —1<<u<<1 u cropone
x=0, y<<0—otpe3ok ! < u <400 Otpesok —oo << u < —1 geficTBH-
NelbHOR OCH MJOCKOCTH W mposeraercsi ABaKAH, A4 HMEHHO, HA HETO
orofpaxaercss CTOpOHa X=T, y >0 nmeppofl nosynoJocel H CTOpOHA
x=1, y << 0—BTopO#l MOJYTOJOCH. Urobs oToGpakenne @ == CcosZ OblIO
B3AHMHO OIHO3HAUHBIM, HAJO B MIOCKOCTA @ CfelaTh Paspes BROJL JEHCT-
puTeabHON ocn OT —co 10 —1 (a Taxke or 1 go —+ o).

~

e
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Wrak, ¢yukuus w=cosz orobpaxaer nojocy 0 < x<m na scio
IJIOCKOCTH @ ¢ paspes3amu IO JeflCTBHTeNBHOH OCH OT —o0 A0 —l # OT
1 1o +-co.

Oyuruusg )KyKOBChoOro

fo ey

sBJsleTCs] AHAJHTHUECKOW BO BCeH IJIOCKOCTH, KpoMme Toukd z==0, rae
OHa HMeeT [OJIOC HepBOro MopsijKa.

2

1 1
Mponssoanas ¢yHKuHn JKYKOBCKOIO @' = - <1 — §> +#0 npu z2£
# + 1, a 3nauut, otofpaxeHne, ocylllecTBJAsiemMoe 3T0H QyHKnued, Beie

Puc. 23.

KoupOpMHO, KpoMme Touek z= - l. Qynruua @ = % <z—|—zi> oTo6pa-

®aeT Kouopmuo obaacts [z| <1 Ha BClO MJOCKOCTR @, pPa3pesanHyio
no orpesky [—1, 1] peficturenpnoft ocm [pammma obaacTd — OKpyX-
HOCTh |2 |=1—oTOGpaxaercs Ha 3TOT OTPe3OK, HpHUEM BepXHsS NOJY-
OKPYKHOCTS OTOOpaKaeTCsi Ha HUKHu, a HMKHAS —Ha BepXnull Kpai
paspeasa.

Awuagnoruuso o6aacte ,2|>>1 oTobpakaeTcs Ha BTODOH 3K3eMILIsP
NJIOCKOCTH W, paspesanHoif 1o orpesky [—I1, 1] pefictsuTesbnoil ocn,
npuueM BepXHAs MOAYOKpyXHocTh |2 |=1, Imz >0 orobpaxaercs na
BepxXuull Geper, a HMKHAS noayokpymuocTh |z[=1, Imz<<0—na
HKHAEA Geper paspesa (puc. 23)

Besikasi oKpymHOCTh pafuyca R =~ otobpaxaerca dynxuued (14)
B 9JUIMIC C IONYOCHVH

1 1
o=y (Rig) b=y |R—g]

AN
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H ¢okycamn B toukax (— 1, 0) u (I, 0) Jlyw argz=¢ (xpoMe ¢=0,

T
4 5’ TE> omGpamaImcs HAa COOTBETCTBYIOUIME BETBH FPIHepGOJ'lbI

u? vk
cos2@  Cos? @

’

T
ayun argz=0, argz=+ -5, argz==1 0TOOPAXKAIOTCA HA [ABAXKABI NPO-

GeraeMble GECKOHCUIIbe OTPe3KH AeHCTBH1e]bHONW HJH MuMMONH Ocefl,

¥

Puc 24.

Mpumep 11. [Moaszysch ¢ynkuueid JKykopckoro, Ha#iry o6pas
06/14CTH
n
0<lz)<<l, 0<argz<I_
Pemenne. [logcrasum z==re'? B QyHKUUIO )nyo'scxoro

1 1
w=§ <z—|—~z—>

U BbIICJNM neﬁcmmenbﬂyro I MHIMYIO 4acTH; HOJYy4YHM

1 1 :
u:§<r+7>coscp,

—1 < —l>sin
U~—2~ r p .

OGX0Asi KOHTYpP CEKTOD@ B MOJOXKHTEJALHOM HaNpaBJeHui OABQ (puc. 24},
nonyuuM orpesok OA nepeliier B GeCKOHEUHEBIH OTDE30K AGHCTBUTE/Db-
ol ocH, npoGeraemslii o1 u=- co 1o u=1 (puc_25), Ayra AB oxpyx-
HOCTH |z |==1 mepefigeT B OTPe3soK [LellcTBHTE/NHLHON OCH A’R’, a orpesoK

(15)
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BO nepefifer B KpHUBYIO
V2 1 V2 1
u—T<r+7>, U—*4h<r——~_.>

HJH uz—v2=% (runep6oua).

‘D

Puc. 25.

CornacHO HNPHHOKNY B3aKMHOOJHO3HAUHONO COOTBETCTBHS rpanul
NOJIyuMM, YTO 3ajaHHbIl CeKTOp mepesopuTcst OysHknHed JKYKOBCKOro
B o6JacTh

1 V2

u2~v2>7Y H>T’ v <0,

372. Haiitn ¢yrkumo, otobpaxaiomyio 061acTs g<

<l arg z<<m Ha obJaacTb O<argw<%.

373. Oto6pasuTs Ha BEPXHIOW NONYIIOCKOCTD €1HHUY HbIH
KPYT' € paspes3oM, HAYIIMM OT {eHTpa 0o jelcTBUTENBbHOH
ocH.

374. Oto6pasuTs MIOCKOCTb ¢ MPSMOMHHEHHEIM paspesoM
Mo BEweCTBeHHOH ocH 0<Ca<Cx<Cb Ha BepxHIOlO NoJy-
IJIOCKOCTb .

375. Oto6pasutb MJIOCKOCTh 2 ¢ NPAMONHHeHRHIMU pas-
pesaMmu (—oo, b), (@, +o0), roe a u b BelleCTBEHHbBI,
b < a, Ha moaymaockocts Imw > 0.

p
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376. Hafitu ¢dyHxumio, 0To6paxKalolylo NepBblil KBaapauT

O<argz=

z=0 orBeuanu Touky w=0, w=1.

Ha Kpyr | 2| << 1 TaK, 4To6H TOuKaM 2=1 -1,

B cnenylomux 3agauax HaHTH 06sacTb IJIOCKOCTH W, Ha
KoTopylo QyHKIHA w={ () orobpaxkaer gaHHyi0 06jacTs D
JIOCKOCTH 2

377. w=22+1, D: uerBepTb Kpyra |z|<<l, 0<argz <<

Tt
<7
378. w==¢%, D: monynosioca O<Imz<g—, Rez< 0.

379. w=Inz+1, D: uacrtb KpPyroBoro Kkojibia 1 <<
< lz|<Ce, 3akJioueHHasl B yrie 0<Cargz <e.

Hafitn ¢ynkumio, oTob6paxamomyo KOHPOPMHO Ha Bepx-
HIOIO NOJIYIJIOCKOCTh KaXKAYIO U3 yKas3aHHbIX objacrefl:

380. Cexrop |z|<C2, O<argz<%k

381. O6nactp |2]|<<2, |z—1|<1.

382. Ilomocy a<<Rez<<h, a>0.

Hafitn ¢yrkumy, orobpaxawoiue:

383. Kpyr |z{<C! c paspesoM mo panuycy OT TOYKH
2=0 10 TOYKY z=— 1 Ha MOAYNOJIOCY — M <V <7, U << 0.

384. Ilonynonocy 0<<Imz<<m, Rez>0 na moaymio-
ckocts Imw > 0. .

385. Tlojocy —~ oo < Rez<+00, 0< Imz<—2-Ha 10-

CKOCTb @ € paspesaMH —co<<u=<—1, v=0u l<<u<<
< 400, v=0.

386. JIynky, orpanMueHHyl0 OKpyxkHOCTAMH |z—1|=1,
|z-2|=2 na nontocy 0 << Rew < 1.

387. O6nactb, 3aK/IOUEHHYIO MEXKAY JBYMSI OKDYKHO-
CTSIMH, NEPeCceKalolIUMHUCS B TOYKax z==a U Z2==0 mog yr-
aom mh, 0<CA<C1, Ha noaymsockocts Imw >0 Tak, uTo6bI
z2=q nepeuia B w=0, a z=b—~ B w=oc0.

388. Hcnosbsys gyrximio JKykoBekoro, HaliTh GyHKIIHIO,

orobpaxawmyo Konpuo ! <C|z]=<2 Ha o6aacth % -+
+%2<1 ¢ paspesoM —4=Cu-=<4, v=0.

389. O106pasuTe BepXHIOW MNOJYIAOCKOCT Imz>0 ¢
HCKJIOYEHHBIM TOJyKPYTroM lz[<—l2— B Kpyr |w|<<l.
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ONEPAUHOHHOE HCYHUCJIEHHE

§ 1. Haxoxpenue uzoOpaxenuii u opurunanon

Dynryuell-opueitnaron HaspiBaercs nlo6asi KOMOJEKCHO3HAYHAR (DYHK-
nus f(f) AeHCTBHTeNLHOTO apryMeHTa £, yHOBJETBOPSIOLAS YCJAOBHSM:

1°. f (f) wmerpupyema Ha JIOG0M KOHEUHOM HHTepBaJe OCH f (Jio-
KaJpHO HHTETpHpyeMa).

2°. Ilng BceX OTpUUATENbHLIX f

f(t)=0.

3° [ (f) Bospactaer me OpicTpee NOKasaTesbHON (YHKIHH, T. e. cy-
LeCTBYIOT Takke nocrosiHusie M >0 n §,==0, uro gns Beex ¢

IO 1< Me*. M)
Ilpuwmep 1. Tlokasate, w10 dyuruHs

e sin 3¢, >0, N

t) =
A { 0, 10,
sBasercss HyHKIHEH-OpHTHHAIOM.

HeficTentensno, ¢ysxuud f (f) JOKaJLHO HHTErPHpyema:

2
Se” sim 3¢ dt, /
t

CYIIECTBYET A1 JIOOHX KOHEUHBIX /1 H /4.

Ycnosue 2° BRINOJHEHO B CHJy 3aJaHUS (YHKUHH.

Haxonen, st Ji0OBX BelleCTBEHHBIX [

| e sin 3t | << e,

TaK Y10 B KauecrBe M B ycioBHM 3° MOXKHO B3STh Ji060e uicmo =1}
So=2.

Tpocreitweli QyHKuHeH-OpHIUHAIOM ABASETCA TAK HA3pIBagMdsi ein-
HuuHas GyHkuus Xesucafija =

l,xo,
n<t>={0 i

¥ v W ovur e
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QueBHUHO,
o), >0

vono={s"" 2,

tak uro ecau @ (f) yuowjeTsopsieT ycaoBusm 1° u 3°, 1o ¢ () 1 (f) yxe
yIOBJIETBOPSIET BCEM YC/JOBHSM, HATaraeMpiM Ha QYHKUHH-OPHIHHAJEL.

390. [TpoBeputs, KaKne U3 yka3aHHBIX QYHKIHE ABASIOTCS
(yHKUHSIME-OpUT HHANAMU

a) f(y=bM(t), b>0, b£1;, 6) f()y=e2+Dn(l);
B) J (t) = 1 (0 D) F (=12 ();

n) f(f)=ch (3—0)m(t); e) [(t)=tgm ()
®) f(0)=1n(); 3) f(t)==e""costn(t);
u) f(f)=e"n (?); K) f(t)=e (1),

N IO=gmn @ WIO=1+ (= fn—h)

k=1

B gpanbHefilnem AJs COKpameHHs 3amucH OyiaeM, Kak IIPaBuJo,
nucate f(f) BMecTo [ (£) m(£), cunTas, uTO paccMaTpuBaeMble HaMH (YHK-
HHH TIPOJOJIXKEHbl HYJeM A5 OTPullaTelbHbIX f.

Haobpanceruen pynxyun f(¢) no Jlanaacy HaspBaercs Gynrunus F (p)
KOMIJIEKCHOTO MePEMEHHOro p=s--i0, ompelenseMas paBeHCTBOM

+ o0
Fp=§ foyerat @
0

Tor dakr, uro F (p) ects unzobpaxenne [ (f), 6yleM CHMBOJIHYECKH
3anuceiBaTh Tax: '
f &) =F (p).

dynguusg F(p) ompepgedeHa B NOJYHOJOCKOCTH
Rep=s>s; u siBAsteTCs B3TOHN NONYNJNOCKOCTH aHaJdHU-
THuecKOl dyHKkunmei.
MNprmep 2. IMons3ysace onpenenennen, Hafitn u306paxkenue QyHK-
uuu
fley=ex.

Pewmenne. dna ¢ysrumn f(f)=e¥ umeem s,=2. [lostomy nso-
Gpaxenne F (p) OyueT BO BCAKOM CJyyae OmPele/eHO H aHAJUTHUHO
B nOJYynJaocKOCTH Re p > 2. Hmeem

+o0 4o
Fp)= § e Pldl= OS em P2t ff

¢
_— " et _ ——— =
2)@ -2 !=0 75 (Rep=s=>2)
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Hrax, F(p):;}—l_——? Sra dynxums asaquTHuHa IpH Re p > 2, M, Kpome
TOTO, OHA aHAJUTHYHA BCIOJY, 3a HCKJIOYEHHEM TOukd p=2. IT0 He
IPOTUBOPEYHT CHOPMYJMPOBAHHOMY Bbille YTBEPKIEHHMIO, TaK KaK HOC/e].
HeE TAPaHTHUDYeT aHANMTHUHOCTL F (p) npu Rep > s;, HO BOBCE He
yTBEPKAAET, 4TO ecIn Re p <Isy, T0 F (p) BCIOOY HeaHaNUTHYHA,

[Tosbaysichk onpenesienveM, HaiTH H306paxenus caenyio-
mux QyHKinit:

391. f(f)=¢t.  392. f(f)=-sin3t.

393. f()=te!. 3%4. f(t)=1" (a>—1).

395. Moxer au ¢yurnus cp(p)=—1~ CJAyXATb U306pa-

cos p
XEeHHeM HeKOTOPOTo OpUTHHaJa?

CpoficTBa npeoGpasosanus Jlangaca

I.CpodicTeo aunefiHocTH, JIs MOGHX KOMIVIEKCHHX MO-
CTOSHHHIX O H P
of (t)+-Bg (f) = aF (p)+-BG (p)
(3neck ¥ BCiogy B panbefimen cuutaem f(f) =F (p), g () =G ().

Hafitu m3o6paxkeHue GyHKIuI;

396. 1--1. \
397. 2sinf—cost.
398. (44 e,

II. Teopema nopgo6ug. Jing moboro nocrosHHOro o > (
~Llaf(p
fat = r (L),

[onbsysice Teopemoft mopoGusi, HaiiTH H306paKeHHs cJe-
ayomux QyHKiui:

399. f(f)=e™. 400. f(f)==sin 4¢.

401. a) f(f)=cos of; 6) f(f)==sh3t.

402. Tlycts f(f)=F (p). Hafitn usobpaxenue dyuriun

f<7 (a>>0) HenmocpeiCTBEHHO ¥ C NOMOWIBIO TEOPeMbI

noxobusi.
[Tonbsysicb TeopeMaMu JMHEHHOCTH U TOxOGMsl, HalTH
H300pakeHus: CAeAYIOmUX (YHKIM:
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404. f (f)=sinmt cosnt.

405. f(t)=cos®t. 406. f(t)=sinmtsinnt.

407. f(f)=sin*{. 408. f(¢)==cos mt cos nt.

I[II. Anpbepennnposanne opurusaaa Ecin dyarunn
FO @)y ey '™ (1) aBAIOTCA BYHKIMSAMA-OPUTHHANAME U [ (F) = F (p),
TO

) = pF (p)—F (0),
" )= p*F (p)—pf O)—F (0},
f™ ) = p"F (p) = p* " Q) —p" 73 (O) —...— "1 (0),
rne nog {0 (0) (k=1, 2, ..., n—1) nouumaercs !lix_r(l_of‘k’ ().

403. [ (t)=sin?t.

[Tpumep 3. [Torp3ysice Teopemoii 0 nudhepeHHEPOBAKKT OpUTrHHEANA,
HajiTH usobpaxenne dynxuun [ (/) =sin?f.
Pemewnmue. ITycte f(f)=F (p). Toraa

' (O = pF (p)—} (0).

Ho fO)=0, a f ({)=2sinfcost=rsin2f{= 2 CaepoBarenpHO
o ( % vl T‘p2+4~ >
2

P 7=PF (p), otxyaa ;

F (p) = ———— == sin?£.
D= e

[Toapsysicb Teopemoil o nudhepeHIAPOBAaHHK OpUrHHAJA,
HalTH H300paxKeHue CJeRyolux QyHKuHA:

409. f(f)=cos?1. 410. f(f)=sin*t.
411, f(t)y=tsin of. 412. f (t)y=costt.
413. f(t)y=tcos ot. 414. [ (t)=te .

IV. Judbepenuuposanue usobpaxenusn udpepen-
UupoBaHHe H300paXkeHHsl CBOAWTCS K YMIIOXKEHHMIO Ha (— f) opHruHana .

F (o) =—1f ()

Fi (p) = (=" ()
Hpumep 4. Halitu usobpamenne GpyHKIuUU

uay, Boobire,

f () = t2et,
Pemenue. Mmeem ef == ;)_}__1 Tlo teopeme 0 pugdeperunpoBaHUU
1 ' — t 1 — ot
H3006p axkeHA s <;’—j> = —te!, oTxryna (p—_—l)—z- — fef. Jlanee
1 ! 21
=—¢ (fe!) uam == £2f,
[(p—l)“*] i ¢e) (p—1p-
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Hafitn nzofpaxeHHs CJAERYIOUHUX (byaxaui:
415. f(ty=1*cost. 416. f ()=t (e’ +-chi).
417. f(H)=(t+1)sin2¢. 418. f(f)=tsh3t.

V UurterpupoBaune opuruHana Harerpuposanne opn-
IMHAaJa CBOAMTCSA K JeJeHHIo u3o0paxeHust Ha p, T. e. eC/H f@)=F (p)

TO
t F)
. p
§fmm777

4
Mpumep 5 Haliru usobpamenne QYHKNUH Sef dr.
0

!
Pemenne. Umeem ef = FEat [To 7Teopeme 06 HHTEPUPOBAHHH
; 1

opurunasna S et dr= B:——————l———.
5 p pp—1)

Haiitu Hsoépa)xeﬂﬂﬂ crenytouux QyHKuui:
¢

419. f(t)~§smrdw. 420. f (t) =\ (v+ 1) cos ot d.

0 0
t ¢
421, f(y=\rsh2vdn.  422. f()) ={cos? ordr.
0
t Ot
423. f()=\chotdr. 424. f(y=\ve"d
0 O

[o,¢]
VI. UurterpupoBanue Hao6paxenusd Ecan SF(p)dp
p

CXORHTCH, TO OH CIYXKHT H300paeHHeM OQYHKLMA =

L;—)T:SF(P)
14

Mpumep 6 Halltu usobpakenne $yHKUHH SI? t
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e 1
Pemenne Kak ussecTHo, sinfs== pEEwE [TosTomy
[ee]
sint . arct = —arct arcct
e p2—|—1_ gl) 2 gp= gp
P

(1151 MHOrO3HauHBIX dyuxunfi Lnz, Arctgz u 1. 4. Gepem HX [V1aBHRIC
T
BeTBY, IJsi KOTOpHIX In 1=0, arctg IZT HT. 4.

Hatitu I/I306pa}KEHI/IH clefyolux (GyHKIui:
1 1—et sin ¢

425, a) - 6) 7 y B) 3

— 2
426. a) COS“’ 6) _Cﬁt__zc_oi_t

_et

—1—t
497. a) ———t : 6)
C nomombio TeopeMsl 00 HIITErpHpOBARII M300pakeHns JErko BBIYAC-

ASIOTCS HEKOTOpEHIE HECOGCTBEHHEIE HHTErpadbl.
Mycrs [ (1) = F (p), n oycts CXORUTCA HECOGCTBEHHBIH —HMHTerpan

S f,l@ dt. Toraa

O
o0 o0
4
\ 10 a=\Fo @
0 0
Ige HHTerpal CHPaBa MOKHO BHUHCIATH IO nonome.nyocﬂ.
[es]

Mpumep 7. BruHCIuTs HHTErpal S —S%Edf
0

Pewenue Vveem sinf= [lo gopmyne (3)

2+1

[oe] [o8)
sin ¢ dz ©
S _t__dt# S 22—{—1—arCth\o =3
0 0

BolYMCAUTL HHTErpasbl:

g ot _p bt
¢

428. \ dt (a>0, b>0).

80

429. Sf__“’—t—_s“”’tdt (@ >0, ¢>0).
0
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?oe‘“f—e‘ﬁf .

430. S-—t——smmtdt @>0, p=>0, m>0).
0

431. gAe’“’—}-Be"pf—{;Ce‘Tt—}_De‘af dt
i}

(A+B-+-C-+-D=0, >0, >0, y>0, 6>0).

432. Swdt @>0, b>0).
0
Oosinat sin bt

433, \ERN g @>0, b>0).
0

VII. Teopema cuemenns. Ecau f(f) =F (p), mo dan awbozo
KOMNACKCHOZ0 P

pot .

e 1) =F (p—po) @
Mpumep 8. Haitru maodpamenne Gpyuxunn f (f) =e ¢ cos 2t
Pemeune. Hmveem cos2f== le—)l—‘l' To Teopeme cMmeleHus (py =

=—1)
_ . p-1
e leos 2t = ——57.
JCERIEE

Haiity u306paxeHust CJAeRyOUNX (QYHKIUI:
434. a) e¥sint; 6) e cosat. 435. e . 1.
436. e'sht. 437. te' cost, 438. &% sin®f,
439. e “ cos? fBt.

VIIl. Teopema sanaspmsanns. Ecau f()s=F(p), mo
0a8 4106020 NOAOHUMEALHOZO T

fE—1)=ePF (p)- ®)
TeopeMmy samasgbiBanusl yLOOHO HCHOJB3OBATH TIPH OTHICKAHMM H30-
Gpakenns GyHKuMH, XOTOphie Ha pAasHbiX yuacTKax 3aJaloTCH PasHbMH

aHAJIATHYECKHMH BhIPa’KenH siMu.
Mpumep 9. Hafitu usobpaxenne byHKUHH

fE—=D=¢—=1n (=1
Pemenue [Hua Qyuxuun f(f)==1n (f) nmeem
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Ilo Teopeme aamaspeianus pisl GyHKuuH (f—1)2n (t—1) nmeem
=1 (= 1) = 5.
31ech CYLIECTBEHHO, U9TO HULETcH H306paXenue dysrpun (f—1)21 ((—1),
T. e. dyHKuuH, paBHOil Hymo npu ¢ <l
Ecir pacemorpers ynxumio fy ()= (¢-—1)21 (f), 1o n1s Hee nMelu
Gbt fy (f)==(2—2f 1) 1) ({) U MO CBOHCTBY JIMHEHHOCTH

Y
Hality usobpaxenue GyHKIHHA:
440. sin(¢—b)n (t—Db). -
441. cos?(t—b)n ({—0).
442, o2 (t—2).
Haiitu usobpakenus chaelylomux ¢GyHKIKH, 3alaHHBIX
rpauyecKu:
!

!

443.
g / 2
/ /
444, .
) 7 7 7 t
[
_/ R ——
Y )
f
445,
7 7 2 Kl




120 OTNICPAUMOHHOE MCUUCJEHUE a1
0 npun 0=<f{=Caq,
446. ()=
F@ {e‘b(t"’) npu f > a.
ft
| (t)
/ ‘_—l\\—
/1] 4
0 npu 0<Cf<a
447, f()= ’
F) { 1—e?2 npu t>aq.
frt)
! /,
i %
F(z)
_____ z)
448. “ i A N
s |
g a 2 ar

~

#t) ]

|
[ F
q a b' 4 -4k \_J

451. Ilycro dymkuus f(¢) nepuoguueckas ¢ nepuvogom T
ecTb (QyHKnusi-opuruHan. IlokasaTs, uto ee Hsobpaxkenue
no Jlannacy F(p) naercs cdopmy.ioit

T

F(p)=i—=5 \ e ()t

¥ ONpefeneno B NOJYIIOCKOCTH Rep=s>> (),
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Hafitn  usobpamennss  c/AeAyoOWHX  NEPHOLHYECKHX

$yHKOUA:

t)
o /N/\/ \

/1 A A R B S S

112 \

453. | N |
0 7 4 56 7 8 1 /

455. f(t)=]sint|.

71z)

2 3
H
454,
a2 3 4 5

456. f(fy=|cost|.
)

457. ' N

] P2 n S F4

F(6)— sinf npu 2kn <<t << (2k4-1)m,
| 0 mpu (k4 1)n<t<(2k+2)w
458. Ilokasath, uto ecau [ (f) == F (p), 10

f(n (t—a)T—"F(P}—‘gf(l‘)e"’t dt.

B npakTeKe OmepanHOHHOrO HCYHCJEHHs TPHXCIHTCS HHOTHA CTATKH-
BaTbCsA C TaK HA3LIBACMBIMH OOOCHICHHBIME QYHKIHAMH *), HrpalOmiuMHu
BaXHYI POJb B COBDeMEHHOH MaTeMdJTHKE.

Onuum u3 npejcrasuresell 060CMEHHBX QYHKIIMA SBJSETCH O-QyHk-
nust upaka O (£), xoropas ompegesiercs Tak [2]:

(k=0,1,2,..).

0, ecan t=£0,
o, ecan t=0,

B
Do )={ &) V6]t dt=F(0),

*) Crporoe onpefesehne 0GoBuleHABX QYHKUME CM., Hanpumep,
B kaure U M Teabvdanga n I E. Wuaosa «O6o6uiennsie
QYHKOHE W JeficTBust Hag HuMH», BEm. I, ®uamarrus, 1959,

adg
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rae {o, B)—moGofi uurepsan, copepxaiunit Touky (=0, a f(f) —dynuk-
Lus, HempephiBHas B Touke ¢=0.
Auanornuno onpesensiercss QyHkmus O (f— 1) — O-QyHKLES, cocpe-
ZIOTOYeHHasl B TOUKe f=T.
B Teopun o6oGienHbix GyHKOHHA 8 (f) paccMmarpuBaercst Kak Ipo-
1, t>0,

0, t <0,
n' (@)=061(). (6)
Axanoruuso, npu A06OM T
Y (f—1)=08 (t—1).

H3BOJHasl eJuHHYHOH GyHKuuH 1) (f)=

3aMeTuM, uTO INpoM3BoxHas QYHKUHs T (f) B OOLIUHOM CMBICIE pasHA
Hymo nas Bcex t %0, a npu =0 He cylliecTByer.
CnpaBeguissl GopMyIsI

Sy =1
oM (£) == p™,  m—uenoe =0, @
S(t—m)=er

Pacemorpum  dynkumio  f (f), HMeOUlyl paspsiBEl IIepBOTO  poja
B T0uKax f, (k=1, 2, ..., n) co CcKauKaMH

hp=f({r+0)—f(tr—0) (k=1, 2, ..., n).
Ilycre f(f) nenpepeisHo puddepeHnnpyema B uHTepBaiax (fz, {5 y)
k=1, 2, ..., n—1)nuapn t <t n £t >1t, Torma
n
P O=fiO)+ X md—te), )
Yok=l1

n
e fy ()=f(¢)— Z hen (¢ —1tp) —«comknyrasts dynkuus. Takum obpa-
k:l

30M, TMpOU3BOAHAas pa3puiBHOH QyHKIEH f (f) cocraBafercst U3 ee OObIU-
HOH npoussoxHofi f; (f) (B unHTepsanax raagkoctd f(f)) n cymmer O-QyHK-
muff B TouKaX paspeiBa C COOTBETCTBYIOIHMH CKayKaMH B KauecTBe KO3(-
¢unHeAToB. 3TO NPABHJO BaXKHO IJIsl NPABHJALHOrO TPHMEHEHH: TeopeM
ONePalHOHHOTO HCUHC/EHHS K Pa3phiBHLIM (QYHKIIH AM.

Paccmorpuy, Hanpusmep, GyHKRuwo f(f), onpeneiseMylo Tak:

fO=n@)—2m¢—-h+n(—2"
Ipumensas dopmyay (8), naxomum
Fty=0®—28 ¢—1)+8(¢—2),
OTKYJa COIVIacHO cooTHoweHusaM (7)
") =1 —2e PP,
Hanee o
2

1 1
f)=~ e Pl ¢,
fO=5 Heity
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4TO JaeT CHOBA
fh=n@O)—2n¢—D+n(¢—2).

Hecrporne paccyxpenust 6es yuera dopmynan (8) mpupesnn Obl K Cie-
nyiomeMy. Ilpoussopnas f(f) B 0OObUHOM CMBIC/AE paBHa HyJIO BCIONy,
Kpome Touek f=0, f=1, f=2, rme ona ne cymecrsyer. Hotoraa u
uHTerpaJ Jlangaca or f' (f) Toxe jJo/mkeH OBITh paBeH HYJIO, OTKyla H
u3o6paxkeHue f(f) moayyaercs paBHbIM HYJIO, YTO SIBHO HEBEPHO.

459. Pemuts 3anauy Ne 454, Haliag cnauasia usobpaxe-
Hue npoussopHol GyHKUMM f(f), a 3aTeM H300paKeHHUe
camoli gynkuuy f(f).

460. Ilycte a u b - IBa NOJOKHUTEILHHIX UHCAA, U NYCTh
f(0)==F ().

ITokasath, YyT0 QYHKUHUSA

flat—b), t>2,

a

g (= b
Oy t < 7{’

b
1 g’ p
umMeeT u3obpameHHe —e F{-;) (coBMecrnas Teopema

no106ust M 3anasiblBaHusd).

461. Haittu usoGpamenust QyHKIHH:
sin<2t-—f“4->, 1>,
2) ()= s

0, t<< 3

6 (= cos<3t—~%>, t>%,

0, t<%;
sh(3—6), ¢>2,
9 o= ", Ty

IX. TeopemMa ymMHOXeHHs (Teopema O CBepTKe).
H poussedenuie Joyx usobpascenuii F (p) u @ (p) marice feasemes usobpa-

dceHteM, npudem
¢

F(p)®(p) = § f () @ (t—7) du. ©)

Wnrerpan B npasoil uacru (9) Hasuiraercs ceepmioil Qynkunuit f(f)
H @ (f) u oSosHadaerca cHMBOJIOM [ (f) % ¢ (f).
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ITpumep 10. Haiitn uzoBpaxenne byunxuonu
¢

Y= (¢t~ e dr.

0

Pemenne Oyuknua () ectb cBeprka (yHKuuil }(t)_—-t 34
@ ({)=¢. Tlo Teopeme yMHOMKEHUSI

YOS () =F () D ()= L :

p—1 pPlp—1)"
Haiitu usobpaxenue ciaeayiownx dyskuui

t
462. { &'~ sinv dr.
0
¢ ¢
463. { cos (t—r) e dr. 464. {(t—m)chrdr.
0
: .
465. { (t —7)" f (1) dv. 466. §e2C 72 gy,
0 0

Nepsas Teopema pasaoxenusn FEcmw F (p) — anarumu-
YECKAS PYHKYUS 6 OKPECMHOCTU BeCKOHeuro yoarennoll mouku [1] u pasna
8 nell HYyrio U ecau Aopanoécroe pasaoicenue F (p) e oxpecmuocu ecko-

[ee)

o \) ¢
HEHO yOaAeHHO mouky umeem eud F (p) = Z p‘l’; , Mo opueunarom F(p)

k=1
cayoum Qynkyus

467. Haittu usoOpaxenue dynkunu f(f)=J,(f) — Gecce-
JIeBoH (DYyHKUHMH HYJ/IEBOTO NOPSAAKA.
468. Haiitu usobpamenne dynkuum f(f)=J, (f).

469. Ilokasats, uto J, (t):_—;(—]ﬁ_l;&,
V241
470. Ilokasars, uto

n
27,2V 1) ===tre o (n=0, 1, 2, ..).

i
471. ITomunomer Jlareppa onpenesorest GopMy.1of
e dr
Ln(t);m—d?(te’) (n=0, 1, 2, ...
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IlokasaTe, uto

L,,(z‘)—_:%(l-%)n (n=0, 1, 2, ..).

472. Hailtu usoGpaxenne ynkuuu f(f)=Int.
473. Ilokasath, uto

= 1
erf t :.—T._:,
W) pVp+1
rue

¢
2
erf (f)=—=\ e~ du.
=77\
BbluMCAUTE HMHTErpaJbl:

474. a) | (1)= S sintu

T du, 1>0;
0

¢ cos tu X

6) f(t)_—_g tdu, >0
0

B) [ (f) = § Aot g, t0,

475. Haiitu swavenuss ¢ynkuuu f(f) u ee nepBeIX IBYX
NpOU3BOAHBIX NpU [ —--0, ecau

f(t)= ;T(%—%%—T) u ' (), [ (¢), " (£)— opurunassr.

OToickanme opuruHana No usobpaxennn. Jas na
XOXJeHUs! OopurHHana f (f) nmo wuspecTHOMy wu3oGpaxenuto F (p) mnpume-
HAIOTCSA CIeyIOllHe TPHCMEL:

I. Ecan F(p):%({)p)) ecTb TPaBHJbHAS  payuouanbHas IpPobsk,
TO pasjaramoT 31y ApoCb Ha CyMMy HpOCTBIX ApoGefl u HaXONAT OpHTH-
Hajibl Vi KQXK[OH nmpocToff ApoGH, memodssya coiictBa I-—1X npeo6pa-
3osanns Jlamnaca.

IIpumep 1. Haittu  opurudan  mint  dyHkmun  F (p) =
1

pp—1)(p*+4) ~ i
emeHue Pasgaraem F(p) B cyMMy mpocTHX ApOGei:

1 A B Cp+D

it

p(p—=1)@*+49 p
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Haxoast roshduuuentst A, B, C, D, noayuaem

() 4 p 11

Oprrunansl aas Kaxaoll 3 MPOCTHX Apobeil B npasoit yactu (10) na-

XonAarca fIpocTo. I/ICHOJIb3y51 CBOMCTBO JIHHEHHOCTH, HaXOIHM

— 1 i 4
f(t)——l—}~ge +—5-c052t msm?t

NMpumep 12. F(p)= —Ll)z Haiitu opurunana f(f).

PemeHnue B ganmoM ciayuae F(p) yxe ecTe npocras xpobb.
Jlis HaXOKIEHHS ODHIHHAZia BOCHOJIb3YeMCSl TEODEeMOH YMHOMKEHHS M
TEeM, YTO

1

pt1

= sin &.

Hmeem
¢

L ! _:'S sin (f—1) sinvdr=
0

1
FO=rp =i 7
¢

=% S [cos t —cos (2T — £)] dt =
6
1 1 1 1.
7“05:_1 sifl (ZT—f) 7tCost-—7 sin t.

Mpumep 13. F(p)= +1

Pemenue Hamnuue MHO)KI/ITEJIH ¢ P ykasbiBaeT Ha Heo6x01m-

Haiitu opurunaa f(f).

~f

MOCTL NPHMelieHHs TeopeMhl 3amasibizanud. 3pech T=1 =gt

Top +1
1I03TOMY
e P

p+1

== - Ly (t—1).
I1. C nomompio BTOPOH TEOPEMEl pasjiomeHus, KOTOpas yTBepKuaer,

4TO TpH OmpejeeHHBIX YCIOBHAX Ha F (p) opurunanoM upas F (p) ciy-

KHT QYHKLHHA
Ft)= Y, res[F (p)e™], 48y
(Pr) ’

rie CyMMa BHYETOB Gepercss MO BceM OCOOHM TOodkaM  py,  (QyHK-
uun F (p).
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Q(p)
R(p)

TO OPMPHHA/IOM €€ CAYXKHT QyHKuH:

B uacrHocru, ecin F(p) =

— npaBusbHAsl panHoOHaIbHAsA ApOGh,

{ nk-—-l

1 .
FO= Y G I T PO —psh 0

k=1 d

rne pp— mnoatocsl F(p) KpatHocTH 1, u cymma B (12) Gepercst mo BeeM
nosocam F (p)

Ecau sce momioce F (p) mpocrtole, To dopmyaa (12) ympomaercs u
NpHHEMAET BUL

i
ern Q(pr) Pt

IMpumep 14. F(p):(pz__i_l)z_

Pemenune Dydkuus F(p) uMeeT NOMOCH py =1, py==— 1, Kax-
Ietit BToporo nopsuka. Ilo gopmyne (12)

Hatitu opurunan f (¢).

. peP? J . [ peP? ] 1
)= lim [———— lim {5 | == ftsht
Y [T At (e P A
Hns panpnix wsoOpaskeHHH HaAATH OpUrUHAABl H IO-
CTpPOUTH HX rpaduxu:

a6, F(p) =27 477, F ()= =
p e8P
478. F (p) = <. 479. F (p) = -5
Haiitu oparunajel no sagaHHoMmy H300paxeHHo:
1 : 1
. ) = L
480. F (p) = g 481. F(p) = sgrs
1
482. F (p) = —— : e
1 1
484. - 3. = —
84. F) p+2p*+4p3 185 Flp) T—p+p**
208+ p*+-2p -2 1
. F(p) = T 050
486. F(p) = ToEoihes. 481 F () = sy
488. F (p) = P2
88. £ = prno— T
489. F (p) — o (n=1, 2, ..).

pip+1)(p+2...(p+n)
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1
Fio = proprap ot

2 -2p—1
491. F(p) = tair sl

490.

__pr __ 2p+3
492. F(p) = 57 493. F(p) = mrazgsp
. 1 __P+p—-1
3p2 -p -2p
496. F (p) = (ps—fl)—z— 497. F (p) = p-z_egp+5 ,fze_;_g'
- 3p P
198. F(p) = oS- 499 Fp) = 5y,

500. F (p) = ﬁ_—l (7271-0¢"37 | 3¢ 97),

p -2p —p/2
D 9 W  Ge 8P —p/3
503. F (p) = %+fb—3—+ﬁﬁ—. 504. F(p) = p—&gﬁ

Teopema Ddpoca. Iycr f(f) == F (p), unycrs O (p) u q(p)—
aHanuTHYeckie GOYHKHHH TakHe, UTO

O eI =gt v (14)
Torza
Flg@l® @ =={j@e(, 1d (15)
0
1 -
B uacrunocty, ecin @ (p)=——, q(p)= Vp, o
Vo
¢ )= Vlﬁ_? e, (16)

[losromy eciu usBectHo, uto F(p)==f(f), 10 mo Teopeme poca

HaxoJUM OpHTHHAJT A5l (M\:
Vo /

FWVE) . 1 ¢ o
—*—Vp, TﬂVHSf(T)e dr. (7

0

Henoapsys TeopeMy ddpoca, HalTH OPUTHHAJBI CAELYIO-
ux GyHKUHHA (@ — BellecTBEHHOE YHC/IO0):

o~V px/a —aVp

505. F (p)= 506. F (p) ="

pV'p
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oV —Viva
P TR+
a
—eVr

509. F(p) = fr=—s.

Hcnonpaysa Teopemy dpoca, BHYHCIUTL CJAERyoLHe
HHTer paJbl:

l oo
510. ] (t):-——__ Ch Te-—12/4t dT.
Vat §
511. I(f)=]7%tj‘cos Te— /4 d1.
0
512. [(t): —1—— J‘Tsh Te—12/4tdrc’

Vat

0

513. I ()= V—l_—zj‘ T sin Te— /¥ (1.
I
0

§ 12. Pemenue 3apauu Komu J1s OGHIKHOBEHHBIX
JHHEHHBIX AudidepeHuHaNbHBIX YPaBHEHUH
¢ MOCTOSIHHBIMH KO3hHIHEHTAMH

Iycrs uveem nuddepennnaibHoe ypaBHeHHe (L5t IPOCTOTEl BTOpOIO
nopsIKa)

dz
a0 s Han G e (=1 0, )

The ag, @, ay—const, ay#£0.
Bynaem nckarb peitenine ypasHenus (1), yloBjeTsopsiolliee Hayaab-
HBIM YCJIOBHAM!
£ (0)=x,, 2 (0)=x,. 2

[yets x () == X (p), f()==F (p). Ilpumenaa x oGeum uyacTam (1) npe-
obpasopanue Jlaniaca ¥ ucnoab3ys Teopemy o nuddepeHyHpOBAHHH OpH-
ruHa/ia H CBOHCTBO JHHeHHocTH NpeofpasoBanus Jlansaca, Bmecto aug-
depennuaaLHOro ypasHeHus (1) ¢ HaualbHEIMH yCJOBHAME (2) MOJyYaeM
omepaTopHoe ypaBHeHHe

(aop?+ayp +az) X (p) — (aop¥o 4 aoxy +-ar%o) = F (p)- (3)
D M. JI. KpacHoB Hu nmp.
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H3 (3) Haxomum
F (p) - aopxy +agxy +a1x,
X (p)= 4
(e) P t-ap+ay @
910 TaK HasbiBaeMoe onepatopnoe pemenre. Haxoxs mo X (p) opurunan
X (%), Mu TeM cambiM HafifleM OyHKuEIO X (f) — pemenHe 3ajaus Ko

1) —(®.

O6wuit cayuallt pewenns sapaun Koww pas JuddepeHuHanbHOTO

YpaBHeHHs n-ro Mopsiika OPHHIMIHAIBHO HUYeM He OTJIHYaeTcsi OT
cayvas n=2.

IMMpumep.
x" -+ x==2cost x (0)=0, ¥ (0)=—1.
Pemenne.
xO)=X()  xO=pX(p)—x©O0)=pX (p),
0 =P =pr O =X O=pX ()41, cost= Lo,
2p
2 —_— .
X (pH—H—X(p)—p2+1 ;
oTcIona
2p 1
X R e el e ]
D=Gry T
Haxomum opurnran ans X (p). Opurusan gas yHK U 52_1—}?
1 .
m == sif £,
s HaXoXJeHHS OpHTHHANA IAA DyHKIHH (pTQ—El—V BOCIHIO/b3YeMCS,
Hanpumep, TeopeMoll 0 nudepeHIHPOBAHHH H306PaKEHH s (cm. § L1):
2p < 1 > .
= — ==tsint,
(p+1)2 p*41/p

3naunr, X (p)=={sint—sint=(t—1)sint.
HUrak, x (f)=(t—1) sint.

Pewnts crenyromue nuddepennuasspe yDaBHEHHS UDH
8aJlaHHBIX HaYaJbHBEIX YCJOBHSX:

514. x' 4-x=¢", x(0)=1.

515, x'—x=1, x(0)y=—1.

516. x'4-2x=sint, x(0)=0.

517. x" =1, x(0)=0, x" (0)=1.
518. "+ x' =1, x(0)=0, x"(0)=1.
519. " 4-x=0, £(0)=1, x'(0)=0.
520. x"4-3x" =¢, x(0)=0, x" (0)=-—1.

§ 12

521.
522.
523.
524.
525.
526.
527.

528.
529.

530.
631.
532,
533.
534.
535.

536.
537.

538.
539.
540.
541.
542.

543.

544.

545.

546.
547.

5*
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X —2x" =e¥,

X"+ 2x —3x=e"",
x4 x' =1,

X"+ 2x =tsint,

x4 2x" 4- x=sin{,
x" —x"=sint,

X" x5 =,

X —2x" Fx=¢;
X"+ 2x" - 5x" =0,

X —92x" 4+ 2x=1,
x4+ x"=cost,

X 2% Fx=12,
x" 4 x" =sint,

X" 4-x=cost,

X" X" =,

X"+ 2x" - 5x =3,
xV—x" =cos t,

X 4-2x" - 2x =1,

X" Fx=1,

X" dx=t,

X' —2x - bx=1—14,
X" x=0,

X" 4 x" ==cos t,
xlll _I_ xl =et,
XV e x" =1,

X" 4 x' =cost,
x”__xl ____[et’

x(0)=x" (0)=0.
x(0y=0, x"(0)=1.
x(0)=x" (0)=x" (0)=0.
x(0)=x"(0)==0.

x(0)=0, x'(0)=—1.
£ (0)=x' (0) =x" (0)=0.
£(0)=0, x (0)=—1;
x" (0) =0.
x(0)y=0, x"(0)=1.
x(0)y=—1, x'(0)=2,
x" (0)=0.
x (0)y=x" (0)=0.
x(0)=2, x'(0)=0.
x(0)y=1, x'(0)=0.
x(0)=x"(0)=1, x"(0)=0.
x(0)=—1, x"(0)=1.
x(0)=-—3, x'(0)=1,
x" (0)==0.
x(0)=1, x' (0)=0.
x(0)=0, x (0)=—1,

" (0) =x" (0)=0.
x (0)=x" (0)=0.

x(0y=—1, x'(0)=0.
x(0)=1, x'(0)=0.
x (0y=x" (0)=0.
x(0)==0, ¥ (0)=—1,
£ (0) =2.
x(0)y=—2,
x (0)=x" (0)=0.
x(0)=0, x' (0)=2,
& (0)=0.
£(0)=x' (0) =" (0) =
=x"(0)=0
x(0)=2, x'(0)=0.
x (0)=x" (0)=0. /
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548.
549,
550.
551.
552.
5563.
554.
555.
556.
557.
558.
559.
560.
561.
562.

563.

564.
565.
566.

567.
568.
569.
570.
571.

572,
573.

574.
575.
576.
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X1 =cost, x(0)=0, %' (0)=—2, x’(0)=0.
42 dx=t  x(0)=x"(0)=0.

¥ —x +x=e’, x(0)=0, x (0)=1.

1" —x=sint, x(0)=—1, £’ (0)=0.

X" x=e, x(0)=0, x' (0)=2, x"(0)=0.

x4 x=2sinf, x(0)=I1, ¥ (O)=—1.

¥ —=2x 4 x=t—sint, x(0)=x"(0)=0.

x4 2x" Fx=2cos?t, x(0)=x" (0)=0.
x"44x=2cost-cos3t, x(0)=x"(0)=0.

x4 x=te +-4sint, x(0)=x" (0)=0.
x"—x'=te, x(0)=1, x' (0)=0.

x4 x"=4sin2t, x(0)=0, ' (0)=—1.

B =y =4, x(0)=1, x'(0)=2, x"(0)=—2.
x—3x" 4 2x=¢, x(0)=x" (0)=0.

X' —x'=tx0)=0, £ (0)=1.

W x=g e, x(0)=x (0)=x" (0)=0.

x"4-x=tcos2t, x(0)=x"(0)=0.

¥+ nix=asin(nt4-a), x(0)=x"(0)=0.

X" 6x" 11X J-6x=14£ £,

£ (0)=x" (0)=x" (0)=0.

x4 2x" 4-x=tsint, x(0)=x'(0)=x"(0)=x"(0)=0.
¥ —=2ax" (@ 4+p2)x=0, x(0)=0, x’ (0)=1.
x"4-4x=sint, x(0)=x"(0)=0.

" 4-x'=e¥,  x(0)=x'(0)=x"(0)=0.
VI M =cost,

£ (0)=x' (0)=x" (0)=0, x (0)=y.

X —dx=sinStsingt,  x(0)=1, & (0)=0.

£V —5x" 4-10x" — 6x=0,

x(0)=1, &' (0)=0, x"(0)=6, x" (0)=—14.
x4 x J-x=tef, x(0)=x" (0)=0.

x4 x=tcost, x(0)=x" (0)=0.

B3 —4x=0, x(0)=x (0)=0, " (0)=2.
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577. & 43¢ 43¢ +x=1, x(0)=x" (0)=x"(0)=0.

578. x" 4-x=1, x(0)=x" (0)=x"(0)=0.

579. x" +wix=a[n(H)—n(E—-0b)], x(0)=x"(0)=0.
/

7(t)
1 /
580. / 4 X" +x=f (i)
y L X (0)=x (=0
f(t)
Z-__._
581. X dx=f (1),
x(0)=x" (0)=0.
[ /2 T
(1)
5% S % x=] (0)
; 1O
J a I3 x(o)_‘l’ X (O)—O.
7(t)
Jm— - ——y
583 /\ £ 90 =] (t),
g . x(0)=0, ' (0)=1.
f(z)
584. ’ x” #2xl +x:f (t)’
vz st x(0)=x"(0)=0.

585. UacTHia Macchl m JBHIKETCS NPSIMOJHHEHHO HOK
neficTBUeM BOCCTAHABJMBAIOUIEH CUJBI mAx, IPONOPLUHOHAMNb-
HOH CMEUIeHHI0, H CHJbl COMPOTUBJEHUS 2muv, NPOMOPIHO-
HaJbHOH CKOpocTH. B MoMeHT BpeMmeHH {=0 yacTuya Ha-
XOJHUTCS Ha pPacCTOSHUH X, OT MNOJIOKEHUS DaBHOBECHS U
o6Jagaer CKopocThio U,. Ilokasath, 4TO €C/IH HMeeT MecTo
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paBeHCTBO n%=A% — [i2, TO CMelUeHAE HaCTHIBI ONPEASIAETC
BEIpaXKEeHHEM

Ln e [ nx, cos nt 4 (094 pxo) sinnt].

586. UacTuma Macch m MOMXKET CoBepliaTh MaJble KoJe-
GaHHsT OTHOCUTEJbHO NMOJIOKEHHS PABHOBECHS H HAXOAUTCH
noJl BO3ZEeHCTBUEM BOCCTaHaBJUBapOLLEl cHJabl mnix, Tpo-
NOPLUUOHAILHOH CMELIEHHIO. Ouna BLIBOJUTCH H3 COCTOSTHHSA
oKOs HOCTosiHHOH cuiol F, xeficToylonlell B Te4€HHE Bpe-
menu T. ITokasaTh, 4To aMmJIHTyAa KoJeGaHus paBHA

2F . nT
mz S g npu t>T.

587. MartemaTHyeckuil MasiTHHK AJMHBL [ BBIBOAUTCS H3
[IOJI0KEHHST PABHOBECHS MaJbIMU OTK/JIOHEHMSIMH TOUKH IOA-
Beca B [OPH3ONTANbHOM Hanpapsenuu. 1IokasaTb, YTO €C/H
ToyKa nojgBeca nepeMecTHJaach Ha paccTOSHHE d, TO OTKJIO-
HeHue MasiTHUKa paBHo a(l— cosnf), n2=%.

588. Uactuma OpoileHa BEPTHKAJbHO BBEPX CO CKOPO-
cTbi0 U, Ha Hee geHCTBYIOT CHJIA TAXKECTH M CHJa CONpO-
tupaeHus 2kmv. IlokaszaTb, uTO B MOMEHT BpeMeHH [ OHa
GyseT HAXORUTbCsS Ha PacCTOAHHHU —g—}i—|—g———j{:2—k@(l — e )
oT Touku GpocaHusd.

589. MartepuasibHas TOYKAa Macchl 2 rpaMMa IBHIKETCH
NpAMOJHHEAHO MNOX AEHCTBHEM CHJIBI F, Bo3pacTawomeil Ha
@ IMH B ceKyHay. B Haua/JbHGIH MOMEHT TOUKA HaXORunach
B HauaJe KOOPAMHAT U HMeJa CKOpocTh U,=10 cm/cex.
3uas, uTO HauaJbHas BeJWuMHA CHIbl Fy==4 IHUHEl H 4TO
Ha paccTosiHMM 450 cm OT Hauala KOOPJMHAT CKOPOCTH
v= 105 cm/cex, onpelequTh 3HAYEHUE BEJUYHHL Q.

590. MarepuaibHass TOYKA MAcCChl /m ABUKETCS NpAMOJH-
HefiHO, OTTAJKHBasCh OT Hayaja KoopauHaT O ¢ cuiIo# F,
TpSIMO NIPOIOPIHOHAJLHOH PAaCCTOSHHIO (F==4mx). Ha Touxy
JeHCTBYeT CONPOTUBJIEHHE CPemnl R==3mo. B mauasbHBI#
MOMEHT paccTosiHHe OT Hayaja pasHo 1, a CKOpOCTh paBHa
nymo. HallTu 3akoH aBHKEHHS TOYKH.

591. Tsxenass ToUuKa Macchl m najgaet B Cpeae, COnpo-
THBJEHHE KOTOPOH NpSMO [PONOPIHOHANBHO NEPBOH CTe-
neHn cxopoctd. OnpenequTs HaHGOMBIIYI0 CKOPOCTL TOUKH,
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ecad npu v==1 m/cex Cula CONPOTUBJEHUS paBHA OJIHOH
TpeTd Beca TOUKM M HAyalbHas CKOPOCTh Up==U.

592. MatepHa/JbHast TOYKAa Maccel /m ABUKETCS B CPEIE,
CONpPOTUBJICHHE KOTOPOH INpPSIMO [PONOPLUHOHAILHO nepBo#
cTeNeHH CKOPOCTH (KO3(QpUUHEHT IIPONOPUHOHA/IBHOCTH k).
Kakoe paccTostHHe TIpOHIET TOYKa /0 OCTaHOBKH, €C/IH el
cooflena HauaabHasi CKOPOCTb Uy H KPOME CHJIbI CONPOTHB-
JeHUs] HUKAKHX JIPYTHUX CHJ HET?

593. Tsukesaast OfHOpOAHAA LENOUYKa MAacchl /M U ILJIHHH
9/ JeXUT Ha TJALKOM TFOPU3OHTAJBHOM CTOJIE TakK, 4TO MO-
JToBHHA ee cBemiuBaeTcss co crosa. OnpenenuTsh aBHKEHHE
LeIOYKH BO BpeMs ee COCKajb3blBaHUs CO CTOMA H HaliTH
BpeMsl COCKaJb3bIBaHHA.

594. Touka Macchl #1 HAXOAMTCS Ha IPAMOH, NPOXOAA-«
mell yepes aBa ueHTpa A u B, paccTosiHHE MEXIy KOTO-
pervu 2d. LleHTpb! NpPUTATHBAIOT TOYKY C CHJIAMH, NpPAMO
NPONOPIHOHATBHBIMH PACCTOSIHHIO A0 UEHTPA; Ko3dhuHenH?
NPONOPUHOHAIBHOCTH fmk® OXMHAKOB 1JI5 060X LEHTPOB.
B HayaJbubll MOMEHT TOUKA HaXOLUTCS HAa PaccTOAHUN 4
ot cepeaunbl O otpeska AB, He umes HayaJbpHOH CKOPOCTH.
OnupeneanTb 3aKOH ABHKEHHS TOYKH.

595. Henogsuxkuerdl nentp O nNpuTAruBaeT TOUKY MacChl
m ¢ cuaofi F=umr, TRe r - paccTOsHUE TOUKH OT 3TOrO
WEHTPA U [ — MOCTOSHHBIH KOIQHLHEHT. B HayaJpHBEIA MO-
MeHT r=a WU ckopocthb v==0. Yepes CKOJbKO BpEMEHH
Touka jgocturaer uentpa 0?

506. Jlogke cooflIeHa HauaJbHast CKOPOCTh Uy==6 m/ces.
Uepes 69 cex nocse Hauaja IBIXEHUS 3Ta CKOPOCTh yMEHB-
maerca BaBoe. HallTH 3aKOH ABHMKEHUs JOIAKH, €CJIH CHJA
CONPOTUBJIEHUs BOXBI NPSIMO IPONOPIUOHAJbHA CKOPOCTH
JIOAKH.

597. MaTtepHaJ/ibHast TOYKA MACChl /1 == 2 COBEPIIALT NPAMO-
nuHefiHsle KoJebanus no ocu Ox mnoj JedcTBHEM BOCCTa-
HaBJIHBAIOLIEH CHJIbI, NPONOPLHOHAJLHOA PACCTOAHUIO TOUKH
OT Hauajga KOoopAMHAT (KO3(pQuUUHUEHT NPONOpIHOHaNbHOCTH
paseH 8), H BO3MYIAKOUIEH CHJIbI F=4cost{. Haittu 3dkoH
JIBHKEHUS TOYKH, €CJU B HauaJpHe MoMeHT x=0 u v=0.

598. OnpenennTh ABHHKeHHe MaTepHabHO! TOUKH Macchl 11,
NpUTSATUBAaEMOH K HEMOABIKHOMY LEHTPY () CcHJIOH, TPAMO
NPOHOPLIHONAJBIION PaCcCTOSHUIO U paBHOll k*n Ha pac-
CTOSLHWH, PABHOM €JHHHIE AJMUHBL.
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B paya/dpHbH MOMEHT TOYKa HaxXoju/ach Ha paccios-
M @ oT ueHTpa O U HMeJa CKOPOCTDH Uy, MEPUEHIHKY"
JSIpHYIO K TpSIMOH, CcOemuHsioumlell HayaIbHOe nOJOXKEHHE
¢ uentpom O.

599. Pemnts 3agauy Ne 598, npennoJaras, 4To TOUKA M
OTTaJKUBAeTCsd OT LEHTpa ¢ CHJOH, NMpsSMO MPONOpLHOHAIb
HOU paccTosgHuo, NpH TOM Xe Kos(hhHuIHeHTe IPONOpPILHO-
HAJLHOCTH.

600. K uenu, cocrosmeil n3 emgoctn C M HHIYKTHB-
HOCTH L, COeqHHEHHBIX 10C/Ie10BaTeNbHO, B MOMEHT BPEMEHH
{=0 mnpusaoxena 3.1.C. EcOS (ot 4-a). Hauvaaeneie TOK
W 3apdn pasHbl Hymo. [JokasaTh, yTO TOK B MOMEHT t pa-
Bed

E {o sin (of +a) — ncosa sinnt — osina cosm‘}ml—_—ngy,

1
L .
rae nt=-1=3 npennoJaaraercs, 4to n? 7 ok

601. K uenu npemblaAylIero npumepa, ¢ HyJEBHIMH Ha-
yaJbHLIMH TOKOM M 3apsaoM B MOMEHT BpeMeEHH t=0, npu-

noxena s.4.c. Esinnf ¢ pesoHaHCHOH 4acTOTOH. Hoxa-/
E , . 1
= 2

3aTh, YTO TOK PaBeH 5 tsinnt, rae n°=je.

602. K comporupJesuo R, ofJajaiomeMy HHAYKTHBHO-
¢tbio L, nmpuiokeHa 3. 4. ¢. £ sin (ot 4-a). HauasupHblH TOK
pasen HyJio. IlokasaTb, UTO TOK paBeH
1
2

Rt —

E{sin(y——a)e L —{-sin(mt-(—oc-(—y)}(R?—{—L?mz) ,
rae tgy:%.

603. K penu, B KOTOpYIO nocJeg0BaTeJbHO BKJIIOYEHB!
L, R, C ¢ HayaJbHLIMA TOKOM H 3apsioM, paBHbiMU HY IO,
npujoxesa 3.4.C., paBHasg E, npu 0<<t=<T wu E, npu
{~T; E, E,—mnocrosusse. [lokasars, uto npu t>T TOK
B LENH paBeH

E\—E,

Exgvtsinnt — e—vt=Dsinn (¢ —T),

1 2
rue ”:255 Hone=ge ‘%, npuueM npeanoJaraercs, uTo
n2>0.
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604. 1lenn, cocrosimas H3 HHJIYKTHBHOCTH L, conpo1us-
nenmst R u emkoctd C, COeLHHEHHBIX HocJ1€10BaTeNbHO,
prJIOYAeTCs Ha TocTosiHHyKo 3. A. C. E. HauampHpili 3apan
y Tok pasubl Hymo. [lokaszaTb, 4TO TOK |/ B MOMEHT Bpe-
MeHH ¢ paBel

E g 2
[ o€ sinnt npu n? >0,

=4 ¢
\ = te npu n?=0,
L
o LR R
rae nt=pe— g HTOr
[lycTs HMeeM ypaBHEHHE
g () ¥ (B)+ay O 70 )+ Fan OO =f () ®)
e a (1), ar (), -5 @n (t) — MBOTOUJIEHE 110 ¢t cremenu =< m, a f(f)—
(yHKILH S-OPHTHHAL. ByleM IpeamomaraTh, uTo 3alaia Komn
X |jg=Xg, X g =" we0) T l:ozxgngl) (6)
ans ypasHenus (3) MmeeT peileHue.
ITycth
x () = X (p)-

B cuJay Teopemsl 0 mAddepeHIUPOBAHAN H3oGpaxKenusd

. d* s —
thytsr (ty == (—1)* Zd-p_l’— LSO} =

dk ~ _
= (—1)* o [p5X (p)— pS~1xy—...—X{s— D]

3zecs L {x'S (f)} — usobpaxenne dynruun xS ().
Takum o0pasoM, NpHMeH#As K ofenm uacTAM ypasHenust (9) npeob-
pazopanme Jlanaaca, ML npespatuy (5) B AuddepenuyaabHoe ypaBHeHue
m-ro TOpsIKa OTHOCHTETBHO uzobpaxenns X (p) ¢ysxnun x (f). EciH
m << n (B 4aCTHOCTH, M= ), TO aajlaua HHTErpHPOBAHHI ypasuenna (5)
npomuLaeTcs.
Y prLIupnmep. Hafitn ofiiee pellienHe ypaBHEHHA i —2¢ =0. (7)
Pemenne. Ilyers x ()= X (p). Torna

X () =pX (p)—x©)
< (1) == pX (p)—px ©)— ' (),
wm#—%wwm—mm—wwz

e _opx ()42 ©)




A
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YpasHenue (7) MpHHHMaeT BHJ

~p2d_§5@_sz (P)+x (0)—2p X (p) +2x (0)=0

RJId

dX (p) i 3 0)
T4 X (=", ®

Hnrerpupys ypaBHeRKe (8) kKak usuHefiHOe HEOJHOPOIHOE ypaBHeHHe
OTHOCHTeNLHO X (p), HafileMm

X (=294

p P
OTKYyJZa

13

x (()=x (O)+Ciqp
€CTh peleHHe HCXONHOro ypaBHeHHd.
HafiTn pemenuss ypaBHeHHH:

605. fx” —(—(Qt—l)x 4+ —1)x=0.
606. 1x" 24 =0.

607. x”+(t—l—1)x +ix=0, x(0)=1, ¥ (0)=—1.
608. x"4-(t4+0)x¥=0, x(0)y=—1, ¥ (0)=0 (b— noGoe
IedCTBUTENbHOE YHCJI0).

609. x"+tx' — ({4 1) x=0, x(0)=x (0)=

610. x"—txX' 4 nx=0, n—ueaoe, n>0 (ypaBHeHHe
Uebrimera — Jpmura),

a) x(0)=1, ¥ (0)= n=2k;
6) x(0)=0, x (0)= n=2k--1.
§ 13. HUnrerpaa Hdoamens

Ecmn ¢ynknus [ (f) uempepnBa ma [0, 4-o0), a QynruHs ¢ (f)
wenpepuiBua auddepennupyema Ha [0, | co) u

Flp=i®, @{p)=9e)

TO
F(p)® (p) = Sf(r)cp (t—1) dv
Orciona mo rteopeme o nuddepeHnHpoBaHur OpHTHHAJA
t
PF(p) @ (p) =f () ¢ O+ 7 (D) ¢ ¢ —7) dr. (1)
0

310 —TaK HasmlBaeMasi gopmyra Lroanmers.
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[Tycte TpefyeTcst pelnTh JMHeiHOe Au@QpepeHnHaTbHOE YpaBHeHHE
C NOCTOSIHHBIMH KO3(DHOUEHTAMH £-TO TOPHAAKA

Lx] = agx™ ({) - ax 0 () ... Fax ) =F (f), a;#0, (2)

ApH HyJeBHX HauaJbHEX YCJIOBHSX
x(0)=x (0)=...=x""1 (0)=0. (3)
(P10 orpanuueHHe Ha HayaJbHble YC/AOBHS HECYLIECTBEHHO: MPOCTOH 3a-
MeHOH ucKoMON (YHKIMU 3ajauy C HEHYJEBbHIMH Haua/bHbIMH YCJIOBHAMH

MOKHO CBECTH K 3ajlaue C HYJIEBEIMH YCJIOBHSAMH.)
Monycram, YTO U3BECTHO pelIeHHe ypaBHeHHH

Lx]=1 )

¢ Toll XKe JIeBOil YaCThio M IpPaBoH uacThbio, PABHOH eNUHHILE, npx ycio-
pusax (3). [lepexofst K ONmepATOPHEIM ypasHeHHAM, Gynem mmeThb (A (p)—
H3BECTHLIT MHOTOUJIEH OT p)

A(p) X (p)=F (p) ®)
s (2) u |
A (p) X1 (p) =*5 (®)
s (4). U3 (5) naxogum X (p):g—(g, amus (6) 4 (p):lﬁllTp), OTKyZa
X (p)=pX, (p) F (p). Cornacuo ¢opmyse (1)
¢
PXi Y F(P) =T O+ i@ ¢t—nd. = ()
0
YuureiBast, uTo X; (0)=0, momyuaem
¢
X (P)=pX1 (p) F (p) = \ [ () x; (¢t —) . ®)

0

Orciopa pewrenne X (f) ypasHeHus (2) IpH HyJeBHX Ha4YaJibHHIX YCJIOBHIX
(3) 6yner HMelb BHI

t
x()=\7 (@ x E—7)dr, ©
0

tae x; (f)— pemenHe 3amauu (4) —(3).
I[Tpumep. Ucnoapszys dopmyay Hioamesss peurntb ypaBHEHHe NpH
3aJaHHEIX HAadaJbHBIX YCJAOBHSIA

1
14et?
Pemwenune PaccmoTpyM BCIOMOTaTeNILHYIO 3ajauy

() —x @)=1 2 (0)=x; (0)=0.

X () —x (f)=

x (0)=x (0)=0.
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TpuMeHsia ONepalOHHEIA MeTOA, HAXOZUM

1

X P =5y

oTKYyZza
¢

x (O)={shvdr=cht—1.
0
To dopmyne (9)
¢

£
x ()= S ﬁ:——;sh (t—T)dT:}Q‘(et—fet—l)—]-sht-ln I—;e ‘

C nomotnpio Gopmynsl dioamensi pelyTh ypaBHeHUs ¢ 3a-
J4HABIME HayasbHBLIMH yCJOBHSIMHE:

611. x” _1—;-12’ x(0)=x’(0)=0.
612. x"=arctgt, x(0)=x" (0)=
613. x"=t1n%, = x(0)=x (0)—
” ! 1
614. x —=1 (0)=x"(0)=0.
” 1
615, x —i—x:g—_I—_m, x(0)y=x"(0)=0.
i ,
616, 1"+ x= e x(0)=x"(0)=0.
’ 1
617. ¥ 4-x= gyl x(0y=x(0)=0
4 1
618. x —i—.x:m, X(O)——x (0):0
. 619, x"—x=tht, x(0)=x (0)=0.
620. X4 x—2_}_smt, x(0)=x"(0)=0, x" (0)=0,

§ 14. Pemenne cucrem JuHeHHBIX JH(OepeHIHATBHBIX
ypPaBHEHUH ONEPAIHOHHBIM METOAOM

Pemenne cucreMbl JUHEHHBIX JubbepeHIMATbHEX ypaBHeHHH € 1o-
CTOSIHHBIME KO3((UIHeHTAMH OIlepalMOHHbIM METOZOM NPOHU3BOIUTCH IO
TOH e cXeMe, YTO W pelliedHe OAHOro puddepeHLHATBHOIO ypaBHEHUS.

§ 141 CUCTEMBl NHUGSEPEHIMUANBHBIX YPABHEHUM 141

[Tycrs, mHampumep, HYXHO pemuTb cHCTeMy AuQdepeHunanbHbX
ypaBHEHUHl BTOPOro mopsiika

n
dx
3 (e S 000 G- eums | =10 (1)
k=1
(=1, 2, ..., n)
Te g, bigs Cip—const, mpu HauadbHBIX YCIOBHAX
% O)=ap % )= @
O6o3nauas uepes X, (p) # F; (p) uaoGpamennst xy (£) u f; (£), or cHCTeMb!
(1) ¢ yuerom (2) mepefizeM K ONEpPATOPHON CHCTEME

n

N (@igp?+-bigp - cie) X ()=
k=1

n
= F; (p)+ 2 [@ipp+big) 2 +airBe] (=1, 2, ..., n). (3)
Pemas cuctemy (3) Kak JiiHelnyio ajre6pavueckyio CUCTEMY ypaBHeHHH

oTrOCHTEJbRO X, (p), Halizem Xp (p), a 3aTeM X OpUTHHAJB! Xj (f) (k=
=1, 2, ..., n). Ou mocnegHue GyzyT pewesusMu 3ajaud Kowu gas

_—¢ucrems! (1).

MpuMep. Pemnrs cucreMy ypaBHEHU

{x”=3(y—x+”z>,

Yy =x—y,
2=,
x(0)=x" 0)=0,
yO©=0, ¥ ©=—1,
* z(0)=1, 2z (0)=0.

Pemenue Ilepexops X omepaTopHOH CHCTEMe, NOJIYYUM
pX=3(Y—X--2),
{ pY-1=X-Y,
pL—p=—1,
e X (p)=x(@), Y (p)=y (), Z(p)=2(0)-

Peluast 1oc]ejHIOl0 cuctemy oTHocutespro X (p), Y (p) u Z(p),
HOMYUHM

3(p—1) __ 8= 1
XO=mery ¥ OTEmE s AL
Z(0)= 5

3
‘u’, A
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Haxona opurunais zig X (p), Y (p), Z (p), monydaeM
3 3 3 .
x(t)=—4—(1—t)——‘1—c032t—}—§ sin 2¢,

y(t)_—:-i—(l—t)-]-%cos%—% sin 2 —cost,
z (f)=cost.
Pemuth CHCTEMBl ypaBHEHMHI:
21 {jii;g cO)=1, y(©0) =—L.
' ¢
ol P
623. x’—y'——2x+2y=1—2t,
{ x”—{—2y’—{—x——
x(0)=y (0)=2x"(0)=0.
624. x — 3% +2x+y —y=0,
{-—f+x+w—5y+4%=Q
um—wwmsy«n=azﬂm=L

625.
{ 2x+2 x(0)=y0)=1.
626. oy’ — X L Ix—y —Yy —3y= 0,
{Qx”—{—x ' Tx—y -y —5y= 0,

xw»—xwr—l y(0)=y (0)=0.
¥4y —y=¢,

{2x+y+2y—ww x(O=yO)=

628. \x'~——x+y+z+e

627.

y= x—yFzes
4
2 (0)=y (0)=2(0)=0. f
629.

x

, 0)=—1, y (=0,
y = —X—2, x() Z(O)-——:yl(.)

4

—X—1Y,

=—y—2,

§ 14

630.

631.

633.

634.

635.

636.

637.

638.

X

5 (0)=1, % (0)=

|
|
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X=y+2
y =3x+2,
Z=3x+Y,
X =3y—x,
{M=y+x+fﬁ

0)=1, yO)=L

632.

¥ = —2x—2y—4z,
{g/:-—?x—},— y—22,
7 = bxt2y+Tz
x(O)-——y(O):z(O)——:l.

tx =—x+ytzti

\tg/ = x—y+et+t,

t7 = xt+y+z+

4,

£(0)=0, y(0)=1,
z(

¥=2Xx—y-+2
y=x+2
F=—3x+y—22
x(0)=1, y(O)=1,
z(0)==0.

s()=y(H=2(H=0.

x(; = — Xy,
x; = — X1+ CXo,
Xn= —CXptCXn 1

3¢ 24+ y=1

{ ¥ 4y +3y="0,

x (0) =y (0)=0-
3y =2x+y—2
oty = x+ 3y +2

X, (0)=..

6tz = — x -+ Ty + 52,

x()=y(H=2() =L

i —x—2y=t,
—2x+y —y=t,

£ (0)=2,

=%, (0)=0.

y(0)=4.
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639. DneKTpOH BblIETaeT M3 Hauasja KOOPAHMHAT C Ha-
4anpHOH CKOpPOCThIO ¥, HampaBsaeHHo#i mo ocu Ox. Hatitn
3aKOH JBHXKEHHS 3JIeKTPOMa, [pejnonaras, 4TO Hampsxke-
HYe MaruuTHOro mojsi M MOCTOAHHO M HalpaBAeHO Iep-
MeHJuKyAsIpHO K miockocta x0y.

640. Crapsan BbLIeTaeT H3 OPYIHS CO CKOPOCTLIO ¥, M/CeK
mox yraom 45° x ropusonty. Hafitu, mnpeneGperast compo-
TUBJEHUEM BO3/1yXa, HauGOJLIIYIO BLICOTY, HA KOTOPYIO
IO HHUMaeTcsl CHapsl, U MeCTO ero MajeHus,

641. DnexkTpoH IBUIKETCH B MarHWUTHOM [10JIe ITOCTOSIH-
Horo Hanpstkenus H. HafiTn TpaexTtopuio, ecad HavasbHast
CKOpOCTh ¥, 06pasyeT yroJ o ¢ HalpaBJeHWeM MaTHUTHOTO
OJIS.

642. OnpeneauTs ABHKEHHe TKENOH MaTepUaANbHOH
TOUKH, OpOWIEHHOH ¢ HAaUYaNbHOH CKOPOCTBIO ¥, [IO]] YIJIOM O
K TOPU3OHTY, B Cpefe, CONPOTHUBJCHHE KOTOPOH NpOMOpHH-
OHaJbHO IEpBOH CTemeHu CKOpocTU (F=mko).

643. Yacruma -Macchl /m C 3apsiiOM e BblIeTaerT U3 Ha-
yajga goopaumar ¢o ckopocteio (¢, 0, 0) Ha nee mefictayer
IIOCTOSIHHOE MaruuTHoe mone M, mapasnmensHoe ocu Oz, u
CONMpPOTUBJEHHE CPelbl ARm¥, TAe ¥ — CKOpPOCTh YaCTHUIBL.
[Tokasats, uTO ee KOOpAWHATH B MOMEHT BpEMEHH { PaBHbI

_hue® [ 4 Ao,
—m<e —cos?»t+?sm?»z‘>,
kt

y=—;‘£ﬁ+§%m (A cos Af + k sin M),

el
rie Az%, ¢ — CKOPOCThL CBeTa.

644, YacTtuna nBmkercs B CONPOTUBJASOUEHCS cpene,
LedicTByIOLlell Ha Hee ¢ Cumol F=2Av, rme ¥ — CKOpOCTH
YacTHIbl, W NpuUTAruBaercs kK touke (0, 0) ¢ cumod p2r
(m=1). B Touke (@, 0) uwactuma o6nagaer CKOPOCTLIO Uy,
napasencuoi ocu Oy. IloxasaTb, 4TO Mpu W > A TpaekTo-
pHs YaCTHIDLI OHNpenessieTcs ypaBHEHUAMH

x=qe 't [cos ot -+ % sin thJ ,

A

Uy _ .
y=— e sinat,

rae o=} p:— A%
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645. Matepuanbnas Touka A ¢ Maccoil m, HaXoAUBIIASACS
Ha pacCrosiHud a ot ocu Ox, Honyuusa HauaJbHYIO CKO-
pocTb ¥, HapanjenbHyio ocu Ox. Touka A4 nmpurarusaeTcs
ocpio Ox ¢ cuioil F, npsiMo POITOPIHOHANbLHON PACCTOSA HHIO
oT Hee; KO3(DDHUIHEHT IPONOPIHOHAILHOCTH paBeH mk2.
Hafitn ypaBHenusl JBMKEHHs H TPAEKTOPHIO TOUKH.

§ 15. Pemenne unTerpanbheIX ypasHeHuii Boabreppa
¢ 9APaMH CrNeHHAJLHOro BHAA

Hrumezparonolst ypagHeruem HasbiBAaeTCs ypaBHeHME, CcOJlepiKalllee
HCKOMYI0 (YHKIMIO NMOX 3HAKOM HHTerpasa. Hanpumep, pemenue sagauu
Komn

y =iy yx)="1o

KaK H3BECTHO, CBOJUTCHA K DENIeHHIO CJEeNYIOUlero HHTEerpajbHOro ypas-
HEeHUS:

y= §f@x 9 dety,

Ecnu uckomas QyHKUHs y BXOJMT B ypaBHeHue JIMHeHHO, TO HHTerpab-
HOe YypaBHeHHe HA3BIBAeTCS AUHCUHbIM.
Ypaenenre Buna

b
y@=F@+ (K yy@ad )

(¢ 1 b—NOCTOSIHHLIE) HA3LIBACTCS AUHEUIHBIN UHMEPANLHOIM Y PAGHEHUCH
Ppedeoroma emopoeo poda. 3peck K (x, f), f(¥)—3azannve QyHKLuH,
Y (x)—uckomasn oynkuus. Oymknuio K (X, {) Ha3bBalOT f0poM ypaeHe-
Hus (1)

YpaBHeHue

Y@= @+{K (x )y at @

HAashIBAIOT AUHEUHBIM UHME2PAABHOIM  YpagHeHueM Boavmeppa emopoeo
poda

Ecsu B ypasrenusx (1) u (2) f(x)=0, To ypaBneHHs HasHBawTCA
00HOpOOHBIMLL.

Ecnu uckomas GyHKIMS y (X) BXOZHT TOTLKO NOJ 3HAK HHTerpala,
TO ¥MeeM COOTBEeTCTBeHHO YypapHenns @pefronbma uiu Bosbreppa mep-
BOro pozja

b X
VK@ tyy @) di=F(x) nm (K (o )y @ dt=Ff(x)
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YpaBHeHUS BHIA

) +| K=o d=1x 3)
¢

¢ supom K (x—¢?), 3aBHCAILEM JUImb OT pa3HOCTH aprymeHTos, opel-
cTapasior cOGOH BaHEIE Kjace ypasrenuit BospTeppa. Ony uBoria
HASLIBAIOTCS YDABHEHHSMH muna cepniku.

TycTb HMEEM HHTTpabHOE qypaBHe}me BosbTeppa TUma CBEPTKH

X

cp(x)=f(x>+§1<(x—t>cp(t>dt- )

ByneM npepnoJarath, 4To f(x) 1 K (x) ZoCTarodo raankue GyHKUUY U
AmeloT KoHeunblfl TOPSJOK pocTa HpH x>0. B »rom cayuae i o (%)
npu x=0 umeer KOHeuHbifl MOpSAOK pocra, @ SHAUHT, MOXKeT ObITh
pafijego HsoOpaxende dysguui f, K 0 9 (no Jlamnacy). Ilyctb
O (=9 (x), Fp) =fxy, L(p) =K (x). [pumensas K ofenum yacTsm (4)
npeofpasoBanue Jlangidca ¥ TOJB3YACH dopmyofl CBEPTKH (cm. § 11,
1X), 6ynem HMETH

@ (p)=F (p) +L (n) © (p), ()
OTKyfa ;
o=, LD ©)

Iast @ (p) HaXOUM OpUFUHAL @ (¥) — peiuenue HHTErpasbHOro ypanHe-
nus (4)-
I1pumep. Pemurh HATErPAILHOE ypaBHEHHE
¥
¢ (x)=cosx+| x—0 o) dl W)
h)
pemenue. Tlepexols K H306pAKEHHIM H paccMarpuBas HHTErpant
kaK ceprky (YyHKIHH, MOTYy4HM Ha OCHOBAHHM [paBHJIA W30GpAKEHHT
CBEPTKH

i
® ()= sy 5 O O ®
OTKYZa "
@ (p) = FEID =1 " ®

Haxopst opurunan aas O (p), moayduM pemenne HMHTErpajbHOrO ypas:
nenus (7)

cp(x)-———;—(cosx—l-ch x). (10)

PemuTh HHTErpajbHbe ypaBHEHHS:
X

646. @ (x)=sinx+ {(x—H @ (tydt.
0

647.

648.

649.

650.

651.

652.

653.

654.

655.

656.

657.

658.

659.

660.
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p(W=x+5 \ (x—Dro@dt
[}

X

¢ () =x+{sin(x— 1) @ () dt.
0

¢ (x)=cosx+{ e () di.
0

p()=14x+{ cos(x—N) () dt.

0

¢m=%+§u—ﬂﬂ”@UMt

9=ty \ (— P e)dr
4]

X

¢ (x)=x+2 [(x— 0 —sin(x— D] @) dt.

0
¢ (x)=sinx+2{ cos(x - ?) @ (f) dt.
0

q;(x)—_—l——2x—4x2+
+§ [34+6(x—1)—4(x—1)]e@®)dt.

cp(x):1+ggsin2(x—t)q>(t)dt.
¢
q)(x)———ex-—QSxCOS(x~l’)q)(l‘)dt.

¢

¢m=1+%§w—W¢ma-

X

q)(X):)C—S sh (x—#) @ () dt.
0

cp(x)zshx—gxch(x——t)cp(t)dt.
0

N
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AHANOTMYHO DEIAITCS WHTErpAbUEE ypABHEHUS BoabTeppa nep-
BOrO poja ¢ dAapoM K (x, {), 3aBUCHmHM TOJBKO OT pPasHOCTH X—fF,
T. €. ypaBHeHus Buja

’

gxu—n¢WM=Hn (i1)

rie f(x)—wu3pecTHast QYHKLUS, @ (X)-— HCKOMAS oyuxnua. [Npu stoMm Mol
npepnosiaraes K (x, x) 40, 410 rapanTupyeT CyLeCTBOBAHHE perIeHHS
ypaBsHenust (11).

Hyers F(p)==f(x), L(p) =K (x); © (p) = @ (x). Ilpumensis K oGeum
yactam (11) npeoépasosaﬂue Jangaca u HUCIONb3Yyst TeOpeMy O CBEpTKe,

Gynem UMeTb
L(p)- @ (p)=F (p),
OTKYZa F o)

Opurunan gas @ (p) Gymer pemenuen @ (¥) WHTerpajgbHOTrO ypamHe-
Husa (11). .

L (p) 0. (12)

Pemnte uHTerpasbHble ypaBHeHUs:

By dt=x.

ey
N
-8

662. \J, (x —1) ¢ (¢) dt =sin x.

663. \cos(x— 1) g (t)dt=sinx.
e* o (¢) dt=sin x.
cos(x— 1)@ (Hydt=x-+4x%
e2 D (f) dt = x2e*,
667.

ch (x—1¢) @ (¢#) df =sh x.

668. \ch(x—1¢) ¢ (t)dt

v

[=r}
D
ot
Dy QL y QLo Comiy Sy St i Sy O
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YKasaunoll merof pewenus ypasHenunit (4), (11) npuroxuM Takxke
K cucTeMam I/IHTeI‘paJIbeIX ypaBHenui Bosbreppa Buga

fi (x)4- Z‘ sz F—fer(t)dt (=1, 2 ..., 5. (13)
[Tpumenss k ofenm wactsim (13) mpeoGpasosanue Jlamsaca, NOJNYy4UM
s
®; (p)=F; (p)+ E Lie(P) ®x () (=1, 2, ..., ). (19

Pewas sty CI/ICTEMy ypaslienufl, aunelinyro ornocutensuo @, (p), mafizem
@ (p) (i=1, 2, ..., s), oparunans st KOTOPEIX U 6y11yT peiieHueM
HUCXOIHOH CI/ICTEMBI MHTErpagbHbIX ypaprenuit (13).

Opuwmep. Pemmrs CHCTEMY MHTErpajibHBIX ypaBHEeHUIH

v)~x+§ b @ (t) dt—;-§ (x—1) @p (¢) dt,

Py ()—1+§sh(x~t)cp1(t)dt_§ et 0, (4) dt

Pemenue [lepexons x U306PAKEHHAM H HCIOMb3YS TeopeMy
0 cseprie, nosywyum (O (p) =@ (%), O, (p)—%( %))

@, (P)=ﬁ+m D, (PH—E D, (p),

1 1
®2(P)~— ;74 ()— 1 (D2(p)
0TKyza N
P tp—1 pP—pitl
®Mm~7*7ﬁﬁxﬁ’®“m T=DoFD P FD -

Haxogum opurunams gas @, (p) n @, ( ):

_ . 3

¢1 (x)~l+§ex+ g Sinx— 3 cosx,
1

Qg (x)=§ (cos x - ch x) — sin x.

OyHruan @ (¥) 1 @, (%) sBasoTCH PeUICHUSIMU HCXONHOM CHCTEeMbL
UHTErpasbHbiX ypaBHEHUI.

Pemnrn caenyomue cucremm HHTETPaIbHBIX ypaBHEHHUH !

X

P (x)=1-2 SE“’“”% (t) dt + S ®, () dt,
669. 0 0

@ () =45 — @y (1) di -+ 4 (1—1) gy (Ot
0 1}




150 OINEPAIIMOHHOE UCUUCJAEHUE [t ID
gy (1) =e* + { @, (1) dt — e gy (D) dit,
| 4] 4]
670. . .

sz(X)=——X-—S(x—f)<P1 (t)dt+S(P2(t) dt.
d

0

0

o =+ o () dt -+ § (5 — 1) @5 () d,
1}

671. .
g2 (1) =1 ey (1) dt 4§ o (1) dt.
4] 0
g1 () =e — o1 (1) di 44 (e Doy (1) dit,
672. x“ "
g () =1 = e Dq (&) dt + (9. () dt.
4] 4]
o (=2 —§ (r— 1) gu (Ol +\ 0 ()
673. ", a
g ()=—2—4{p, () dt +3{ (x— 1), (1) dt,
0 0
g () =2—{(x—1) o1 (1) dt —14§q>2 (t) dt,
674. ? i
§a (1) =1 —Swl(t>dt«—§<x—~t>cp2<t)dt‘
[§]

§ 16. JuddepenunansHbie ypaBHeHHA
C 3aMa3]blBAIOLHM APTYMEHTOM

B pajge TeXHHYeCKHX 3ajau [PUXOIUTCS HMETH ACNO C 1ubpdepen-
IHaJbHBIMU YPABHEHHSVH, B KOTOpHE HeusBeCTHas (QYHKUMST BXOMT npi-~
pasiuuHLIX 3lAueHUSX apryMeHTa, Hanpumep:

E)=9t x@) xt—TO)) @)
EO) =9 x (), x(t—T@) (=T @
RO)=0@ x @) £ x—1 (@) =T (1) )
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Tagne ypaBHEHUs Ha3bIBAIOTCA OUPPePeHUUANOHOIMU  YPABHEHUAMY
¢ omraoHawwumucs apeymenmamy. Ecau T, (f) — MOCTOSAHHBIE, TO MBI
HMeeM TaK HasbiBaeMoe OudpeperyuarsHo-pasHocmroe  ypasrerue Ecan
7, >0 u crapuwas npousBoiHasi BXOAMT B AudbdepeHIHaNbHO-Pa3HOCTHOE
ypaBHeHHE TOJbKO INPH OJHOM 3HAYeHHH apryMeHTa, He MeHbIIeM Bcex
IPYTUX aprymeHTOoB (yHKLHY ¥ NpPOH3BOJHBIX, BXOASINNX B ypDaBHEHHE,
TO YpaBHeHHe Ha3bIBaeTCs! JudpeperyuaibHbim YypasHertuem ¢ 3anasdbearo-
wuM apeymermom (Hanpumep, ypasrerus (1) u (3))

ITycts pano putpdeperunanbHOe ypdBHEHAe C 3aMd3/LIBAIOIUM apry-
MEHTOM C MOCTOSIHHbIMH K03(duiHeHTamu

n—1

X (ty= 3] apx® (¢t —1p) +f (0), (4)
k=0

rie ap==const, Tp=—const=0 (0 <?<C-}o0) Bosbuwem pajgu HPOCTOTH
HyJIeBble HayajlbHbE YCJIOBHS

x(0)=x" Q)=...=x""1 (0) =0. (5)
Tpu 3TOM MBI HOJIAraem
2 (y=x'({{)=...=x""V ()=0 ana t <O.

Ipumensis K ofenM vyacTsm (4) npeoGpasopanue Jlamiaca U NOJB3YSICh
OpH 3TOM TeopeMoil 3ama3apiBaHus (cM. § 11), monyudm omepaTopHOe
ypaeHenune yas X (p) =x (f)

n—1 e
pX ()= 3 apptX (p)e B +F(p) rie F(=F(@), (6
oTKy/a k=0

X (p)= n_I]: () . 0]

— P
pr— 3 agpke 'k
F=0

Haxona x (f) —opurusan pua X (p), oupejessiemoro dopmynokt (7), moay-
YaeM pelileHue ypaBHeHus (4), yI0BAeTBOpSIOLee HaYa bHBIM yCaA0BUAM (D).
I puwmep. Pemurs ypaBHeHue

¥ B)=x({t—141, x@0)=0
Pemenue. [lepexonst K u306paeHusM, NOJYYUM

1
pX (p)=X (p) e"’+7,
OTKyJa

X (p) =t o —

! _L _i<1+€___”+£3‘_’+ +
pp—eP pry ePp? popE T
p

e~ np
pﬂ

+.).

/
i
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Jlast x (f) moJydaem '
1
X (H)=1n (z‘)—}—%l (rf-—l)zn(t—1)—{—...-l-?n—_—l_-—l—)—!(zf—n)”+1 X
< t—Fk k41
ST} ((k—i-)l)! y(—E).
k=0

Pemuth CJ/eayloOllHe ypaBHEHHA:

675. 1" (f)—x (t—1)=t, x (0)=x" (0)==0.

676. x” (1) —2x' (t—1)=1, x (0y=x" (0)=0.

677. x" (=2« (t—1)—x(t—=2)+1, x(0)=x"(0)=0.
678. x” ()24 (t—2)+x(t—4 =1 x(0)=x" (0)=0.

Hans aunddepetunalbHbIX ypapHeHH# ¢ 3arnasipBalolM apryMeHToM,
ONHCHBAIOIEX Ipolecc C TNOcaefedcTrreM, uacto BCTpEHaKOTCst 3a1adu
eyiomel MOCTaHOBKE
’ Cﬂ}?z}l’ﬁ;g peluente ypapHEHH X (f) nais ¢ = £y, npHUeM LIS BCEX t =<1,
VST KOTOpBIX 3HAUEHHS X (f) BauAIOT Ha MOCJERyIOLHe 3HAYEHHS pele-
nus npu =0, gynKuHT x (f) sapaeTcsr.
Taxk, HanpHMep, CTABUTCH 3ajaua. HAHTH HerpepuBHOe petnenye X (7)
npu t =, ypaBHeHnus
x()=f¢ x O, x(t—") 1> 0 — comst,
ecad JaHo, uto x (f)=@ () and to—T <<t <<ty
3pech @ (f)-—3ajaHHas HEMpephIBHad Gyuxnus, HasbiBaemas Haualp-
nott ynxyuel. OTpesoxr [fo—T, t,], Ha KOTOpOM 3a]1aeTCs dynkuus @ (¢},
HA3BIBACTCS HAUAALHbIM MHONCECTIBOM.
Pemmenue JHHEHHOr0 ypaBnenHs (4) ¢ NOCTOSHHBIMH KozbbuinesTaMu
i TOCTOSHHEM 3alasjbBaHuem B caydae, Korjla mauaabhad ¢byHKIHSL
oTAHUHA OT TOMAECTBEHHOTO HYJs, TAKMKE MOMKHO HCKATh, HCIIOJNb3Y 51
npeoGpasopanue Jlannaca. [MokaxkeM 3TO Ha MpUMepe.
Mpumep.
¥ (Hy=x{—1) py=1 —1=t=<0

Pemenue.
(=X, ¥ @O X(n—x©0)=pX()—1

=P
pX (p)—1=\ e7Plx(t—1) dt.
0

Jlenas 3aMedy NepeMeHHBIX t—1=2, mosyuuM

0 [oe]
{ e tx (—Dat=\ erErvr@)de=
0 —1
0 [l
=ep{ePx () dzfe? { emrex (o) dz=
—1 [§}
— P2 z=0
el 7T e X (),
—ple=—1

et
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TaK KaK x (2) =1 gas — | s=z=<0. OxonuaregbHO

[ —e P

pX (p)—1= +e PX (p).

Orcrona
1—e? 1

X(p)zl’*‘lefp +p(p—e“p) :p<1_§2>+p2 <1 _Q)s
p p

1 e~P 2P e kD
Rk mhes
p<+p+p2++p"+>+

(1—eP) er e rr —
—i-——-——pz <1+ 5 Fo o +-'->”“ .
1 1 e? e kP
:?+.’J_2+?+...+;,;—2+~-

Haxons opurunan gas X (p), noJyyaev pelleHde MCXOAHOro ypaBHeHU:A
[e]
t t—kJ-1)k
ro=(1+ {0+ 3 S ek,
k=2

PemuTh crepymoollue ypaBHeHHs:
679. ¥ (H=x(t—1), ()=t —1=<<i=<0.

680. &' (H—=x(t—1)-t, @BO)=1, —I1<t<0.
681. x'(t)—}—x(t——%):O,
¢ (Hy=cos't, —%gtgo.

§ 17. Pemenue HEKOTOPHIX 3aJa4 MATEMATHYECKOH (u3uKH

OrpannyuMcst clyyaeM, KOTja HCKomasi QyHKIHs ¢ 3aBHCUT OT ABYX
He3aBHCUMBIX llepeMeHHBIX X W f. [lepemennyio x Gypem paccMaTpusaTh
Kax TPOCTPAHCTBEHHYIO KOODJUHATY, MepevMeHHylo ! —XKaK BpeMs.

PaccmoTpuM, Hanpumep, ypaBHeHHE TENJIONPOBOAHOCTH

du Q*u
S =at S5l ) )
(a2 — MOCTOsTHHAS).

Pas6epem MepBYIO KpaeBylo 3ajauy AAs yPapBHEHHS 1): rafitu pelie-
nue u(x, f) muddepernuanbHoro ypapHerus (1) s Ocx=tlut=0,
VIOBJIETBOPSIIOLlee HAYATLHOMY YCJIOBUIO

ulx O)=¢(*) @

U KpaeBLHIM YCJIOBHAM

w(O =P @) u(l, H=Ps(0)- 3
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2
Ipennosioxnm, uto 4 (X, f), %%—Q u f{x, f), paccMarpuBaembie Kak
Gynkuuu {, ABIAOTCA opurdHadamu. O603HauuM uepes
[s.0]
U(p, %)= S u(x, tye Ptdt “4)
0
uso6paxkenne yuxuun u (x, ¢). Torpa
[ee]
ou ou  _ dUu Pu _ d2U
=\ Ll ptgt="" o= =
ox ° S ox © d de ' 0x2 " dx2’ 6)_

Tlo npasuny nuddepeHnEpPOBaHUS OPUIHHAJIOB NOJAYUYaEM C YI€TOM HA49a/b -
HOro ycJoBUS (2):

ST PU—9 ). ©)
Mpegnonoxkum, uto P (£) ¥ Py () ABAAOTCH OpUrHHATAMH H
Y () =Y () e () = Ya(p): (7
Torga rpanuuHble yclIosust (3) gawer
Uleao="1(p) Ulgr=T2(p) @)

Takum 06pasoM, ONepaTopHHI MeToj MpHBOIAT pemenue 3azaun (1), (2),
(3) X pewieHu0 OGLIKHOBEHHOro Ru(depeHnualpHoro ypapHeus
d2U

azaﬁ-—pU-l-(p(x)—}vF(x, p)=0 ©)
npu rpaHuyHLX ycaosusx (8), rme F (x, p) s=f (v, f). Pemas sagauy ),
(8) u ofpauias nosydeHuoe pemende, Hafigem QYHKHHIO u (X, 1), ABJASIO-
myocs pemenueM 3azauu (1), (2), (3). AR&JIOrHYHO peaAOTCA M ApYyTUe
Kpaephle 3ajaud il ypaBHEHUS TeMJOMPOBOJHOCIH, & TAKXKE Kpaepble
3ajauy /sl ypaBHeHUS KosaeGaHUH CTpyHSI

02 02
S =at s+ (% 1), (10
Tesnerpacduoro ypasrenns (cm  [2] u [9])
02 02 d
S — o (@) 5 +opu=0 (11

¥ HEKOTOpLIX ApYyruX ypaeHemuit Gogee ofuiero Buja.

3agauva. Koumpt crpynsl x=0 # x=1[ 3agpenviensl XKeCTKO.

X
HayaJibHOe OTKJIOHEeHHe 3a4ano paseHctroM u (X, 0) = A sm T O=x=<)

HauanbHbie CKOpocTd pasnbl Hyaio. Halttu o1kaonenus u (¥, £) opu ¢ > 0.
Pemenue. [luddepennuaibaoe ypaBHeHHe
Ru 1 Pu

o amar (12
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HavyaJ/JibHble yCAOBUS

_ nx  du(x, 0)
u(x) 0)—-—-A SIHT’ ——T=O’ (13)

KpaeBble yCJOBUS

u©, H=u(, t)y=0. (14)
[Tepexopst x usoGpakeHusinv, GygeM uMeTs
QU_ P2y PA G T
@ T T T, (1)
Ulgmo=U lx-1=0. (16)
Pewast ypanrenne (15), nosyuum
U, p)=CeP /- Coom ¥/ 4 AP g 8
o g %2 i’
L T
YuuTpiBas Kpaesmie yososas (16), mafizem
A
U(x, p) :———Zgﬂ—i sinﬂjlf.
P+
Opurunanom mias U (x, p) sBasercs byHKLUS
ux, t)=A4A cosﬂ—cllt sifn 33;—‘,

KOTOpast 6y2l6T petieHueM MocTasaeHOH 3ajauu.
Pemntsh cienyouue sanaun:
du 02
682. =k (x>0, £>>0),
u(0, H)y=u, u(x, 0)=0.
ou 02
683. r=ks— (x>0, t>0),
u(0, £)=0, u(x, 0)=u,.
684, 24 %%
=R x>0, 1>0),
u(0, y=acoswt, u(x, 0)=0.
685. %—p Ov
u(0, fy=asinot, u(x, 0)
du 0%
E?:kaTﬂ (x>0, t>0),
u©, H=o(f), u(x, 0)=0.

N

0.

Il

686.
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687. Hafitu pacmpenesenue TeMIepaTtyp B cTepxKHe
0<cx=C[ mpu YCJAOBHHM, UTO IOTOK TEId HE TpPOXOMHUT
uepe3 TpaHHIy x = (; Jpyras rpanHuua x==1[ coxpausieT
[OCTOSIHHYIO ~ TeMIepatypy Ui pauasbHasd ~ TeMIepaTypa
CTepKHsI paBHa u,=const.

688. Hafitu pacmpeneseHne TEMIEPATyp B TOJYOTpaHU-
yeHHOM CTEpIKHe, eC/U Ha JeBOM KOMHUE CTepIKHS TIPOHCXO-
JUT Telsou3fyueHne B Cpely € HyJIeBoil Temmeparypoi.
H auasablasi Temreparypa CTEepHsd u,==const. ‘

689. CrepieHb J/IMHbI [ HAXOLMTCH B COCTOSIHUHM TIOKOf,
ero Komen x=0 3akpemnjex. B MOMEHT BpEMEHH t=0 K cBO-
GONHOMY KOHILY CTEPIKHA IpH/IOKEHA cuna F (ma exuHuLY
myolani), HalpaB/eHHas BJOJb CTEPHHA. Haiitu xoneGaHue
CTepKHS.

690. Crepenh NOJBeleH BEpPTHKANLHO H 3aleMseH
TaK, 4TO CMEIeHHe BO BCEX TOUKax paBHo nymo. B MOMeHT
ppemeny {=0 cTepKeHD 0CBOGOK1aeTC s, OCTaBasiCh 3akpell-
neHHLIM B BepxHei rouke. HaiiTi 3aKOH goJie6aHus CTePKHS.

691, Pemuts ypaBHEHNE

02u __ 0*u

—gﬁz—a—xy—i—bX(x——l)

npu HyJAeBbX HauasbHBIX H KPaeBBIX YCJOBUSIX
ou
ul=0=0, 3 tzo—:—O, u (0, Hy=u(l, )=0.
692. OnHopoxpuast CTPYHA, 3agpell/leHHas Ha KOHHAX
x=0 u x==[, UMEET B HAuaibHbIl MOMEHT BpemeHH (opmy
napagoibl, CUMMETPUUHOH OTHOCHTEJILHO neprenuKysapa,

l
HpOBeﬂeHHOI‘O uepes TOUKY )C==7. OnpeneJme cMeEHIeHue

TOUEK CTPYHLI OT HpHMOﬂHHeﬁHOFO [IOJIOKEHU A paBHOBeCI/IH,
Hpezmonaraﬂ, yTO HauaJbHblE CKOPOCTH OTCYTCTBy}OT.

§ 18. Jluckpettoe npeoGpasoBaHHUe Jlannaca

Tlycrs uMeeM KOMILIEKCHO3HAUHYI0 (YHKIHIO f (f) neficTBHTENBHOTO
apryMenTa f, ONpeleeHilyio s t=0.

PaccMOTpHM  110C/IE/0BATEBHOCTD if )} (n=0, 1, 2, ...), Kkoio-
Py KOPOTKO Gynem ofo3HaYaTh NPOCTO f (1) u HasbiBaTh peusernuamol
pynxyuedl, DyHKIHA f ({) nasbiBaeTCs nopoacdaiowed pynxyueir gas f(n).
TakuM 00pasoM, aprymenT pemeTyaroll  (PyHRIMH NpHHIMAET TOABKO
jleJple 3HAueHHs, NpuueM A4 oTpULLATENbHBIX 3HayeHufi AapryMeHTa
peweryaras QyHKIHAS paBHa HYJIIO.
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[uckpemnbis npeodpasosatuem Jlaniaca pemerdaroil GyRKIHU f ()
GyneM Ha3biBaTb dynknmo F£* (p) KOMILJIeKCHOTO apryMenTa p=s-}-10,
onpeje/ieMyio paBeHCTBOM

F*(p)= Y, ¢"Pf () 0]

n=0

npefnoJaraercs, uTo psi cnpasa cXOAUTCS.
dypknuo f (n) GyneM HasbiBaTh OpUTHHAIOM, 2 F* (p) —ee usobpa-
KEeHHeM H mHcarb

F* (p) =~ f (n) maa f () == F* ().

3pauenue Re p=s*, A% KOTOpOro IpH Re p=s>>s* pan (1) cxo-
puTest, a mpd § < §¥ — pacxouHTCs, HaspiBaeTcst abcyuccoll cxodumocmu.
Oyukus F* (p) ecth nepuognueckas QyaKmaAs ¢ nepuojoM 27, aHaaH-
rdyeckas B TOJYIJIOCKOCTH Re p = s*,

Eciu pemeryatas QyHKIAA f(n) ymosreTBOpSET yCJIOBHIO

| (n) ] < MM, @

To aBClHCCa CXOQUMOCTH §*<% Ag, H, CAEI0BATE]BLHO, H306pakenie TaKo#
¢yHKLEM CYUIeCTBYET. Boofme, Beskasg (YHKIUS f (), sApasomascs
OpurHHANOM AJA oBHyHOrO IpeoGpasoBanui Jlanaaca, nopoxkjaer peuer-
yarylo (QyHKIHIO f(n), s KOTOpOll OMpeleseH0 JHCKPETHOe npeoGpa-
sopanue Jlamiaca F* (p).

Npuwmep 1. Ilomb3ydch onpegeaeHueM, pafiTu  H300paxeHHe

¢byuKI I
fly=¢e"

Pemenue. OueBHiHO, 3T2 GyHKIUA YAOBJETBODSCT yenosuo (2)
¢ Ag=1 1 TPOH3BOJLHBIM M = 1. 3haunt, ee usofpamenue CYIECTBYET.
Ilo dopmyne (1) HaxoZHM

[e 0]

o0
F* (p)= 2 P = 2 e—(l+ﬂm=T—_-élfﬂ—+—,,7 (Rep>—1). @)
n=0

n=0

Ormersy, uTo penieruaras QyHKIHS f(n)=en® usobpaxenns He
HMeeT, TaK Kak /i Hee a6eIicca CXOMUMOCTH S* paBHa 6eCKOHEUHOCTH.

[Tosb3ysCh ONpEeAe/IEHHEM, HalTH H306paXKeHua CIEnyio-
nux QyHKLHH:

693. f(n)=mn(n), rae n(n)={

694. [ (n)=n.

695. f(n)=¢e"

696. f(n)=a" (@a>0, a¥ 1)

| nmpu n>0,
0 npu n<<0.
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OcHoBHBlEe CBOMICTBA JUCKPETHOTO
npeo6pasoBaunug Jlanngaca

I.Cpofictso aunefinocrtu. Jag mo6bX KOMIJIEKCHBIX
NOCTOSIHHHIX o U B

af (n) +Bg (n) =~aF* (p) - BG* (p).

(3neck u Bciofy B jajsHefimeM [ (n) = F* (p), g (n) = G* (p).)
IMpumep 2. Halitu usobpamenne Gysknun f (n)==sinn.
Pemenue. [To dopMyram Dunepa

tn _e—in 1 1

. e
I 1 == e =z —— @M . T,
2 2 2

Vineem

0

; 1
m_. —nppin — -
et - Ze e gy
n=0

emin - ____1_.__
Sl —e
Mo cpoiictBy smHeliHOCTH
1 ’ 1 » eP sin |
leme @ T e p+D ] "2P — PP cos 1 1 °

i 1
Sin 717 +— '2—i< /
Hafitn usoGpaxkenus cienyromux GyHKIHH:
697. f(n)y=cosn.

698. f (n)==sinan (o =const). )

699. [(n)=shn.
700. f(n)=e"—28%.
701. f(n)=cos?n.

II. TeopeMs onepexenus usanasnuBanua [Tycme
f(n) = F*(p), u nycmo k — yeaoe noroscumeasroe wucro. Tozda

k—1
fm+m+ﬁiﬁm%—2e%ﬁm@ @
m=0
B wacrnocts, ecau f(0)=f(l)=...=f(k—1)=0, 10
(1K) = ekPF* (p). ®)
Ananoeuuno,
fn—k)=-c*oF* (p) (f(n—k) =0 das n<h). (6)

Mpumep 3. Haitru usobpaxkenue Qynxuuu f(n)=e"2 (f (n) =0
npu n < 2).
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Pemenue. Hmeem j

i
. ! e i
T l—el™P eP—p” !

[o Teopeme 3anaspuiBarus M3 (6) maxomuM (k==2)
eP 1

N2 = 2P, =
& e T =P (eP—e) *

Halitu nsofpaxkennst cienyomux ¢yHKuii
702. f(n)==n(n—Rk).

703. f(n)=¢""8),

704. f(ny=sh2(n—1)-n(n—1).

705. f(ny=(n+2).

IIl. Teopema cMemenusn FEcauw F*(p)-=f(n), mo da arw-
6020 KOMRACKCHO20 P

F* (p—po) =€ f (n) 0]

Mpuwmep 4. Hailitu ugoGpamenne dynxnuu [ (n)=rne?".
Pemenue. Imeeu
e P

n+T—T’IU2_'

ITo Teopeme cmeuenusi mosyyaeM (pg=2)
el aar)

My >
e n < [I—¢ P 272

Hafitn usobpaxenusi caenyoumux ¢QpyHKUH:
706. f(n)==¢"sin2n.

707. f(n)=n2e*",

708, f(n)y=e®"chn.

IV. fudppepennnupoBanue uso6paxennsn Hudbepen-
IUpOBanyue H306DAKEHUS CBOGUTCA K YMHONKEHHIO OpUTHHAJAa HA — 1

AP O} = —nf )
M, BOOGLIE,

dk
apE (7T ()} = (= 1)% nkf (n). ©)

Mpumep 5. Hafitu usobpaxkenue Qpynxnun f(n)=ne".
Pemenune Hmeem N
eP

et —  — |
eP—e
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[To Teopeme 0 auddepenlHpOBAHUH H306paKeHHs N0NYUHM

n d eP \ ept1 .
e "‘%(eﬂ—e>‘(eﬂ—e)2'

Haiitn usofpaxkenus CJACAYIOUHX byBKUME:
709. f(n)=n2".
710. f (n)=n>

711, f(n)==nsin <n %)

V. Teopema 06 HuTerpuposaHnuu pn3o6pakeHHud
fycmo pewemuamas QyHKUUA f (n) ydosremeopsem Ycr08UAM

Lo 10|y fO
f (0)=0, _—t—\t=0_t£$0 2—o. (10)
Toz0a
L0 F ) e, i
p

m. e. OeseHue OpUSHUHAAQ HQ N COOMBEMOmeyen urmezpuposaruo usbpa-
scenust 8 npedesax om p Go CO.

Yameuanns a) [pan f(0)~0 muterpan B npasoil gactu (11)
Gymer pacxopsuigmcs, H, 3HAUAT, “TeopeMa OG WHTETPHpPOBAHMH usobpa-
XKenus He OyleT clpapeljuBa.

6) Ecau
[® e 1B
Bl Jm = =a 70
T
[7(1”—)+a+ S F* (p) dp- 12
p

8) Ecnu mna m=1, 92, ..., k BhiMOJNHEHB! YCJOBHA

tim 19 =0,
fp0 2
TO
f—%).—- S SF* ) dp ... dp, (13)
p p
k

¥. e. JeJeHEe OpUrHHa/Na Ha nk coorBeTcTBYET k-KPAaTHOMY HHTETpHpOBA-
HHIO H306pakeHus oT p RO CO.
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e"—1-—n

[Tpumep 6. Haittn n3obpakenne pelzeraatoll QyHKIRHA

n
Pewenne Ilyets f(n)=e?—1—n.
TlpoBepsieM BhINOJAHAMOCTD yeaosuit (10), Mimeem
] —
(0 =0, lim fo _ Jim < 1—1_
T A
ef—1
= hm —1)=1—-1=0
t—-0 t

Haxojum H3ofpaxkenne (yHKINH f(n):

eP eP el
] e i % —— — = T T3
eb—¢ eb—1 (eP—1)2

Tak kak ycaosus (10) BimonHeHDbl, 10

et—1—n | ¢ ep eP eP dp
n "S[ep—e"ep—l"(ep—l)ﬁ] -
1
= —e)— P — — ==
lln (eP—e)—1n (P —1) + eP—l] ,

eP—e 1 oo el —1 1
=[‘”zp‘:r+zﬁj”p =InG——%_1"

o0

shan

Mpumep 7. Haiim y306paKeHue peuteTdaroll yHKLHH

(a£0
p

)
ewenne Iyct f(ny=shan. Himeem

roy=0; LA = tim B —q 0
t lto tot0 1

Wzo6pamxenne (QyHKIHA )

sh n_._l_(___—e_p____—_ﬂ_
an=7 \eP—er eP—e* :

WsoGpamenne NanHON (QyHKUHH maiiieM, HCIOJb3Ysl COOTHOLIEHHE (12):

h 1 ¢ 4
shan . e eP .
. '_““"7S<" ———)dp—

P _—egt eP—e @
P

— i (6P —e) —In @ =] | =

1, eP—e* | 1, eP—e®
—.a“*‘f‘”ﬁ:ﬁ\p*““"?‘“m-

6 M J KpacHos u Ap.
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Haiitu uso6paxenus ciepyromux QpyHKIuil:

712. Cl@>0, az ). 713 $E (g2 ),
714, L=Con, 715, 2=shn
n

VI. InddepennupoBanue no napamerpy. I[lycrs opu-
TMHANL U u300pakeHHe COJepiaTr napaMeTp € He 3aBHCAIMR OT n u p,

H TyCTh
F*(p, ey =~f (n, €).

OF* (p, &) . 0f (n, &)
e d (14)

Torza

T. €. NPOM3BOAHAS 1O € OT M306paxeHns ecTh H30GpaxenHe POUSBOTHOM

no & OT OpUIrHHaNa Hpe,zmonaraeM, YTO BCe ITH INPOU3BOJHLIE CYINECT-

BYIOT Y4 o (gé 2 €CTh ODHUTHHA.

IMMpumep 8. Halitn n3obpamenne ne™ (oL — BellleCTBEHHOE).
Pewmenne UVveem e =

Pyt IMpumem o B KauecTBe napa-

merpa. Ha ocrose teopembl 0 puddepeHIupoBaHuK 1O Hapamerpy

el \’

Orcioga

nesn =~ _fpe_u_

T (P ey

Hailitu uso6paxenus cienyouwux QyHKIuf:
716. f(n)=ncosan.
7. f(n)=n2shan.
718. f(n)=(n+42)chan.

-

VII Uuterpuposanne Mo nmapamerpy. Ecum f(n, &)=
<+ F*(p, €), tHe mapamerp & He 3aBHCHT OT N1 4 p (Ep<<e<IA), IO

e e
Si(”’ ) de — SF* (p, €) de, (15)
& &

T. € WHTEIPHDPOBAHKE TO MapaMeTpPy & OPUIHHAJA COOTBETCTBYET HMHTEr-
pUpOBAHUIO M306pakKeHHs 1O napaMeTpy &.

[Tpumep 9 C nomomplo WHTErPHpOBanHsl 1O HapaMeTpy HaiTu
. 1 —cosen
n3ofpaxende permeryarofl GyHKIuH —— "

.
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Pemeunune Huveem
eP smme
e2P — 9ePcose-}-1°

sin en -

VHTerprpyeM JeByto B [PaByIo YaCTH STOTO COOTHOLIEHHS MO Mapamerpy e
B npegenax or go=»0 g0 &

g € .
. eP sin€e de
sin en de -~
0

2P —2¢P cos g~ 1

Orciofa nojydaeM

1—cosen - LI (e2P — 2eP cosS-l-l)‘8=
n 2 ’

=—;— [in (e3P — 2P cose 1) —In (2P —2eP 4-1)].

Urak
' 1—cosen 1, e?P—2ePcose1

n g (eP —1)%

TIpumeHsiss MHTErPUPOBAHKE 10 NapameTpy, HalT¥ H30-
GpameHnns Clelylomux QyHKIHH!

719 e — B 720 chen—chn
. n . . n
sin en sin(e—1)n.cos(e--1) n
721. — . 722, P .

TeopeMa yMHOXeHUHd uso6paxenni, [Tycmo
fr(m) == Ft (o), fa(n) = F2 (),

moeda
n

n
Fi(p) - Fs(0) == X hn—m)fa(my= 3 fr(m)fr(n—=m). (16)
m==0 m=0
TMpuwmep 10. Halitu opurunan, COOTBETCTBYIOWUH H300paKeHH0

. 2P
PO =p=ye=y

Pemenne Msobpakenue F* (p) MOXHO IpeiCTaBHTh B BHJE 1IPO-
H3BeleHHs! IBYX M306pakKennH

< ot * ek LN a4
et FEpy=pg—Fa¢

eP
Fi(p)=—p—;
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Mo Teopeme yMHOKeuus

n n
e g2 pon
F*(p) = 2 MM e gl 2 e~ _Z
{p) AT AT
m==0 m=0

[Tonb3ysich TeopeMoil yMHOMXEHUS, HAHTH OpUTMHAJB
AJIS CACAYIOMIUX H300paXKeHui:

eP eP ep
723. F* (p)zze—pm 724, F* (p)=(1_6~p)z'ep__1'
795. F* (p)=-—— % 796, F*(p)— " __
- (p) = @ —1)2 (P —¢) - 1= (p) TP (EeP—=1)"

Wsobpaxkenue pasnocTeil. Paswocmvio nepeoeo hopadka
peweryaroi Gynknuy f(n) HasbiBaeTcs BesqMuMHA, 0B03HAUAEMAS CHMBO-
Jom Af (n) u ompepensiemas paBeHCTBOM

Af(m)y=Ff (n+4-1) =} (n). 17
Pasrnocmpio emopoeo nopadka A2f (n) HasbIBaeTCS BENHUMHA, paBHas
A (n)=Af (n~-1) —Af (m) (18)
uaH, yuurteiBas (17),
Af (r) =] (n-2) —2f (n+-1) - (n). (19)
BooGue, pashocTh k-ro mopsiaka AXf(n) ompepensiercs cooTHOMmeHHeM
ARf (n) = AR (n+-1) — A*73f (n) (20)
HIH .
AR (M= 3 (=1 CLf(n+k—i), (21)
j=0
7 k!
rie Cl= e OrHOMHATbHbIE KOI(DH I HEHTEL.

Ipurvep 1. Halitn pasnocrm anst Gyuxupu f (n)=2n2.
Pewenne. Ilo onperenennio mepeas passocTs

Af (=2 (n41)2-—~2n% =2 2n+1).
Bropast pasuocts
AF(M=Af (n+1)—Af (=22 (n+- 1) +1] -2 2n+ 1) =4.
OueBugHo, Bee pasHocT: Goflee BEICOKOTO MOPSIKA PABHBI HYJIO (cpaB-
HUTe ¢ NPOM3BOAHBIME (QYHKUHH [ (f) = 22).
B caenyomux sapauax mafiTu pasHocTu k-To mopsmka:
727, f(n)=3n-4-2. 728. f(n)=e>". 729. f(n)=n?—n.
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[Mycre f(n) =~ F* (p). Toraa
Af () 5 (eP — 1) F* (p) — ePf (0),
A% (n) = (P — 1)2 F* (p) —eP (P —1) f (0) —eP Af (0)
" T O

006ile,
Boobme h—1

ARf (n) <= (P — 1)k F* (p)—eP ZO (P — 1E>1 AV (D), (22)

rie noaomeno A% (0)=/f (0). Ua cooryomeuns (22) Haxomum

k—1
p AYf (0) 1
F* (p)= (epe_ l)k 2 (ep_l)u +(€p_ l)k LD {Aki(fl)}, (23)

rie Lp {AFf (n)} —usoBpaxenue AKf(n) B cMbicle IMCKDPETHOTo npeopa-

soBauds JlamJaaca.

Ecau, B uwactocru, A°f(0)=0 (v=0, 1, ..., £k—1) uan, yro sksu-
patentro, f (0)=f()=...=f(k—1)=0, 10 dopmyna (22) npuobperaer
0coGeHHO NPOCTON BHJ

ARF (n) <= (eP —1)* F* (p),

T. €. ONEpal¥M B3ATHS Pa3HOCTH k-go nopsika OT OPHIrHHA/Na OTBEYaer

yMuOKeHne u3o6paxenns xa (ef —1)%. \
Mpuwmep 12. Hafitu nsobpaxkenne QyHRuny f(n)= ns
Pewesnue Imeem

Af (my=2n-+1,
A2f(n)=2n4-3—2n—1==2,
ARf(my=0 (B> 2).

Hanee f (0)=0, Af(0)=1, A%f (0)=2. Ilonaras B papencrse (23) k=3,
GyleM HMETb 9

P A (0)
[(n) — F* (p)= (epe_1)3 A =1

V=

24 1 2 el (P41
: Rl R T R
Haiitn usoGpakenus byHKLIHH]
730. f(n)=n’.
—1
731 f(n)="0"0,
732. f(n)=(n—kyn(n—k&).
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Hsobpaxenue cymms. Iycts f(n)—pemervatas ¢ynkuyus,
uMeroulas n3obpakeHne
f(n) = F*(p). ’

n—1

X f(m).
m=0

PaccmoTpum cymmy

Torga
n—1

F*
¥ o8
m==0

T. €. CYMMHpOBAHHIO OPUTHHANOB OTBEYAeT JesleHre H3o6pakenns Ha of — 1.
Boofwe, k-xpaTHOE CYMMHPOBaHHE ODHIHHAMA COOTBETCTBYeT jieJle-
HHIO M300pamesns Ha (eP — 1)k,
IMMpumep 13. Honssyscs Teopemoii o6 u306pamKenny CyMMbI, HaHTU

CYMMY
me™,
m_2=0

ph
Pemenue. Wsobpawenwe ne® pasuo P Iostomy  co-
TJIaCHO TeopeMe 06 M306pa:KeHHH CYMMEI
n—1
m_e ep+1 —
Z (R Jus Y oy )
=0
__ e eP ep e—1 eb+1 .
Te—12{eP—1" P Er (ep—e)z] T
.t oy le—=Dne"
: ———(8_1)2[1 e .
CrnegoBatenbno,
n—1
—el — n
memze(l e”) - (e—1) ne .
e—1)
m==0
Hafitu craenyromue cymMmb:
n—1 n—1
733. > me. 734. >} mcosma.
m=0 m=0
n—1 n—1
735. D) m(m—1). 736. > e"cosmo (n=2).
m=0 m=0

®opmyma o6pamenus. Ilycr pemersaras ¢byHROMA [ (R)
HMeeT CBOMM n3obpakenneM QyHKUMIO F* (p) KOMINEKCHOTO MepeMeHHOrO
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p=0-+it, rae F*(p), B cuay ceoell mepuogmunoctH: F* o - 2m1) =
= [* (p), paccmarpuBaeTcs B OCHOBHOM TMOJoce — 5t << Im psm (—rn <<
<tT=n).

Econ usBecTHo u3oGpamenue F* (p), TO OpHTHHAJ f (n) MOKHO HaiiTH
no ¢gopmyJse obpaienus

ctin

i(ﬂ)=% S F* (p) e" dp, (24)

c—in -

rle ¢—ofoe JeficTBHTENbHOE YHCJO, GOMbIUee, uyeM abcuucca CcXomH-
MOCTH S§*,

B cayuae, xorma F*(p) ecTs npaBmnbHas panHoHadbHAS Apobhb
QTHOCHTENBHO eP, umMeeM

Fm=3, res [F* (p) envP], (25)

Vv

Tie cymMa Gepercst no BceM momocaM GyHKImE F* (p), pacmonomeHHsmM
B nogoce —n<<Imp=m u Ha ee rpanune Imp=mn. Ecuu p, —npo-
CTOH moJatoc, TO

res [F* (p)eP™ V)= lim [F* (p) (eP —ePy) eP L] (26)
p, p—p,

ec/l He p, —INOMoC NOpPSIAKA 7y, TO

res [F* (p) eP " V]=

p\’

- lim AN [F* (p) (eP —ePy)ry gPin71)], 20
(ry—1) p—p, dePry™v

Mpumep 14. Ucnoassys gopmyay (25), maiitn opuruman, coor-
BeTCTBYIOIME H300p aXKeHHIO

F* () =y
e —3eP L2 *

Pemenne Haxogum Hyau smamenaresst. Vmeem e2P —3eP L2 =0,
otkyla e’ =1 n eP=2. 3naunr, p, =0, p,=In 2 —mpocThle HyJIM 3Ha-
MeHaTells, a C/eJ0BaTe/IbHO, OHM SIBJSIOTCS NPOCTHIME LOJMOCAMH (ByHK-
ug# F* (p) B ocHoBKOH mosmoce. Haxogum soiueTsl pyEKuun F* (p) eP—1
OTHOCHTEJIbHO 3THX HOJIOCOB. Mmeem

res [F* (p) eP" 1] = lim [_ef.&_l)_epm—n]: lim o =—1;
p=0 p—0L(eP—1) (eP —2) p—»Oep‘—'z
D 1n2y p(n-1)
_ . e (P—em?)e
res [F*(p)eP " 1= lim =
p=In2 [ (p) J p—>1ﬂ2 (ep—l) (ep—Q)
pn nin2 1n 2%
= lim -2 =2 =£ = 27,

p-m2ef—1 o217 9}
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CregoBatesnHo, 10 Qopmyde (25) moayuaem
f(n)y=—14-2"

Mpumep 16. C nomomsio dopmyisl obpaileHus HalTd OpHTHHAN
a1a QyHKoun
F* (p)=—2
(P)—zgy,:—l.

Pemenne. O®yurung

Ff ()& ’
P =r—hHeTn

MMeeT 1Ba NpPOCTHIX TOMOCa B TOUKaX p, =0, py==i7l OCHOBHOH NOJOCHI

—n<<Imps=m

_ R P P — 1) eP 1) 1

res [F* PP LY = lim e =
g2 I ) P = i, — ey e Ty~ 2
eP (ep_ei"f) epin—1)

res [F*(p)el" V)= lim

p=in p—ir (ep.__ 1) (eP4-1)
. epn eitn (__ 1)n~1
=1 = —
anzﬂ eP—1 "~ lm 2

Cornacro dopmyae (25)
1
fO=g g (-1

Haiitu opurusanel ang clepyoumux usobpakerui: *

737. F*(p)==@F§;§5‘ 738. F*(P)::gﬁii;;f$iﬁ-
zw.F*@y;Eﬁ%T 40. F* (p)= .

741. F*(p)==7§;F§§;;33; (a>0).

742. F*(p)::@iéﬁag.

Pemenue pa3sHOCTHEIX ypaBHEHHH ¢ NOMOWBIO
BHCKPeTHOTo mnmpeobGpasopanus Jlanmaca. YpapHedue
BHIA

Fn, f(n), f(n41), ..., f(n-4-k)=0 (28)
Aau
F(n, [(n), Af (n), ..., A¥f(n))=0, (29)

rie f(n)—muckoMas pemeruatas (GYHKOHS, Ha3BBaeTCH Pa3HOCTHBIM
YPaBHEHHEM k-rO MOPSAKA.

!
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VYpaBnenue BHZa (28) caom«irc;{ K ypaBHeHHt0 Bujga (29) mpu no-
Mo GopMy bl

f (k) =F (n) - CLAT (n) - CRA% (M) ... 4-ARf (), (30)
a npu nomomyu GopMyJIE!

ARf(n)y=Ff (n-+-k)—CLf (n+k—1)4-Cif (n+k—2)— ...
oo A (= DR () (=0, 1, 2,..), @1)

k(k—1)...(k—m--1)
m!
ypasuenue (29) cBOAMTCH K ypasresHio (28).
Ecan ypasHenue (29) JMHeHHO OTHOCHTEJNBHO f(n) m ee pasuocTed,
TO OHO HA3LIBAETCS JHHEHHBIM DA3HOCTHBIM YpaBHeHHeM. JIuHefiHoe pas-
HOCTHOE ypaBHeHHE TOPALKA £ C HOCTOAHHEIME KO3(ppuuHeHTaMH HMeeT
BUI

rie CZ’: — GuHOMPANbHBE KO3(UIIHeHTD,

boAFf (n) 4-by AR (M) - .. by - f (M) = (n), (32)
rae ¢ (1) —3ajanxas pemeryaras QyHKuMs, f (1) —HCKOMas peulerdaras
dyuguus, by, by, ..., bp—rnocTosnnse, npadem by £ 0, by =0

3amenss B ypaBHeHHn (32) pasuwocty A™f(n) (m=1, 2, ..., k) no
¢opmyae (31), nOIyunM Apyrywo GOPMY PA3HOCTHOTO JIMHEHHOTO YPABHEHHA;
aof (n+-R) +af (n+k—1)+ ... +-apf (M) =¢(n). (33)

Ecmn ¢ (n)==0, 10 ypasHenwus (32) m (33) HA3BIBAIOTCH OAHOPOL-
HeIMM, ecan ke @ (n) =0, 10 3TM ypaBHeHMA HA3BIBAIOTCS HEOLHODPOJ-
HBIMH.

PasnocTHOe ypasHeHHe, colepxailee f(n) u f(n--k), HasbiBaercs
PA3HOCTHBIM ypamHenHueM k-To mopsaaka (k>>0). Takum oGpasom, ypas-
genme (33) npn a4y~ 0 u a7~ 0 ectb HeOXHOPOLHOE JVHEfHOE Da3HO-
CTHOE ypaBHeHHE k-ro Mopsijxa. .

TMopsAoxk pPasHOCTHOTC YPABHEHMS MOXKET HE COBNAJATH C NOPSAKOM
HamBhicUlel pasHOCTH, BXOjpsmied B Hero, ecaM pasHOCTHOE yPaBHeHUe
sanucano B BHIe (32).

Mpumep 16. PasyocTHOoe ypasHeHue
A3f () +-4A% (n) - 5Af (m)4-2f (n) =0
nocje 3aMeHH B HeM pasHocredl mo dopmyse (31), npuBOgMICS K BULY
f(n-3) - (n42)=0
1IN

F (141 +f (m) =0,

T. €. SIBJASETCSS PA3HOCTHBIM YpaBHEHHEM NHepBOro nopdajxa.
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OTEPALIMOHHOE HMCUYUCJEHUE [T 11
CregosatensHo, no ¢dopmyJae (25)
Onpeﬂenmb IOpAIKH CACNYIOKX Pa3HOCTHHIX ypaB- i(n)_ﬂ:_—_l
HEeHuH; T e—1"
743, A% (n) - 4A3%f (1) 4-4A2f (n) — f (n) ==0. Pemnth caegyiollie auieiiible OXHOPOAHHIE PasHOCTHEIE
744, A% (n) + 8% (n) + 3A] () + f () =n® 4 1. " ypasmemus:
745. A% (n) + 2A%f (n) 4 Af (n) =27, 747. f(n+1)—2i(n)=10, f(0)0=1; el F1)=0
T46. A% (1) +4A° (1) + 6A% (1) -+ 5AF () - 2f () = sin "7 8. (2 +2[ (e D +1(m)=0, [(O)=1, '
y \ 0 749. f(n+2)—2f (n+1)+2f (n) =0, }(0)=0, f(1)=1.
adajbHble YCJAOBHS I PASHOCTHOTO YPaBHEHHSI £-TO [OPSAKa _
3a7aloTCA B BUJE };Haqenmﬁ pemgTanoﬁ QJYHKIII/II)I/I f(n) u ee pasr?ocreﬁ 750. f(n+3)—3f (n +2)+4f (n-+1)—2f(n) =0,
20 (k~1)-ro Mopsiika BKIIOUHTEALHO HpH n==0, ecqn ypaBHeHHe HMeeT 0)=0 f(1)=0, f(2): 1.
o ? i f(0)=0,
pMy (32), uwam B BHLe SHadeHufi pemeruatoii Qynxkuny f(n) npu 1 D) 0
n=0, 1, ..., k—1, ecan ypasHenue nmeer dopmy (33). 751. f(n+4)+f(n)=0, f(0)=0, [(I)=1, [(2)=0,
Pellenye NHEeHHEIX DA3HOCTHHX ypaBHeHHA ¢ TOCTOSHHBIME K03- 3)—0
(uuneHTAMH MeTOZOM JHCKDETHOTO mpeobpasosanus Jlammaca I1POH3BO- [(3)=0.
AuTCS MO TOH e CXeMe, 9TO M B CAyYae KJAACCHUECKONO npeodpasona- 752 f(n + 3) + 3]c (n 4 2) -+ 3f (n + 1) +f(n) =(,
mia Jlannaca. IlpuMensis auckpersoe npeoSpasosanne Jlanmaca K Tagum : 1
YPABHEHUAM M HCTONB3Ys TeOPeMBl JMHEHHOCTH, ONepemeHHs HIH H30- f(O)y=0, 7(1)=0, [@)=1.
OpaxeHHs pasHoCTell, MBI MPHXOJUM K MPOCTOM JHUHEHAHOMY aJjre6pan- o ~
‘IE,CI?(()M;I yprHEHmO OTHOCI/ITepJIbH(;q I/I306p£}KeHPIHyF* (p) anx}cl)moﬁ (1)5:1{- Pemutsr cJaepyiomue JUHEHHbIE HEOJHOPOAHBIE DPA3HOCT
uMH f(n) (yxe ¢ yueroM HayasbHBIX ycaosufl). Paspewsas 10 anreGpan- Hble ypABHEHHUS:
JECKOe ypaBHEHHe OTHOCHTEJBHO F* (p), TONyudM OmepaTopHOe peluenue -0
PAsHOCTHOTO ypaBHEeHHs, ODHIMHAN LIS KOTOPOrO Gyier HCKOMBIM peine- 753. [(n+41)42f (n)=n, f(0y=0.

HHEeM HCXORHOT'O Pa3HOCTHOI'O0 ypaBHeHMH, YIOOBJETBOP AIOIKM HOCTaBJeH-
HbIM Ha4YaJIbHBEIM YCJOBH SIM.

Npumep 17. Haiitn pewenne ypasrenns

. 754. f(n+2)—4f (n)=4", F(O)=f(1)=1.
755. f(n+2) +f(m)=1—(—17 [O=0, Ff()=L

f(ﬂ+1)—€f(ﬂ)=1, j(()):O_ (34) 756. f(n+2)—6f(ﬂ+ 1)+9f(ﬂ):n3",
Pemenwue. Ilyers f(n) -~ F* (p). Tlo teopeme ynpemuenns f(0)y=0, f(1)=0.
Fn1) 5 eF* (p). 757. [(n+3)+3[ (n4-2) +3f (n + 1) + [ (n) =cos nx,
Hpuvenss k obenm gacTam (34) muckpernoe npeoBpasosanne Jlannaca, f(0)=0, [(1)=0, [(2)=0.
NOJYYHM OIIepATOPHOe YpaBHeHHE 758. f(n+3)— 3f(n+2)+ f(nd1)—f(n)=n2
p
OF* (1) —eF* (p)= 77—, [(0)=0, f(l)=0, f(2)=0.

OTKyla
Frp)=—y % _
P == @ =1 *

®yuruus F* (p) uMeeT gBa mpocthix mosoca p =0, p=1:

1

res [F* (p) e 1P} = lim et P —
p=0[ (p) 1 Jim gy
res[F* (p) e LP] = £ e e
p=1 e—1 e—1"



TJIABA I
TEOPHSI YCTONYHUBOCTH

§ 19. llonsatue 06 ycroflunpoctu peurenus
CHCTeMbl AH(ipepeHIHANBHBIX YPABHEHHI.
[Ipoctefiine TunbI Touek mnoxos

ITycTb HMeeM cucTeMY OBHIKHOBEHHHIX InddepeHIHANLEEIX ypaBHe-
30074

dy; .
D=fi Yo s g (=1, 2, n) (1)
rie gfi (i, k=1, 2,..., n) CcyllecTBYIOT ¥ HempepLIBHb, H nycts @; (f)
(i=1,2,..., n) ects pelienue 3ToH CHCTEMDI, YAOBJIETBODSAIOLIeE NIPH
t=1, yCJOBHM
@ (f)=9¢? (i=1, 2,..., n).
Pewenne @; () (i=1, 2,..., n) cucremst (1) HasbiBaercs Ycmouaiieoin
no Jianyrosy, ecan pas moboro e 2> 0 MoxHO mogo6pars § (e) > 0 taxoe,
970 [/ BCAKOTO peweHHs y; (f) (=1, 2,..., n) Toll ke CHCTeMEI (1,

HauafbHble 3HAYEHHST KOTOPOTO YIOBJETBOPSIOT HEPABEHCTBAM

I.’/z(to)* q)?‘<6(8) (l=1, 2)---1 fl),
Last BeeX =1, CHpaBellIMBbl HepaBeHCTBA

lgi—p: )l <e (=1 2,...,n), @)
T. e. GAM3KHE N0 HAYANLHHIM 3HAYCHHAM peleHHS OCTAIOTCA GJIH3KHMM
a5 BeeX =1, . .

WUnes  cnopamu, pemenne @; (4) (i=1, 2,..., n) YCTOMYHBO, ecau
IOCTATOYKO GIM3KOE K HEMY B HAuaJbHBIR MOMeHT f=1, pemtenne y; ()
(i=1, 2,..., n) mas Bcex 1221, colepxUTCA B CKOMb YIOAHO Y3KOH
e-TpyOKe, HOCTpOEHHOH BOKPYT pewenns ; (f) (=12 .., n).

Ecnu npu ckons yrogno masom 8 >0 XoTst Gbi 1181 OQHOMO peleHn st
yi(t) (i=1, 2,..., n) HepasencTa (2) Ne BLINOJHRIOTCH, TO perleHue
@; (1) (=1, 2,..., n) HaseiBaeTCss HeycmoiiuugsLM. .

Ecan pemenue @; (7)) (i=1, 2,..., n) He TOABKO YCTOHYMBO, HO,
KpOMe TOr'0, yIOBJETBOPSET YCJAOBHAM

Jim 15 (0= 9 () |=0 (=1, 2., n), ®3)
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ecay | y; (to) — @] | <<, To pewenne ¢; () Ha3BIBAGTCH aCLMAMOMULECKU
Ycmoriu Uesim.

Bonpoc o6 ycroiiunsoctn pemenns o; (f) cucremnr (1) Moxer OHITBH
CEEJIEH X BONPOCY 0§ yCTOfuMBOCTH HyJeBOrO pemeHds x; (£) =0 uexo-
TOPOIl HOBOH CHCTEMEI YpaBHelHil, noAyuaomiefics n3 (1) muneitHodt same-
HOH HCKOMBIX (OYHKUKI

SO=pO—p@) (=1 2., n), @

rlie X; (f) —HOBble HEW3BECTHLle (YHKINH, PABHEE OTKAOHEHHSM IPeXHIX

Hed3BeCTHHMX (QYHKUUH y; ({) oT dynKumi @; (2), ompeleJsHOLUX HCCARLY-

emoe pemenye. [lostoMy B janbhefiueM GyneM cumraTh, 910 Ha ycToiuy-

BOCTb MCCJICNYeTCss HMEHHO HyJeBOe peineHue x; (f) =0 nau, 410 TO Xe,

PACHOJIOKeHHA B Hauajge KOOPAMHAT TOUKA NOKOS CHCTeMbl ypasHeHHil
dx;

d—t’=1|),- (t, 21 %9 oeny x5) (=1, 2, ..., n). (5)

BMecto TepMuHa HyJesoe pelueHme 6yaeM yIOTpeGasiTh TEPMUH Mpusy-
anbHOE peuienue.

B npuMenennn x 1ouke moxos x; () =0 (i=1, 2,..., n) yCJIOBHE
YCTOHUYHBOCTH BBITJISIHUT TaK:

Touka nokon x; ())=0 (i=1, 2,..., n) cucmemer (3) yemoiuusa no
Jlanyrosy, ecau 0an kamdozo e >>0 moxcro nodobpams § (e) >0 maxoe,
umo u3 Hepasencmea | x; (ty) | << (e) (=12, .., n) credyem |x; <
<e(i=1,2,...,m) npu it =T> ¢,

MNpumep 1. Kamgoe pemenve ypasnenus

dx
ai =" ©
yCTOHYHBO. .

HefictButensHo, peleHne x4 (f) 3T0r0 ypaBHeHus, yILOBJETBOP sI0Mlee
HauajJLHOMY YCJOBHIO X (fo) =X}, ecTb X (f) == x?=rconst.

Paccmorpum 1pyroe pewenne x, (f) ypashesus (6), YIOBJIETBOPAIOLLee
HauaJbHOMY YCJIOBHIO

X3 (fo) = x§. M

Hast srux pewennfl umeeM [xy (£) —xy (f) | =] x¢—x° | 75 Beex /. Cue-
loBaTeNbHo, A4 BeAkoro & >0 cymectsyer & >0, Hanpumep, §=¢
TaKOe, YTO KaK TOJBKO |x§—x{|<C8, TO mnsa pewenuil x, (f) u x, ()
OYIACT BBIIOJNHATBCS HEPABEHCTBO

%3 () — %1 (1) | =] x3—x) | << e mpu Bcex f=1,.

CiaepoBatensho, moGoe peienne ypasrennss (6) yerofiumpo. OfHAKO
4CHMITOTHYECKOH yCTONYHBOCTH HeT

| % (6) —x1 () [ =] x§—x7 | #> 0 mpn £ —-co.
Mpumep 2. Kaxnoe peuleHne ypasHeHus
dx
T +x=0 (8)

ACHMIITOTAYECKH yCTOHUHBO.
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B cawom gene, ofiee pemenre ypaBuenns umeeT Bugp
x (ty=Ce™*. 9

Pewennst X (f), x,(t) ypasmenns (8), YIOBJeTBOPSIOlIKe HaYalnHbIM
YCNOBHAM Xy (fg) =X), X, (f,)=X3, cyTb
fnO=xe =0, @) =xe= =),
Orciona
22 () =21 () |=] A~ [~ =70 — Oempn ¢ — 4o,

4TO o(;r;mqaeT 4CHMIITOTHYECKYIO YCTOHUYHBOCTE JMOGOTO pElleHHs ypasHe-
ans (8).

IMpumep 3. Pemenne x()=-—1 ypasnenus —~—-l—-x2(t)

dt
HEYCTOHUMBO, TAaK Kak MpH { —-l-00 Bee pemenus ypaBHeHNd
5 )= 1F2 70— (1 —x)
(14x0) 2= (1 —x,)

crpeMsares K ~+1. Pemende x () =1 sroro ypasHennsa corvyiacuo olpene-
JIEHHIO aCHMNTOTHYECKU YCTOHUMBO.

nOJIBSy'HCb onpenegeHneM, UCCJAEJ0BaTh Ha YCTOﬁqHBOCTb
pelieHusa CaeYImUX ypaBHeHmﬁ U CUCTEM:

dx
759, F4x=1, x(O)-—-I.
d
760. S=—1(x—1),  x(0)=I.
x
76]' d—l‘—2x=t’ )=
dx
762. E=2ﬂ’ x(0)=
d
763. 5i=cos?, x(0)=1
dx
a=Y
764, dy ¥ (0)=y(0)=
7 =—3y—2x,
&y
765. { ¢ 7 % (0)=y (0)=0
Y2y 43x, ©

4.
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Ipocreiimue Tuns Touek NOKOS IlycTs umeem cucremy
nuddepesnyaNbHEIX ypaBHeHHA

‘fi, P (3 4,

EZQ (x, »)-

Touka (X, Y,) Ha3BIBAGTCH MOUKOL NOKOS UIu 0coBOL MOUKOYE cucmemst

(A), ecmn P (xo, yo) =0, Q (%o, yo)=0.
Pacemorpum cucremy

A)

dx

i 31X - Qyolf,
dy ]
V7 Qg1 X~ Uy,

. ay a
rhe i (i, =1, 2) —nocrosumse u | "1

= 0. Touka (0, 0) saBas-
21 Qg

eTcst Toukol mokos cucreMsl (1). Mecmenyem pacmosoxenne rtpaektopuit
cucremsl (1) B OkpecTHOCTH 3TOH TOYKH. Vuem pemeHne B Bufe

y= (Zzekt. (2)

x=oiek,
Jlas onpejeieHus k ToJydyaeM XapaKTepHCTHYECKOe YPaBHEHHE

ap — k 25T}
A dz—k

=0. (3)

PaccMOTpiM BO3MOMKHBIE CHAYYaH.

I. KopHn XapagKTepHMCTHYeCKOro ypaBHeHns jel-
CTBHTEJbHE ¥ pas3JluyHEL Togcayuan: 1) & <0, ky << 0. Touka
TIOKOsi ACHMITOTHYECKH ycTofluMBa (yCTOAUMBEIA y3ed). 2) &y >0, &y > 0.
Tougka NOKOs1 Heycroiiumsa (Heycrohumselli ysesm). 3) ky >0, ky <<0.
Touka mokost HeycroffumBa (ceano). 4) k=0, ky,>0. Toura norost
neycrofiunBa. 5) k; =0, ky << 0. Touka NOKOs yCTOHYMBA, HO HE ACHMI-
TOTHYECKH.

II. Kop#n XapakKTepHCTHUECKOTO ypaBHeHI/IH KoM-
NAeKCHBE Ry=p-+qi, ky=p—gqgi. Tlogcayuan: 1) p <0, ¢=£0.
Touka NMOKOS ACHMITOTHYECKH ycrouqmaa (ycroitumBelil Qoryc). 2) p>0,
g#0. Touka nokos Heycroiymea (Heycroiumseii  (oKYyC). 3) p :0,
g=0. Touka noxkost ycrofiumpa (uUeHTp). AcuMnTOTHHECKOH yCTOHUM-
BOCTH HeT.

I11. Kopun xpatuwie: ky =k, Ilogcayuanm: 1) k;=Fk,<<0.
Touka NOKOS! ACHMIITOTHYECKH YCTOHuKBA (YCTONUUBRIH y3ed). 2) By = ky > 0.
Touka Hokost Heycrofiyusa (HeycToHumBHIE ysen). 3) ky=ky =0, Touka
nokost Heycrofiupsa. Bo3MmoeH mMCK/MO9uTeNbHEI caydaH, Korja Bee
TOYKH TJIOCKOCTH fABJAIOTCS YCTOHYMBBLIMHM TOYKAMH NOKOS.

3aMeuanue Ecam o6a KOpHS XapaKTEpHCTHUECKOrO ypapBHEHHs
(3) #MeroT OTpHHATEIBHYIO JEHCTBHTENBHYIO 9acTe, TO TOYKAa TMOKOH
acHUMITOTHYECKH YcTOoRuuBa.

Ecau ke xoTst 66 OJMH KOpeHb (3) HMeeT HOJOKHTENbHYIO JeHCTBH-
TEJBbHYIO YaCTh, TO TOYKa NOKOS HeyCroHdmBa,
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Ananoruunsie yTeepKeHus CPABEMUBLl ¥ IJIST CHCTeMbI JHHEHHBIX
OQHOPOAHBIX YpaBHEHHH C TOCTOSHUBIMY K03¢hdunHenTaMu

n

dx; .

@=em (=12 . @
j=1

Mpumep 1. Ycrauosuts XapagTep TOYKRH mokos (0, 0) cucremn

{522
J=—x.

Pemenne. B panuom caydae

a1=0, ap=1; ay=—1, 9 =0.
XapakTepucrnaeckoe ypapHenue
[—k H_ 2 —
. —1 —& =0 wun k2 1=0.

Kopun  xapaktepucruueckoro ypasmenus Ryo=1ri—uncro MHEMHe.
Touka moxos — nenrp.

YcTaHoBUTE XapakTep rouku mokos (0, 0) B caenyowux
CHCTEMAX:

766. {)f:x*y’ 767. {)f=4y“x’
y=2x-+43y J=—9x+y.

768. {)f:“Qx*Sy’ 769. {’_sz‘_Qy'
J=x+y. y= 2y — 3x.

770. {)f:3x+2y’ 771 {’fzﬁHQy’
J=x-+y. y=—2x+3y
R P=2x—y--922
=2 ’

772. {)f_ xty’ 773 | j=b5r—3y+3z,
y=—x-4y z'=-x—-2z.
X=x—3y-+4z,

174, | y=4x—7y 8z,
i=6x—7y+7z.

Hnst cucTeMbl ABYX sHHeHHBX YPaBHEeHUH € MOCTOSIHHEIME ZeiicTBU-
TelbHBIME KO3dduLeHTa MU

{ X =0y1% 40354, )
Y=an1x4ayy
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XapaxTepucriryeckoe ypapHedne (3) MPHBOIMTCHA K BHLY
B2k +a,=0.

1) Ecan a; >0, 0,>>0, 1o Hysnesoe pemennme cucrems (1) acumnro-
THYECKH YCTOHYHMBO.

2} Ecaw a;>0, 2,==0, 10 nynesoe peutenne YyCTOAYNBO, HO He
aCHMITOTHUECKH.

3) Ecmn a,=0, a,>0, 10 nynesoe pelleHye yCTOHYHMBO, HO He
aCHMITOTHYECKH. '

4) Bo BCex oCTafbHBIX C/Iy9asX HYyJeBOe peleHHe HeyCTOHUKBO;
OHAKO TIPU @) =@y ==0 BO3MONEH HCKMOUATeJBHEEN cyuyail, Korja HYyJIe-
BOE peuleHye YCTOMYUBO, HO HE ACHMIITOTHYECKH.

Mpumvep 2. Onperennts 3HaueHus NapameTpa o, TpH KOTOPOM
YCTOIYMBO HYyJNEBOE DPEmeHHe CHCTEMbI

{5t
y=(@—1) x—ay.

“

Pemewnue. XapagrepucTuueckoe ypaBHeHWe IAs1 JAHHOH CHCTeMb
HUMEET BHL
—k 1
=0
o—1 —a—¢

wmm k24-ak-+1—a=0. 3gece oy =a, gy =1-—a.
AcuMITOTHYECKAS YCTOMYMBOCTL HYJIEBOTO  pellenHs Gyner wuMers
MecT0 mpH >0, 1 —a >0, T e. mpu 0 << o << 1.
YCTOHYHBOCTE, HO He acHMNTOTHYeCKas, OyieT B ABYX cayyasx:
Q) a>0, l—a=0, 1 e mpuag=I;
6) a=0, 1—a>0, 1 e npu a=0, X
Tlpn Beex Apyrux sHauenmsix o HyJeBOe pelleHHe HeyCTOHYHEBO.

Onpenenuts sHaueHUs mapameTpa o, IPH KOTOHIX HyJle-
Bble pELleHHs C/IeLYIOUWUX CHCTEM YCTOHUUBHL:

775. ( i=y, 776. [ & =—x-+y,
{ g =>5ax —a2x, { g = ax—oa?y.
771. t=0x—3y, 778. | i=y+ax,
{ y=ox+4y. {y=—x.
779 it=oax—y,
j=ay—z,
Z=az—x.

Iprmep 3. B maockoctn napamerpos o u B maittu o6nacry,
B KOTODBIX YCTOHYMBO HyJIEBOE pPeIleHHE CHCTEMEI YpaBHEHHUI

{ I=ax+B—20p—1)y,
y=x—By.



178 TEOPHUSI YCTOMUMBOCTH [TJL. 11T

Pewenue XapakTepHCTHUECKOe yPaBHEHHE CHCTEMEI
a—Fk p—20f—1
1 —p—t |

K (B—) k+ 1+ap—B=0.
y=R—a, a=I14af—f;

@; W Qy SBJSIOTCH HeNpephIBHBIME (QYHKUMAMH OT & H [, MO3TOMY 3HaAKH
a; W @y GYAYT MeHSITbCS TaM, Tle &, =a, =0, T. e. Ha npamoll f—a=0

0

na

3nech

P

ﬁw

|
|
|
bow
|
|
|
|

I m

| -

&

n na runepbone 1-+af —P=0. Otn aunun pas3éuBAOT NJIOCKOCTH Napa-
metpos «,  Ha uerwipe o6macty [, [I, IIl, IV (puc. 26), B Kaxioft
U3 KOTOpBIX 3HAKH @; W (y NOCTOSHHBL. Bo3bMeM IO OQHOMN IMPOU3BOJILHOH
TOYKe B Kaxkjoi o6jacTd M Onpelea¥Mm B 3THX TOYKAX 3HAKH Ko3(hdu-
LMEHTOB @; H Q.

O6nacts I: B Touke (— 1, 1) mveem 4;,=2>0, gp=—1<0.
Hynepoe perlenne crcTeMsl B 5TOH 06/1acTH HeyCTORUMBO.

O6nacte [I: B TOuKe (0, %) HMeeM a1=%>0, a2=%>0.

Hynesoe pewenne cucremMel B o6sactet I/ acuMNTOTHYECKH YCTOHUHBO.
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O6aacte I11: B Touge (1, 0) nmeem g, =—1<0, a;=1>0. Hyuse-
Boe pelienne B obaactu [/] HeycrofiuuBoO.

OGaacte [V: B Touke (2, —2) umeeM ay=—4 <0, g=—1<0.
HyneBoe peienue B 570l 061aCTH HeyCTOHYHBO.

Hcenepyem Ha ycToHuMBOCTH HYJEBOE pEINEHHe HA FPaHHIaX pac-
CMOTPEHHEIX Bblllle o6JjacTefl.

1) ﬁzl——l——a’ o << 1 (rpasuna mexay obaactamm [ u /7). Ha sroi

rpasnne @ >0, ag=0, Tak yro HyJeBOe pemleHHe Ha Hell yCTOHYMBO,
HO He aCHMIITOTHYeCKH.

2) p=ua (rpanuua Mexpy o6aactsmu [/ u [II). Ha 3710# rpaunne
a,=0, g, >0, Tax YTO0 HyJeBOe pelIeHHe Ha He# YCTOHYMBO, HO He
ACHMITOTHUECKH.

3) 6:—1%&, a>1 (rpamuua wmexpy obaacramu [I] n IV). Ha

sToll rpanule a; << 0, a,=0, Tag 4ro Hy/JesOe pelleHHe Ha Hel HeyCTOM-
YHBO.

HMrax, uyJeBoe pelende acHMNTOTHYECKH ycroitumo B oGnactu [J
B yCTOWYHBO, HO He acHMITOTHYeCKH Ha rpauune obiacru [[.

g ciaepyoomux CHCTEM B IJIOCKOCTH NapamerpoB o U
P mafith obsacT, B KOTOPHIX HYJNEBOE PELIEHHE YCTOHUHBO:

780. {)&z—x—l—ay, 781. {xzocx—l—ﬁy,
j=px—y J=x+oy
782. { 1 =ax - By, 783. [ i=-—olx— P2y,
j=—Br+@—2y. j=(@—1)x+
, + @+ 1)y
784. {x=<a2—ﬁ>x+(1+ﬁ>y,
j=— P+ Py
785. { f=—afx— P+ Dy,
= (4o +B 4 1) x—4y.
§ 20. Bropoii metop JlsmynoBa
DyHRUHS U (X, Xg, ..., Xp) Ha3BIBAETCSH onpeae/zeﬂﬂo’ n0A0HCUME Ao HOL
n

8 H-oxpecmuocmu (Z %< H | Hauana KOODAMHAT, €CJIH OHa MOJIOKH-
i=1 /

TeNbHA BO BCEX TOUKAX 5TOH OKDECTHOCTH, 32 HCKJIOUEHHWEM Hayana Ko-

OpAuHAT, I OHA PABHA HYJIO:

n
U(%y, Xgy oo, %) >0, ecam Z x5 >0,
i=1

v (0, 0,..., 0)=0.
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HanpnMep,\Q)yHKum v=2x7--x§4- x4 Gyzer ollpefeSeHHO MOJOKHTEILHON
(YHKIHEH B NPOCTPAHCTBE NEPEMEHHBIX X|, Xy, X3 OyHKuus u=x}4-x3§
OyZeT JHUb 3HAKOTIOCTOSHHOM B 3TOM IPOCTPAHCTBE, HO He ONpefeleHHO
MOJIOKUTENBHON, TaK KakK OHa ofpaulaercs B Hyab Ha Bcelt ocu Oxg,
a He ToMbKO B Touke (0, 0, 0), n oHa e Oyger onpefieseHHO NOJOKH-
TeJIbHOH B IIPOCTPAHCTBE Xy, Xg.

n
Ecau v (xy, x5, ..., %,) <O npu 2 ¥>0 no( 0 ..,0=0,

=1
TO QYHKIHS U (X(, Xg, ..., X;) HA3BIBAETCH ONPEOCAEHHO OMPUAMEAbHOL.
DyHRnuS v (£, Xy, Xy, ..., X,) HA3LIBAETCS ONPedeseHHO NOAOACUINE Ab-
Holl ¢ H-OKPEeCTHOCTH Hayaja KOODAMHAT U OpH f =1, ecqn cyllecTByeT
TaK4s He 3aBHCAmMASN OT ! ONPelleeHHO TNONOKMTeNbHas GyHKIAA w (%,

Xas vves Xp) UTO O (f, Xy, Xg, ..., Xp) W (%1, Xy, ..., Xp) TpPH BeeX
YKa3aHHBIX 3HAYeHHSX aprymentos u v (f, 0, 0, ..., 0)=0.
ITycte umeem crcreMy audipepeHUMANBHEIX ypaBHeHuH 7
dxi s
d—t‘:]qi (t, X1y Xgy veey xn) (l=1, 2, ... N n)’ (1)
H OyCTh
V(X X ovn s Xp)

€CTb  HelpepuiBHO au(depennupyeMass (yHKHuS CBOHX apryMeHToB.
HNognast nponssognas or ¢ dyskuun v (f, X, Xy, ..., Xp), BHIUHCIEHHAS
B CHJly cucTeMbl (1) (BACJIb WHIErpajbNHX KDHBBIX), paBHa

n n
dv  dv dv dx; 0v o
ot (jx—l"alr—a-{- 2 a}ff (8, X1, Xgy ey Xz). @

i=1 i=

Ecqn npasbie wacti cucremsi (1) He copepmar SBHO f, TO TAKas CHCTeMa
HasplBAETCS aBTOHOMHOH MJM CTalMOHaDHOI,

I. Teopema A, M. JlsnyHoBa 06 ycrofiunsocru. Ecu
cucmena Qupdepenyuarbnox  ypasuenui: (1) maxosa, 4mo cyuecmeayem
pyrryua v (t, Xy, X, ..., Xp), ONPEOCACHHO NOAOHCUMEALHAA npu t =1,
8 Hekomopotl H-okpecmuocmu rauaia koopounam, RpoussodHas Komopol

v
7 » Goducaennai 6 cury cucmemot (1), Henoaoxcumenbna, mo mpuguais-

Hoe peuterue cucmemtr (1) yemotivueso.

II. Teopema A, M. JIinyHOBAa 06 acCHMITOTHYeCKOH
yCTORYMBOCTH (cAyuall 4BTOHOMHBIX cHcTeM). EcAu  asmonoMuas
cucmema Ouggeperyuab oLy YpasHenu

dx; .
~d—;=f,~ (s %oy eeny %) (i=1, 2, ..., 1) 3)
MaKosa, 4mo Cyujecmeyem HYHRKYUA U (Xy, Xy, ... , X,), ONpedeseHHO Noao-

HumerbraA @ rexomopold H-oxpecmrocmu nauasa xoopdunam, npouseodnas

. du
ROMOPOL 7, GHIMUCIEHHAR 6 culy cucmembl (3), onpedencuno ompuya-
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meabha, mo mpueuansroe pewenue x;=0({=1, 2,..., n) acumnmomu-
YeCKl yomoduugo.

DyHRIUA U (f, Xy, Xy, vy Xp) M U (Xg, X9, ..., Xp), GUCYPUpYIOUIHE

B NIPHBEJEHHBIX BENUE TeopeMaX, Ha3biBAIOTCH @yHKkyuamu Jlanyuoea.
Hasosem o6nactbio v>>0 Kakylo-HuGyJb 0BJacTb OKpecTHOCTH

n
2 ¥} =< H nauana KOODAMHAT IIPOCTPAHCTBA IEPEMEHHHBIX Xy, Xg, ... Xy,
i=1
OTPaHMYEHHYIO IOBEpPXHOCTbIO ©==0, B KOTOpO#l (yHKuUUA U NPHHEMAET
MOJIOKATeNbHBIE 3HAUEHHUS.

Honycrum, uto QyHRIMS v 06Jajfaer CAAYIOUIUMH CBOHCTBAMH:

1) mpu ckoab yrogHo GOJBIINX 3HAYEHHSAX [ B CKOJb YrOZHO MaJoi
OKPECTHOCTH Hauasia KOODAMHAT CYUIECTBYeT ofjacts v > 0;

2) B o6nacty v >0 QYHKUUS U OrpaHuyeHa;

dv
3) B obaacte v >0 npoussogHas 7j» COCTABJeHHAas B CHAy CH-

cTeMbl ypaBHeHHH (2), olpefieleHHO I10JOXHTeabHAS.

Teopema H. . UeraeBa oneycroliuunoctu. Eciu
0aa cuctmemsl Qughpeperytiaronbtx ypasterudl (2) moxcro naimu gyukyuo,
yoosaemsopaiowyio ycrosuam 1), 2), 3), mo mpusuaivnoe peutenue smoil
cucmembl Heycmoliuuso.

Sameuanue. Ecau B chcreme (2) Bece f; me 3aBHCAT HBHO OT ?,

10 QyRKnMIO JIANyHOBa HyXHO HCKAaTh KaK He 3aBUCSMYIO SBHO OT f.

Mpumep 1. Uccaegoats Ha ycrofiumpocTs TpuBHAJbHOE pelueHHe
CHCTEMb

dx

dt

d
==+ (1 —x2—3p2).

=—(x=2y) (1 -2~ 3y?),

Pemenue. Bosbmem B KauecrBe v QyHRnmio v=x2-}+2y2. Ouna
ABJISIETCH, BO-IIEPBLIX, ONpPeJeseHHO MOJOMKUTEbHOH, a4 BO-BIOPHX, ee

14
MPpOH3BOAHAA -, B3fATas B CHJAY CHCTEMBbl, DaBHA .

dt’
do dvdx | Odody

_ S — —_— —_ 2 2} —
G~ owdl Togar X=X (1 —x2—3y%)
—4y (x4-4) (1 —x7—3y?) =— 2 (1 —x2—3y?) (x2+24%) < 0

[pH JOCTATOYHO MaJbiX X H .
My BEMM, 9TO BHIIOJHSIOTCS Bee ycJoBusi Teopembi A, M. Jlany-
HOBa 00 yCTOHYMBOCTH.
CregoBaTeqbHO, TpHBHagbHoe pemeHne x =0, y =0 ycTofiunpo.
IIpumep 2. Meesegosarte Ha yCTORYMBOCTL TPHBHAJLHOE pPEUIEHHE
cHCTeMbl
dx

dt
dy s
CE—Sx——3y .

=— by — 2x3,
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Pemenune ODyHKHES U=x2{|-y2 yIOBAETBODPSIET YCAOBHIM TEOPEMBl
A. M. JlauyHoBa 06 aCHMITOTHYeCKOH yCTORUMBOCTH:

)ov(x, yy =0, v (0, 0)=0;

2) S5 =2¢ (— By—2x%) + 2y (5x —3y%) = — (4x1+6yY <O,

v

T. €. dT‘=0 TOABKO NpH X==0, y=0, ¥ 3HAYHT, ecTh ONPENENEHHO OTPHU-
nareibHas Qyuxkuusa. Cregosatenbro, pemenue ¥ =0, y==0 acumnroru-
4ecKH YCTOHUYHBO.

Dpumep 3. Mccnegosare Ha yCTORYMBOCTL TPHBHaJbHOE pellleHHe
aBTOHOMHO! CHCTEME]

dx _ ,
7 +4,
dy

@ =y

Pewenwue Bospmem B Kauecrse v (x, y) QyHKuHIO

1 1
= x3 — 3
V= X xy oy

3pech obaacteio v >0 ABJseTCs, HanmpHMep, 06AacTh x = 0, y>0.

B of6aactu v >0 umeem
dv_ Ovdx  Ovdy 2 9 s
E—agfﬁ“b‘yﬂ-—@ + 92+ (x+yy)2 >0,

Cornacro Teopeme H. I'. Ueraera o HeycToliuuBocTu pemenne x==0,
y =0 Heycroiiyuso.

INoxaxem Ha npuMepe OJMH Mero] NMOCTPOEHHS (GYHKIHUH JIsAnyHOBa,
Ha3bLIBAEMBIH METOJOM JesieHHs IepeMeHHHX ([4]).
Paccmotpum cucreMy ypaBHeHHH

{ X ==ax3-}-by,
J==—cx{-dyp
¥ TolbiTaeMcss HaHté Hast Hee (yHKuumio JlsanyHosa B Buje
v (x, y)=F1 )+ F; (),
rne Fq(x), Fy(y)—HeKoropee noka HeussecTHble audibepeHIUpyeMbie
GyHRIMH,
B cuny cucremnt (4) GyneM umerb
O="F (x) X+ F; () 9 =F7 (x) (@3 +by) —F; (y) (cx—dy?).
Iotpebyem, uroGel QyHKuMS 9 WMena Takolff xe BHA, UYTO ¥ QyHKIUS
v (x, §), T. e, urobbl M OHA NpeACTaBINIACh B BHJE CyMMHl IBYX Oy HK-
Ui — OfHOH, 3aBucsAlled TONBKO OT X, ApYrofi —To/ibko or y. s sroro
HeoGXOAMMO, UTOGBI UMeJO MECTO TOXKHAECTBO
F; (x) by—F5 (y) cx =0,
Pasgenaa nepeMeHHble, IOJYYHM
o _ by
Fixy Fiy)’

©
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H, CJeJoBaTeNbHO, Kaxjgasd U3 gpobell Ho/KHA Obith MOCTOAHHON BEJIHYH-
1

HOH, Hanpumep, paBHOH 5 - Torpa 6yem nMerb
ex 1 by 1
Fi(x) 20 Fi(y 2°
OTKYyZa
Fy(x)=ex® Fy(y)=by?
T4aK 910 ’

U (x, y)=cx2-by2
Hccnenosars Ha YCTOI‘/’NI/IBOCTB TpUBHAJALHOE peuieHue
CHUCTEM:

1
fm— ey B — L, s
786. Y77 287, { F=y—32,

. 1 1
y=—-? x_—2—y-2y3.

K= —2x—y -+ 2xy® — 3%, P R—
na{ ’

g=—x—Ty.

788.
y=éw—y—ww—7W-

%=—b5x— 9y 3xy2 — x5,

g=yx*

792.

793.

795,

o
fi
RN

.

<

.
&

797.
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§ 21. Hccaeposanne Ha YCTOHYMBOCTD
no nepsomy NPUGAHKEHHUIO

Iycrs umeem cucremy AudHepeHIHATLHLIX ypaBHeHu#

dx; .
_del:__ '(tr X1y Xgy v *n) (L=11 2, ...y 1), (1)

rie f; —amddepennupyembie B OKPECTHOCTA Hadana KOOpA#HAT (QYHKIUH,
fit, 0,0, ..., 0)=0.

WccnenyeM Ha yCTOAUMBOCTb 104Ky HOKOA =0 (=12 ..., 1
cucrembl (1). TlpeacraBuM CcuCTEMY (1) B OkpecrHOCTH Hayaja KOOPAMHAT
B BHJE

n
dx; .
j‘:Zai/(l‘)x}“_Ri(!! X1 xz:u-yxn) (i=1, 2, ..., n) 2
j=1
n
rge R; UMeOT NOPSACK BLilllE NEPBOTO OTHOCHTEJBHO Z X (r. e

i=1
(aKTHYECKH PAa3NOMUM MNpaBbie HaCTH (1) mo ¢opmyae Teitsopa B OKpe-
CTHOCTH Hadada KOODAWHAT). BMecto TOUKH TOKOS CHCTEMEI (1) nccae-

o

JyeM Ha yCTOWYHBOCTb TOWKY IOKOS JUHeRHOR CHCTeMBbI

\
n

dxi . o
7 a;j () % =12 ..., n) )
j=1
HA3BIBAEMON cucmemoll ypasHeruil nepeoeo npubAUNCeHUS AN AUHEApUSU-
posanKoll cucmemoll Ora cucimembl (1.
BoapnKaet BONpOC, BJEYET JH YCTOHYHBOCTB (HeyCTOHYHBOCTb) TOYKH

nogost cHereMsl (3) yCTORYMBOCTD (HeycTOfuMBOCTb) TOUYKH NOKOS HCXOA-
moi cuctemut (1). BooGute rosops, CTPOrOfi CBsI3U MeXKIY CcHCTeMaMH (H

u (3) Hert.
Mpumep 1. PaccmorpuM ypasReHue
dx
a—[:XZ. (4)

3pech [ (4, x) = x%. JluneapusupoBanuoe ypaBHEHHE mns ypasHenus (4)
HMeeT BHA

dx :

= =0. 5

g7 ©)
Pemenne x (f) =0 ypapnenus (5) sBASETC ycrofiuuBbM (CM. CTP. 173).
Ono e, GyAyud pellieHHeM HCXOIHOrC ypaBHeHUs (4), He sBasercs A14
Hero ycroitunpeiM. B camoM jese, Kamioe HeficTBUTENBHOE peuleHue
ypasnenus (4) HMeer BUL

Xo

le—txu
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1
U nepecraet CYLLECTBOBATHL IIpH t=x— (% |§ =0 =%o) (pelienne HeMpono.J-
0

KAEMO).
[Ipumep 2. PaccMOTpHM HelunefiHog ypaBHeHHR
dx - l
Tt x3¢l, ©
JlMHeapy 3 pOBaHHOE ypaBHeHHe HMeeT BUA
dx
PR M

Pemenue x (f)=0 ypasuenns (7) HeycTOHUMBO, TAK KaK KakIOe pelienne
5TOrO ypaBHEHHS HMeeT BHI

N

x () =Céf, .

u, oueBHzno, 4to |x (f)|— + co npu f— +co. C nmpyro#t CropoHE,
pemenne x (f) =0 ypapHenus (6) siBAfETCA ACHMIITOTHYECKH yCTOHYUBEIM.
B camoM Aeje, Ofllee pellleHHe 3TOrO ypaBHEHHS HMeeT BHJ

x(t)=Ce‘[1 + 2o ]‘1/220

W, OuUEBHMJHO, CTPEMHUTCH K HYJIO NpH t—+co.

Onnako MpHu onpeje’eHHBX yC/I0BAAX yCTONYHBOCTD (HeycTORYMBOCTD)
peliieHHs CHCTEMBI 11epBOTO npubJauKeHus Bjaeqer yeroftuuBocth (HeyCTolt-
4uBOCTL) pelnens MCXOAHOH cHCTeMbl 1.

QOrpaunauMest BJisi TIPOCTOTHE CJAYUaeM, KOrZa kosddunuentst ay (f)
B (3) nocrosHmsie. B 3TOM cayuae rOBOPST, 4TO CHCTEMA (2) cramuo-
HapHA B NepBOM IPHO/IHKEHUH.

Teopewma 1. Ecau cucmena ypasHenuii (2) cmayuoHapra 8 nep-
som npubAuxcerul, 6ce wietot R; oepatiuersl no t i pasieaiomcs & pAadbl

n
N0 CMeneHAM Xy, ..., Xn & Hexomopoli obaacmit 2 x}=sH, npudes
i=1
DaBAOKCERUS HOMUHAIONCA HACHAMIL He RUdCE 8MOpO20 nopadka, a ece KOpHU
XApaKmepUCMULeck020 YpasHerua |

ap—Fk ap s Oun
Qg1 Qge—k " Qan | _p ®)
Ant Apy oo Bnn—

umetom ompuyameastie  OelicmeimeAbtibie 4acmy, mo Mmpusiaibroe pete-
rue x;=0 (i=1, 2, ..., n) cucmenol (2) acumnmomuiecki yemotiyueo,
fi. e. 8 3MOM CAY4ae BO3MONCHO tccAedosarue Ha ycmoliwusocms 1O NepeoMy
nPUBAUINCEHIIO.

Teopema 2. Ecau cucmema ypastenud (2) cmayuonapta 8 nep-
oM npubAuxcerull, 6ce QyrKyull R; y0082eMBOPAIOM  YCAOBUAM ME0peMbl 1
u xomsa Got 0OUN U3 KOpHetl XapuxmepucimuwecKo20 ypasHerUR (8) useem
HOAOHCUMENbHYIO  CelicMBuMeAbHYI0  aCMe, MO Houkd  ROKOA x;=0
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(t=1,2, ..., n) cucmens (2) neycmodiuuea, m. e. u & smom caydae 603-
MOMHO UCCALO0BQHUE RA YCMOUMUBOCMY 1O nepeomy npubAusCenti.

Bameuanue. Ecanm geficturenvHre wactu seex KOpHell Xapak-
TEPHCTAYECKOrO ypaBHEHHS (8) HEMOJOKHTENbHE!, NpHUEM NefiCTBHTENb-
Hafl 4acThb XOTA Gbi OJHOTC KODHS DaBHA HYJIO, TO MccleloBaHHe Ha
YCTOHUMBOCTL 10 IIePBOMY MPHOIHKEHHIO, BOOBIILe roBOPsA, HEBO3MOXKHO
(B 5TOM cayuae HAUHHAIOT BJMATH HeJWHEiHLlE UIeHbI R;i).

Ipumep 3. Hecenegopare na YCTOHUUBOCTE TOUKY NOKOSl x=0,
y=0 cucremot

K=— Xy 426t — 8, 0

{3’)=x——3y+11y4. ©

Pemenue Henunelinbe uiens YHOBJIETBOPSAIOT YCAOBHAM Teopem
1 u 2. Viccrepyem Ha ycrofigmsocTs TOUKY IIOKOSl CHCTEMB! II€pBOrO IIpu-
OJIHKEHU 5T

A= ,
{12k (10)
y=x—3y.
XapakTepucTuyecKoe ypasHeHHe
—1—r 1
1 —3—k ‘=0
HMEeT OTpUNATeJbHbie KOPHH Ry p=—2 + /2. CregoparesbHo, Ha-

OCHOBaHWH TeOpeMHl | Touka nokost X=0, y =0 cucrem (9) u (10) acumn-
TOTHYECKU yCTolfuuBa.
Ipumep 4. PaccMOTPUM ypaBHeHHe KoeSaHus MasTHHKA

X+4-af+bsinx=0, 11
3hech X-— yTOJ OTKJICHEHHS MasTHUKA OT BepTHKAIH. YpanHeHmio (11)
COOTBETCTBYET CHCTEMA
X =y,
{j}:iay—bsinx. (12
Tourn nokost cucremni (12) ‘
¥=kn (k —mnemoe), y=0. . (13)

Uccaenyem Ha ycrofiuumBocThb TOYKY IOKOS x=0, y=0, noxyuaio-
mytocst u3 (13) mpu £=0. Ucnoasays passoxenne

; X8
sin x=x——3—l+ ey

3anuuleM CHCTeMy IepBOTO NpuGJIHIKeHHs .
,X',' =3
{ Y (14)
y=—">bx—ay,

XapakTepPHCTHYeCKOE ypaBHeHHe KOTOPOIf

A tahb=0. ) .
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Ecmt a>0, 6>0, 10 kopEM ypaBHenus (15) uMeloT orpunaTenbHble
BEllleCTBEHHbIE YACTH, H, CIEZOBATENLHO, TOUKa NOKos x=0, y=0 ycroii-
uHBa 10 NMePBOMY TNPHOIHMKEHHIO,

Vccrenyem Temepe ma ycroftumsocts Touky (1, 0), 910 cooTBETCI-
ByeT k=1. Mcnoasays pasjoxeHne

(x—mp

sin ¥ = — (x—a) 4- 3

H NepeHOCS HAYajo KOODUMHAT B TOUKY X¥=1, y=0, NpHIeMm K CHCTeMe
£=y,
{ =Y (16)
y= bX—ay,
XapaKTepHCTHYECKOE ypaBHeHHe KOTOPOH
A® - ah— b=0. a7

Ipr a>0, b>0 xopuu 3t0r0 ypasmeHns GyzyT ReficTBHTE/BHBIMI
¥ pasHEIX 3HaKOB. CJlefoBATENbHO, TOYKa NOKOS (7T, 0) sBAfeTes Heycro#-
unBOi TOUKON Anst cucTeMbr (16).

HDpumep 5.

! { i:y—xf * o),
y=—x—yf &, p),

rie ¢yHrnus (¥, y) pasgaraerca B CXONMUANCH  CTeleHHOH pPAz

(18)

# (0, 0)=0.
Pemenne. JluHeapusnposannasn cucrema uMeel BHI
&=y,
{ =Y (19)
J=—x

Touka MOKOS CHCTeMEL (19) ects (0, 0).
XapakTepucTHuecKoe ypaBHeHHe CHCTeMEl (19)

—k 1
—1 —k

HMEET GHCTO MHHMble KODHH fy o=+ {. Touka nokos (0, 0) cucTemnt
nepsoro npubamxkenus (19) ycrofumea (mentp). Tak Kak jeficTBHTENb-
Hble 4acTH KOpHefi XapaKTePHCTHUECKOro ypabHeHus (20) paBHEI HYyJIO,
TO COrJlacHO 3ameuaHmio Ha crp. 186 Bompoc 06 ycrofiuMBOCTH TOYKH
noxos (0, 0) TpeGyer HOMOAHUTEJIBHOrO uccaenoBanus., s wccdegosa-
s Ha ycrofiumBocTh Touku nokos (0, 0) cucrembr (18) mpumennM BTo-

=0 mm k2--1=0, (20)

poit merox Jlanynosa. Beps v (x, y)=§ (*2 - 4?), Haxogum

= (D [ (5 0.

Orcioga: et f(x, §) =0 B JOCTATO4HO MavION OKPECTHOCTH Haua-
Jla KoopiuHal, TO Touka mokos (0, 0) ycrofiumea; ecam f(x, Y)
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I0JI0KHTENBHO onpeflesenHast QyHKIHS B HEKOTOPOH OKDeCTHOCTH Hauana
Koopg#Hat, To Touka nokos (0, 0) acHMUTOTMUECKH YCTOHUMBA; eC/H
f{x, y) <0 B gocTaTouHO MAMOH OKPECTHOCTH Hauasa KOOPAMHAT, TO TOYKa
nokost (0, 0) Heycrofiumpa. 3TOT IIPHUMep HJJIOCTpHpYeT TOT (daKT, 4TO
B HEKOTOPHIX CJAyYasix He/b3s CyAHTb 06 yCTOHUMBOCTH TOYKH IIOKOS IO
IIepBOMY TIPHOJIHKEHHIO.

WUccaenoBats Ha YCTOHYMBOCTb IO MEPBOMY MpPHOJHKE-
HHIO ToUKy nokosl x=0, y=0 B CJAeLyIOWHUX CHCTEMAX:

¢

708, ;.'c:—x+2y—3x2,
=3x— 2y 2%+ 4t
{J&z-—sinx—]—By—]—x"’,
799. .1
yzz'x_2y—€y3.
j=x+6cosy—6—y°.
801 f=— 3x 44y +sin® x — 17,
" | j=—2xFsiny - e¥x2
902, ;.z_—_x—Qsiny-y%inx,
j=2y—3x—x°
803. {%zk—%x:wzsmt’
j=x-+y—y.
804. {%=2x+x8 S
j=2—e"—3y-cosy.
805. {£=—4x+—;—siny——3x2,
J=—2x+ 2yt
s Ay 43 ¢t =10sinx—2 3y®,
O L AR S
j=3x—y. §=>5x—14siny -y
gos. | FTYTN
T lg=—A

809. Mccnenosath Ha YCTOHYMBOCTH TOUKH MOKOS MasT-
HUKA, K KOTOPOMY TPHUJOXKEH Bpaiaomuii MomeHT L:

F+4at-t+bsinx=L, rae |L|<<b.
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. § 22. Acumnroruueckas yYCTOHYUMBOCTb B LEJOM.
Ycvoiunsocts mo Jlarpanxy

[lycts HMeeM cucremy IHQQepeHIHaNbHEIX ypaBHeHHH

dx:
gx;:f,- Uy %1 veey %)y F(6 0,...00=0 (=1, 2., 1), (1)

M IIyCThb 3Ta CHCTeMa olpejesjeHa B NOMYNpOCTpakcTBe ’

n
9:{a<t<+oo, Z x;:’<—}—oo}.
i=1
ToBopsT, uTO TpuBHadbHOe pemeHne x, =0 ({=1, 2, ..., n) cucremu (1)
ACUMAIMOMUYECKU  YCmOUUB0 8 YeAOM, ecly OHO
1) acumnroruyecku ycroduyuso no JlsmyHosy;
2) BCAKOE Jpyroe pemeHue X, # (=1, 2, ..., n) cucremu (1) o6aa-
Laer CBOHCTBOM
im x; (=0 (=1, 2,..., n).

t—c0

AHanoruuso onpesessieTcst acHMNTOTHYecKast YCTOHUHMBOCTE B LEJOM
HETPHBHAJBHOrO pellleHHsl cucTeMsl (1).

Mpl 6yzeM B OCHOBHOM OrpaHHYMBATLCS ABTOHOMHBEIMHM CHCTEMAMH,
T. €. TaKHMHM, IIpaBble YacTH KOTOPHIX He 3SaBHCAT $BHO OT BPeMenu I

dx; .
d—);:f,- (g s %) 10, o, 0)=0 (=1, ..., n). ©

Oyukmuio Jlsnysosa v (xy, ..., Xp) HasoBeM OeckoHedHO 6oAbuLOL,
ecaIM JAs JTIOGOre MOJOXKHTENBHOTO gucaa M cyllecTByer HOJIOKHTeNbHOe

n
yucao R Takoe, 4To BHe' cdephl 2 x?:R2 HMeeT MeCTO HepaBeHCTBO
i==1
v> M.
Teopema (06 acuMOTOTH4YeCKOH ycrofiuMBocTH B ueaom). Ecau
cyuecmeayermn  GecKOHEUHO BOAbLIAA ONPEOCALHHO NOAONUMEAbHAR PYHKYUA
dv dv
U (%1, ..., Xp) makas, 4mo d—t<0 ere E u 77 =0 na E, 20e mHoce-
cmeo E e colepiim yeavtx mpaexmoputi (KpoMe HyJIeBOro NoJJOKeHHS pas-
HOBeCE/IS{), mo mpueuaAbroe pewerue cucmembl (2) 6ydem acumnmomudecku
yemotuuso 6 Yeaom.

Opumep 1. Paccmorpum ypasHeHHe

X228+ x3=0. 3)
3ua1mmeM ypasHeHue (3) B BHJE SKBHBAJICHTHOH €My CHCTeMH ypas-
HeHUH
=y,
{2l as *)
J=—1x3—x%.
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B kauecrse (ynkuun Jlsmynosa v (x, y) Bo3bMeM (QYHKUHIO
1 1
2 g )
U(X, y)—2y+4x'
Vmeem
%= 335 = — By — Xy 10y = — X

OuerupHo, 4to O (X, y) — 0O HpH 124 y? —co. [agee, ? (x, y) obpa-
aetcst B HyAb TOJbKO HA OCAX KOOpAMHAT (umoxkectso E). Ouennauo,
wro HU OJHO pelleHHe, 32 HCKJIOUEHHeM TORKH noKos B Hauajge Koopiu-
HAT, He OCTaeTcsl Ha ITMX OCAX MM BCeX t=0. B camom peJe, BO BCEX
roukax oci OY, OTHYHBIX OT Hadanra koopaunat O, yraosofi Koa(-
(unyeHT

dy —x3—x%y

P e

dx Y

HMeeT KOHeYHOe 3HaueHme, @ IMOTOMYy Ha SToli OCH He MOMeT JIeKAaThbi
Ayra TpaeKTOpHH. C gpyrofi cTOpOHH, IpH nogxoge K ocu OX yrJOBOL

K03 GuIHeHT d—)y—c - 0o, H moToMy Ha och OX ne MoryT HAXONUThCA OYTH

tpaekropufi. CaegoBaTebHO, MHOKeCTBO E He COINepXKHT IeJbiX Tpaeks
topufl (Kpome Hayajla KOOpJHHAT).

B cuay Teopembl TOUKa IIOKOA (0, 0) obiragaer noJIHOM acHMIITOTH~
4ecKOH yCTORUABOCTBIO. i)

810. TTokasaTb, YTO €CJH TPUBHAJIBHOEC peleHue JHHEeR-
Hofi ABTOHOMHOH  CHCTEMbl ~aCHMITOTHUECKH yCTOHIHMBO
B cmbicste JIsnyHOBa, TO OHO ACHMITOTHIECKH yCTOHYHBO
B LEJOM. g

HceJenoBaTh Ha aCHMITOTHIECKYIO yCTOMUMBOCTS B UEJI0M
HYJIEBblE PEIIeHHs ypasrenuit (cM. [4], cTp. 53—54):

811. ¥+ B+ +1)x=0. -
812, ¥4 &+ (2 +£+2) (2x+x°)=0.
813. %--x%e*i 4 x* 4 2x=0.

Moxker okasaTbcd, uTo cucrema (2) He o6Janaet noatofi ycrofunBo-
CTBIO, HO TeM He MeHee JJIf Hee MOXeT cyliectBoBaTh 064CTh ACHMITO=
THYeCKOl yCTOHYMBOCTH.

INon o6aacTbio ACHMIITOTHYECKOl YCTORUMBOCTH CHCTEME] (2) nonu-
MAeTCS O6MACTb, COJepiKallas Hadajo KoopIuHatT O u ofiiajamollas TeM
CBOHCTBOM, UTO BCE TDaeKTODHH, HAUMHAIOLMECT B sTOi 06/14CTH, CTpe-
MSTCSL IIPH { — CO K Haually KOOpAMHAT.

B jumeliHbiX CHCTEMaX BCErlla OblBaeT TOJNBKO NOJHasi yCTOHUHBOCTh,
rorga Kak B HesMuHefHHX CHCTeMaX OHa MOXET HE 6biTh TAKOBOH.

Teopema. Tycmov (X1, ---, Xp) — PYHKYUA, UMEIOUAA HenpepuigHLIE
wacmuble npoussodnsle Nepeoco nopadka 04n ecex x. OGOsHAUUM Hepes Q
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JHOJECINEO 6LeX MOueK, 208 U (Xy, +vv s Xn) < I. Ecau mrodacecmeo Sy oepa-
HUHCHO U 8 HeM

1) 0 (*g «oey Xp) >0 npu x40, (

. i=1, 2, ., )
Q) O (Kpy wers %) <O npu x;#£0 ’ ’
Mo HAUAA0 KOOPOUHQM — ACUMNIMOMUHECKU yemotinugoe NoAOKCEHUe PasHO-
gecun cucmemol (2), a Qy-—obaacmop qcumnmomueckotl yemotiuugocmu.

pumep 2. Ykasars 0GAacTh ACHMIITOTHUECKOll  yCTOHYHBOCTH
ypaBHeHHAs

Ffe@—1) X+x=0 e<0)

(ypapuenue Ban-gep-Tloas).
PemeHue [lepenyuieM ypaBHeHHe B BHIE CHCTEMEL

. X3
x—y—8<§—x>,
y=—x

EQMHCTBENHAST TOUKa IIOKOS — HA4alo KoopJuHaT. BosbmeM v (X, y) =
x2 - y2 . . . X2
= —E—J— Torga 0 (x, y) =y +x% = —ex? —3-——J . OuesmpHo, 9 =<0
npu x* =<3 (e <<0). Takum ofpasom, B Kpyre x2-+y% << 3 umeem: v >0
npu x24-y27=0 u @ <0 npu x24-42=£0, 1. e. 3TOT Kpyr COAEPHUTCHA
8 O6MACTH ACHMITOTHUECKOH YCTONYHBOCTH.
VerofiuusocTh no Jlarpanxy. llycrs HMeeM. CHCTEMY

dx; .
;l?’——— (6, X1, oees Xa) (=12, ..., 1), )

e fi (¢, ¥1, .. s ¥n) YHAOBJAETBODPSIOT YCAOBHSM TeOpeMbl CyULeCTBOBAHH
1 eAMHCTBEHHOCTH pelleHHs CHCTEMEL (5) s Beex ¢ & [tp, +o0) M a0
ObIX X1, «oos X
Onpenenenne. Cucrema (5) Ha3piBaeTCH yemotinugod no Jlae-
pamcy, eCTH BCE PEUIEHHs STOH CHCTEMb! OMpeleeHbl H orpaHHyeHb Ha
ito, +0).
814. Tlokasath, 4TO BCe pelUEHKs ypaBHEHH:
£+ (@2 +—) x (1) =0
1)
orpannuens Ha [0, +00).
815. Iloka3aTb, YTO Bce pelleHns ypaBHEHHA
1
X L -
x(t)+<1+e t+2>x(t) 0

orpanuuent Ha [0, -+ 00).
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816. Ha npumepe ypaBHeHHH
” 2 .
2) %(f)— % (O) +x () =0;

6) ¥ ()+3 51 +x(1)=0

OoKa3aTh, UTO M3 OTPAHUYEHHOCTH BCEX PElIeHMH «MPELeb-
woro» ypasuenust X (f)-+x(f)=0 me cqenyer orpaHHyeH-
HOCTH peIleHH HCXOAHOrO ypaBHEHHUS.

§ 23. Kpurepuii Payca — 'ypsuua

BoJbmoe NpaKTHYECKOe 3HAUYEHHE HMEIOT HeoGXoguMbie ¥ ROCTATOY-
Hele yCJOBHS TOTO, yToGHl BCe KOpHHM afnrefpaudyecKoro ypasHeHus C Be-
mecTBEHHBIME KO3(QOHIHEHTAMH g, O3, ---y On

f= ah? N A-ap_dhap =0

¥MeNn OTpHIaTejbHbie BeilleCTBeHHblE 4YaCTH.
MOXKHO MPERTIONOXKUTE, YTO ao > 0.

IMon0KUTEJbHOCT BCEX KoscpcpnuHeHTOB——Heo6x011MM0e, HO He JO-
CTATOYHOE YCJAOBHE ISt TOIO, uto6u Bce Kopiuy ypaBHenus (1) GulH
pacloJOKEHb! c/leBa OT MuuMOfi ocu (B cayuae ypasHernil I-if u 2-fr cre-
IleHH 3TO yCJOBME H LOCTATOMHOE). Heo6Xoxumele ¥ JOCTaTOYHBE YCJO-
BHS OTPHUATENbHOCTH BeMECTBEHHBIX yactefi KopHell ypasHemns (1) panu
Payc H He3aBUCHMO OT HEro I'ypsun.

Venosns Payca—Typsuna [aa mozo umobvl 6ce  KOpHU
ypasrenus (1) umeau ompuyamenbrbie BELYECIIBEHHbIE HACTLL, HeobxX00UMO
4 Gocmamonino, 4mobst Bbiay  NOACKUMEALHbLMU 60 EAABHBIE duazoranb-
Hole Muropor mampuyst I'ypsuya

; Qo 0 0 ... 0

M

He mnapymas OGUIHOCTH,

- as a, a Qo «.- O
s 0y 03 Qg 0 @
0 0 0 O Oy

Muorouwsen f{)) crellenn 1 ==1 HA3RIBAIOT yomoliuusbim MHO20UACHOM,
ec/li BCE €r0 KOPHH Ay, Ag, +..s hp HMEIOT OTPHUATEJILHHIE JeficTBUTe b=
Hele dactH Rel;<<0 (=1, 2, ..., n), T. e BCe KOpHH yCTOHYUBOIO
MHOTOUJIEHA PAClOJIOKeHbl B JIEBOH IOJYyNJIOCKOCTH.

Marpuna Typsuna cocraBafercs Tak. [o rJaBuOfi puarowa’sH pac-
noJiaralorcs KosQQuIHenTsl MHOrou/ena (1), vauuHaa ¢ ay 10 Ap. Cros6usl
COCTOAT T00UEPENHD H3 Koo(XPHIMEHTOB TOJLKC C HEYETHEIMH MM TOBKO
o yeTHbIMH HHAEKCAMH, TpHYEM B UHCJO MOC/AGJHHX BRJIOUACTCA K03 (-
¢umuent ap. Bce HepocTalolle SJCMEHTEL, T. €. KospUIUeHTs ¢ HHACK-
caMu, GOJIBIUHMH 7 WJH MEeHLUIMMH 0, saMeHsIOTCS HYJISIMH.

I
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[napHEe JuaroHajbHbie MUHOpH Matpuisl ['ypBHIa
ap Oy 0
Q1 Qg
Aj=0y, Ay= s Ag=|as a, a
2 3 3 Qg A1, «ovy -
(g 4y ag
a0, 0 ...0
az a; a3 ... 0
An=|a5 a, ag ... 0 {* ®
000 ...q,
Taxkum ofpasoM, yciaosie I'ypBuma BHIMVISIGHT Tak:
Ay >0, A;>0, ..., Ay >0. 4

3ameTnM, uTO TaK Kak A,=A,_ 4+ a,, TO NOCAefHee u3 ycaosHlt A, >0
MOXeT OHTL 3aMeHeHo TpeGoBaHHeM an > 0.

INpusMep 1. Vccnegoarh Ha yCTOHYMBOCTb TPUBHAJbHOE pelleHHe
ypaBHeHHUS

yV+yIV+7ym+4y”+ IOy' +3y=0.
Pemenue. CocraBisieM XapaKTepHCTHYECKOE ypaBHeHHE
f () =A5 408 - 7A8 - 4A2 + 10A +3=0.

3nech ap=1, ay=1, 4,=7, ag=4, =10, az=3.
BeingcriBaeM guaroHajbHele MHHOpE [ypBHIna

1 10 00
47110
Ag=[3104 71|=3A,=3-8=24>0,
0 03104
0 00 03
1 100 Ll
A4=4 LU oa—3la 71|=
3104 7 3 -
0 0310 8107
=50—3 (49 +3—~10—28)=8>0,
110
Ag=|4 7 1|=5>0,
310 4
’ A2=‘1 ‘|=3>o .
47 ’
Ay=1>0.

7 M. JI. Kpachos H Ap.
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Urak, A; >0, Ay >0, A3>0, Ay >0, Ay > 0. CJIelIOBaTeJIbHO, T™pU-
BUHAIbHOE pertenue =0 YPaBHEHHS aCHMITOTHYecKy ycro#upgo.

Brouscaesus momuo BECTH TaK. CHauasla cocrabisen MUHOD A,
3arem TIOC/IEIOBATENBHO  BhIYHC/ s1em MHHODEL Ay, Ay, Ay u T, I. Ecau
BCTPETHICS OTPHHATENbELIY MUHOD, TO chcTema Heyerofivpsa g lJanbHe-
UIHe BLIYACIEHHS W3AMMIHL,

Ecan Kos(pdunenT YPaBHeHuss (1) saganm kax YHCIE, TO yeqo-
Busa (4) nerko nposepsiioress. Eean ke Kos(hdunuenty ypangrenns (2)
COZEPKAT GyKBeHHBle UapaMeTpsl, TO BhIukCHeHye Onpenefurenell npy
Gonbuinx k£ 34aTPyNHHUTE N bHO.

Moxno TI0Ka3aTh, uT0 ecsiu YCI0BuS (4) BRIMOJHEHH, To Bee K03 (-
PHnHenTH MHorounesa (1) nosmoxurespupy

>0, a >0, ..., ap > 0. )

Kak yxe OTMeuanoch, yenosns (5) smssiores HeOOXOMMMbIMY, Ho pe
AOCTATOUHLIME s TOrO, " uro6y BC& KODHM f(A) pacmosaranucy s JIEBOH
Jonymiockoct Red < 0. Ognako UPH BEITOJIHEHHH YeJOBRI (5) Hepa-
BEHCTBA (4) yme He sBsisiores He3aBHCHMBIMH, Tak, Hanpumep, npu
n=>5 vycnosus Payca—Typsuna UPHBOLSTCS K giByMm HeDABEHCTBAM:
A; >0, Ay >0. 310 nossonuno Jibenapy u Wunapy yeranosurs Ipyrue
YCAOBAS  ycroliunBoctu, B KOTODEIX 4HC/IO JeTepMuHAHTHY X HepaBeHcTB
IIPUMEDHO BIBOE MeHbille, uem p yenosuax (4).

Yenorusg JIbeHapa—LHnnapa. Has mozo umogs MHO2O-

UaeH
Fy=aprtapriy g gy, (1)

UMeL 6Le Kopru ¢ ompuyamenbubimy Oeticmaume ao nuimy Hacmamu, Heo6-
xo0umo u docmamouro, 4mobes:
1) gce Kospuyuermor muozoq seng ) 6oy NOAOH UMes HbL

>0, a >0, >0, ..., Qap >0; (5)
2) umery mecmo Oemep munanmusie Hepasgercmeq
Apna>0, A, >0, ... (6)

SJ€Cb, KaK W paHbile, A ——onpenennrens Lyppuua k-nopagxa
p & y
Opumep 2. Pacemorpum 1o xe YpaBHeHue, uTO § ga crp. 193:

VgV 7y 4y 1047 43— 0
3pech

B=a1=1>0, g,=70, B=4>0, ;=100 a5 =3 >0,

T. €. IepBoe yCJa0BHe KPHTEpHsh .Hbe}lapa~mm'lapa BHITIO/IHEHO,
Hanee,
I 100

4 71 1
Tl3104 7
00 310

=8>0,

11
= =3>0,
A, {47] >

T. €. BBINOJHEHO u ycaosue 2,
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Takum obpasom, Tp¥BHAJIBHOE pemenye YpaBHeHus 4CHMIITOTHYECK |
yCTOHUKBO,

Uccnenopats 1a ycToiunBocTs TPUBHA/IBHEIE pemenps
YPaBHEHHIH:

817. yTV-{—7y"’+12y”-{—23y’-{—10y=0.
818. yTV+2y"’—[—4y”-{—2y’+5y=O.
819. YV Y 3y 2y oy —o.

820. yV+2y”'+3y’”+2y”+y’+y=0-

[Ipn xkakux SHAUCHUAX @ 6ynyT yerofiqupyy TPUBHANb-
HBI® pelueHns cnenyioupx YDpaBHeHuUJ:

821 ¢ oy -2y Ly —0p

822. ¢V t-2y" 4y Ly +3y=0?

823. YV +3y" by 4 2Y +y=0p

[Ipr kaknux SHaueHusAX o u B OyayT ycroituupy Tpu-
BliaslbHEE pelenug CIEAYIOWHX ypaBHEeH K

824. " fay’ 2y 1 By —0o

825. y"+tay” 4By + 3y=0?

826. ¢V fay" Loy gy +y=0?

827. Kaxo#i sug HMEIOT ycjoBHg TypBuna nus BO3Bpar-
HOr0 ypaBHeHus

M4 ph2 4 gh2 4 ph 4 1 =0
(p ug zxeﬁcmHTeJlebIe)?

§24rT ComMeTpHYECKuit KpuTepuii ycroliyusocty
(xpurepuii Muxaiinosa)
Ilycrs nmeen Iuddepennnansuoe YpaBHenue s-ro NOpAAKa ¢ nocro-
SHHBIME BellleCTBeHH kMY Koabdunrenraymy
Gy ™ Fay 4 gy, 1)
Bonpoc 06 YCTORUHBOCTH  pemrenmg mddepennuansuoro ypasHenus (1)
CBOMMTCS K Bompocy o pacrionoxenun ~ xopues; XapakTepuCcTHuecKoro
yPaBHeHus
agh”-{—al?»”*l-f-...—]—anzo @)

Ha KOMIUIEKCHOH njockocty. Mocnenuus Pelaercs ¢ nomompio HUXKe-
CAEAYIOWero Kpurephs Muxaiinopa,

7*

- e g
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IMyers XaH XapaKTepHCTHYECKHH MHOrOuJeH

FAYy=a\+a M1+, H-a, M -ap 3)
[MojcraByuBs B HEro A= (®, NOJyyuM
f (tw)=u (@) +iv (@), 4)
rze
U (@) =0ap—an_s0%+0, 0*—...,
Z N ®
0 (0) =0p_10—0y_30% J-a5_s0°—...

Beanunny f(iw) cordacHo (4) u (5) npu 3ajaHHoM napametpe ®
MOXHO 1306pasuTh Ha KOMIIJIEKCHOHR IJIOCKOCTH uOv B BUJe BeKTOpAa.
Eciu m3MeHsSTh NapaMeTp ® B HHTepBaje (— 0O, -~ CO), TO KOHeI| 5TOro
BEKTOpa OMHIIeT HEKOTOPYl KDHBYW, Kaxjas TOYKa KOTopoH cooT-

BETCTBYET ONpejeJeHHOMY 3HayYeRHlo .

TNony4ennnlii takuM o06pasoM  rofjo-

rpad BekTOpa f(t@) uasbiBaeTCa Kpusol

Muxatirosa 1as MHorouseHa f (A) (puc. 27).

Ilpu wu3MeHeHHH ® OT —CO IO 4 OO

{\"u) BeKrop f(iw) moBepHercs HA HEKOTOpBIH
yroa @. Ecam wmHorounen f(A) nmeer m
[ ¢ " KOpHeH C NOJIOKUTeJbHbIMH BellleCTBeH HbIMH
YACTSIMH, a OCTajJbHEIE n— M KOpHefl ¢ oT-

puIlaTe/IbHEIME, TO
o=(n—m)n+t+m(—ma)y=(n—2m)x. (6)
Puc, 27.

v

3ameuanne. Tak Kak byHRIHS

u (®) werHasi, To KpuBas Muxaifijoa cum-

MeTpHuHa OTHOCHTeJbHO ocd Ou, H T03TOMy JOCTATOYHO  CTPOHTb

yacTe KpuBOM MuxafisioBa, OTBeYaloUlyl0 H3MeHeHmIO Napamerpa o or 0
10 -~ co. Torga ¢opmysa (6) npumer BUJ

Ins ycrofiuuBOCTH peleHHs ypaBHe}mst( (1) HeoGXoxumo M 1OCTa-
TouHo, uYTOGHl BCE KODHM XapakTepuctHueckoro ypassenus f(h)=0
UMeJH OTpHIATEJbHbE BellleCTBeHHbe UaCTH, T. €. B Gopmyse (7) AONKHO
6urre m=0.

Orcloga BHTeKaeT Caefylollas (OpMyJHpoBKa KpuTepusa Mu-
xafiaoBa Jia yemoduusocmy mpusudabHoe0 peuseHus ypasrenus (1)
1eobx0dumo 1 docmamouro, 4moboe:

1) gexmop [ (10) npu usmereruu & om 0 do - co cosepuiua nogopormn

n n
HO Y20h Q=1 5, M. e cOeran 7

2) 200v2pagh f(t®) npu usmenenun ® om 0 00 +- oo He npoxodua
yepes HYAegyro MOHKY.

Unave, 048 yemoduusocmu peuerus ypasenus (1) Heobxodumo u
docmarnouno, 4mobot kpusas Muxatiioen nhpoxoduaa hoouepedro N kead-
PAHMOS NPOMuUE 4ACOS0L CIpPeKi, OKPYMAR 6Ce BpeMA HA4GA0 Koopduram,

0bopomos RpomMuE 4acogoil cmpeaxu;,
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[Toouepenoe NpoXoXKIeRWe KBaZDAHTOB O3HaYaeT, YT0 KpHBaji Imo-
oYepelHO MepeceKaeT ock KooppunaT. CiefoBateslbHO, KOOPIUHATLL U (w)
# v (®) Touek kpuBofi Muxafnosa 4Js yCTOHUHBOCTH DEIEHHs JOJKHEL
nooyepesHo 0ofpauathes B HYJb.
Orcioga BHTEKaeT BTopas (op-
MyJupOBKa KpHTEpHA Yye-
rtoftumsocTH Muxafao-
B a:

s yemoiluugocmy, peuierus
ypasrenus (1) neobxodumo (a npu 4 / u
yeaosuL, 4mo Kpusas npoxodumi-
oA hpomug 4acogod CMpeAKy — U
JocmamouHo), 4mobbL 6ce KOPHU
ypaerenut u (@)=0, v (0)=0 i
bbiaL  Gewjecmeennbiny U nepe- '

Mexcaowunuca  Opye ¢ Opyeo, Puc. 28,

m e. umobbi MexOy A0ObLMU

deyma KOpHAMU 00HO20 U3 dmux ypasHerul Haxoluaca Kopewb Opy-
20°0 YpagHerus.

[Ipumep. MccaegopaTh Ha yCTOHUMBOCTL TPHBHATLHOE pELICHUE
ypaBHeRHS

v

gV 24" -3y + 2 +y=0.
Pemenue CocrasiseM XapakTepHCTHUSCKHH MHOrouJeH
F ) =M 203 302 20 1.
Hanee f (10) = 0?— 2i03 —3w? +2io4-1,
u (®)=w*—30%}-1,
v (©) =— 203+ 20=_20 ( —0}) =20 (1 —) (1-+o).

Byzem HaMensrts ® or 0 1o +- O H [OCTPOMM KDUBYIO (pHC. 28)

u=u (o),

{ v=uv (0),

3—V5 3+V5
ol 0l H) T2
ull 0 —1 0
vl0 - 0 -

him Lo

ot U4
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YTos moBopora pagityca-ekropa
n

T
¢=4—§=(n—2m)7_

Orcriopa n—2m=4; n=4; caejosaTenbro, m=0. Takum 06pasom,
BCE KOpHM XaDaKTePHCTHYECKOrO YPaBHEHHS JekaT B JeBOK TOJyILIO-
CKOCTH, T. €. TpHUBMAJbHOE pelleHue y =0 aCHMITOTHYECKH YCTOHUHRO.
K 5ToMy e BHIBOLY MOMHO GBLIO IIPHEHTH, WCXOLs H3 Kpurepust Jlbe-
Hapa—Illunapa, nOCKONLKY Bce Koa(buNUEHTH X4PaKTepUCTHYECKOTO
YDaBHEHHS IOJOXKUTEJbHE H

210
Apy=03={23 2|=4>0, A, ;=A,=2>0.
012
HcenenoBats Ha yCTOAUHMBOCTL TPUBHAJBHHE pELIEHHs
YpaBHeHUH:
828. 24"V +4y" +3y" + 3y’ +y=0.
829. 3y - 4y” + 3y + 3y’ +y=0.
830. yV+ 54"V + 104" + L1y’ + 7y + 2y=0.
831. y'V+5y" + 4y + 3y + 2y=0.
832. yV+ 24"V + 2y 46y + 89y’ + 260y = 0.
833. yV+y'"V +Ty" + 4y + 10y’ +3y=0.
834. yV!' +TyV! + 23yY + 37y"Y + 56y" + 36y” + 12y +
+4y=0.
835. y'V+3y" +4y" + 3y +y=0.
836. YV 7y" + 18y + 224 - 12y =0.
837. yV+2¢y" + 3y + 2y +y=0.
838. 4V 11y” + 59" + 107y’ + 60y = 0.
839. y'V 4 5y" + 18y” 453y’ + 60y =0.
840. y'V 464" + 155 1- 18y’ + 10y —0.
841. y'V 4y 4 10y" + 12y + 5y =0.
842. y” 461" + 11y +6y—0.
843. y"V4-7y" 4 12y" + 23y’ + 10y =0.
844. y'"V4-3y" 4 3y” 4+ 3y’ +2y=0.
845. 'V 24" 1 4y" -2 +54y=0.
846. y'V4-2y" 48y’ 4-by=0.
847. yV 4 4y!V 4 5" -2y - 4y =O0.
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§ 25. D-pa3buenus

[Tyete uMeem ammefinoe AnddepenniuaibHoe ypaBHEHHE C HOCTOSIH-
HBIMH BEILECTBEHHbIME KO3(puIMeHTaMu

QY™ +0yy'" D -+ apy =0. M
Ero xapaKTepucmqecxoe YpaBHeHHe HMeeT BHQ
@ -a2" 1 1., J-q, =0, 2

Hnsi cyxnenuss 06 ycroftunsoctu pewennsl ypasHenus (1) Her Heo6-
XOAUMOCTH BHIYMCHATE KOPHH XapaKTepPHCTHYeCKOTo ypaBHemus. Jocra-
TOUHO /I, yCTAHOBHTB, UTO BCe OHH JIEXAT B JIEBOH NOJYIJIOCKOCTH.
OBbiuHO BeTpewaloTes e HOCTAHOBKH STOR 3ajayy.

Ileprasn Cyuran sagasnbivu Bee KOsPunUenTs ypasHenus (1),
YCTaHOBATDL, YCTOHYHMBO JIH pelUleHWe NP 5THRX 3HAUEHHSX Ko3bdunu-
€HTOB.

Bropas Cuuras saganueivm HEKOTOpPble KO3(GUUHEHTH ypaBHe-
HusA (1), onpesesntb, NpH KakKHX 3HAYEHHSX IpyruX KosddunueHTon
PenieHHe ypaBHeHHs yCTOHYMBO.

[Toctpoenne o6macredt ycTolhuuBoCTH

Monsatue o D-pasaGuenun. [lycTs nmeeM xapakTepucTHuecKoe
ypaBHeHue

Q"+ oq2" 1 -, =0. 2

CoBokynHoCctTs 3Hauennit KospunuenTos ypaBHenus (1) MoxHO pac-
CMAaTPHBATL KaK TOYKY A-MEPHOTO npocrpaHcTsa R, Kaxjpoii Touke
mpocrpaHeTBa R,  coorsercrByer
onpejeseHHOe 3HavYenue Kosbdunyen- V/
TOB Qg, 01, «.., Oy, a CAeloBaTesb-
HO, W OIpeJesicHHOe 3HAYeHHe BCeX .
KOpHeH 2y, z,, ..., 2z, Xapakiepu- k KopHed (n-k) nopred
CTHYeCKOro ypaBHeHHs (2). Ecam *

B R, CylecTBYeT TaKas 06/aCTh, 4TO .
K&KJI0ll ee TOYKe COOTBETCTBYET Xa- .

DAKTEpUCTHUECKOE yDaBHEHHe, —BCe 7 ——
KODHH KOTOPOro JeXaT B JeBoi no-
JIYNJI0CKOCTH, TO 3Ta OGJACTb HA3H-
Baerca o0baacmon- yemotdusocmy, a ®
TMNeprIoBep XHOCTh, OTPAHHYHBAIOLAS
€e, HasblBaercs epanuyetl obracmu
yemolivugocmu. Tlyers, Hanpumep, B
XapaKTePHCTAYECKOM yDaBHeHHH (2)
BCe KOI(MUIUEHTH, KpOMe ABYX, CKakKeM a; H Oy, — KOHKDETHHEIE uicJIa.

TlpeanosomuM, 9ro npPH HEKOTOPHX ONPEICAEHAHX 3HAYeHHSX @
M 3, JAHHOE ypAaBHEHHE B IIOCKOCTH KODHeil (T. €. B NJOCKOCTH 2)
HMeeT k KOpHe#, JewamuX ciesa, H (n— k) KopHef, Jexamux cnpapa
OT MHHMOH ocu (puc. 29).

Puc. 29,

EE
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Ha naocckoct A (IVIOCKOCTh NMAapaMeTpoB gy U dp) CYLIECTBYeT KpH-
Basi, OTPAHH4HBAIOLAsl TaKyl O6JacTh (pHC. 30), xaxpnas TOYKa KOTOPOH
onpefe/sieT MHOrOw/IeH, TakxKe HMelomuil & xopHefi, Jexallix ciepa,

" n—k KopHefl, JexamMX CIpaBa OT MHH-
a, @ moii ocH. ITy of1acTb OGO3HAUHM 4Yepes
Drw,n-n)

Dk, n—Fk) (k—uence, 0<k=<<n).

Hanpumep, ecau XapakTepHCTHYECKOE
yDaBHeHHe HMeeT TpeTbio CTelleHb, T. e.
n=3, To B oOlleM c/ly4ae B IPOCTpaH-
cTBE KO3(QQHUIMEHTOB MOI'YT OLITH YKa3aHbl
o6sacty

D@© 3, D(,2, D@ 1), DE 0.

/
(0

Puc. 30.

O6aacts D (3, 0) u Gyjer o6nacThio yCTOHMBOCTH.

3ameTuM, uTO HeKoTopble oiactd, B uactHoctd D (3, 0), moryr or-
CyTCTBOBATh.

Pas6uenne npoctpaHcTBa KO3(DGhHIMEHTOB  XapakTePHCTHHECKOro
ypaBHeHHsI Ha OGJACTH, COOTBETCTBYIOLlHe OANOMY M TOMY IXKe HHCIy
KOpHeH, paCIIOJIOXKeHHBX B NeBOA MONYIJIOCKOCTH INVIOCKOCTH 2, Hasbl-
Baercst D-pas6uernemM npocTpadcTBa Ko3(hQUUKEHTOB.

AHANOrMYHO MOXKHO IIGCTPOHTh D-pasGHeHue IPOCTPAHCTBA JIOOBIX
napaMeTpoB, OT KOTOPHIX MOTyT 3aBHCeTb KO3(DHIUHEHTH XapaxTepHCTH-
YeCcKOTro yPaBHEHHS.

[To/0KKM, 9TO B XapaKTePHCTHYECKOM ypaBHeRHH (2) KosQdHIHeHTEI
3aBHCAT OT ABYX NapameTpoB & M 1} (STUMH [apaMeTpaMM MOryT GLITD,
B WACTHOCTH, NPOCTO JBa KOS(QWIHMEHTAa PACCMATPUBAEMOTO YDABHEHMHS).

PaccMotpumM ceMefCTBO MHOTOYJIEHOB

f@ & 0=tP@+REA+RE: @)

rge (B, 1) — BELIECTBEHHKE Tapamerpu, a P, Q, R— u3BeCTHLIE MHOrO-
ueHB! OT 2 C BELIeCTBEHHBIMH KO3((dHIHEHTaMU.

3agaua CTABHUTCS TaK:

B mrockoctu napamerpoB (E, 1) (WIOCKOCTh W) Hafitu o6Jacrb
D (n, 0) Takyo, uto st aw6ok Touku (€, ) €D (a, 0) muorounet (3)
6yzmer MMeThb BCe KODHM 2 B JIeBOil IOJyTUIOCKOCHH, HIH y6eauThCs, 4TO
Takoi 06/1acTH HET.

[ocrpoenne ofnacreéi D (k, n—£k) OCHOBaHO Ha ClERyIOLIMX c0006-
paKeRHsX:

1. Kopun anre6panueckoro ypaBHeHHSI HETPEPLIBHO 3aBHCAT OT €T0
K03(HIHEHTOB, T. €. eCNH KO3QQHIHEHTE MHOrOUleHa f@ & n) mano
H3MEHHTb, TO H KODHH €ro M3MeHSITCS MaJo.

9. Ecau Touka (€, 1) Jexur Ha rpanuue oGjaactH D (k, n—k), 10
XOTsl 6Bl OJHH KOpeHb MHOrou/MeHa (3) JexHT Ha MHHUMOM OCH, T. €. rpa-
HHna D-pasGHenust sBJseTCsl 06pa3soOM MHHMOI OCH IUIOCKOCTH 2.

TeftcTBUTeNbHO, ecitd, Hampumep, Touka (§, W CD (n, 0), To MHO-
rouneH (3) uMeeT IIpH 5TOM BCe KODHH B JIeBOI MONYILVIOCKOCTH.

Ecan (&, v) Jdexur BHe D (n, 0), 10 MHOrOWIeH (3) umeer Xotst OBl
OZMH KOPEHb B IPAaBOH NOJYILIOCKOCTH.

B S L L da

7
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Ipu wenpephiBuOM JABMxenuu toukn (E, v) u3 obnacru D (n, 0)
B COCEJHIOIO HENpEepHBHO MeHSIOTCS KOpPHHM MHorouseHa f (2, &, m). Tak
KaK [PH 3TOM HOSB/ISAETCS XOTH Obl OAMH KODEHb B IIPaBOH NOJYIJIOCKO-
CTH, TO B Ipolecce H3MeHeHHS (§, 1)) OH JOJXKeH Mepecedb MHHMYIO OCh
(ock Oy). Bto Gynet, korga Touka (£, 1)) IMepecedeT IpaHULy OGMACTH
D @n, 0).

[lyers  2=x-}iy—KopeHb MHOrowlIeHa [ (2,
f@ & 1m)=0 papHOCHNbHO paBeHCTBAM .

{Eul (x, y)+Fnug (v, ) +us (x y)=0,
Eoy (v, ») +-mue (%, y) v (x, 1) =0,

rhe 4y, U, Ug M Uy, U, Ug— BELIECTBEHHblE H MHHMblE YacCTH MHOrodJe-
HOB P, Q U R COOTBETCTBEHHO.
Ecmu onpene/mTess cuctems! (4)

E, 7). Pasencrso

@

TO cucreMa (4) OZHO3HAWHO pa3pelIMMa OTHOCHTEJBLHO & H N:

{ E:E(xY y)r
n=u y)-

Vpasuennsi (8) B Towkax, rie A A0, onpenensioT oHO3HAYHOE OTO-
GpakeHHe IVIOCKOCTH Kopuell MHorouwsena f (2, &, 1)) Ha IUIOCKOCTb Hapa-
metpos (£, 7)-

O6paTHoe O0TOGpaXKeHHe HEONHO3HauHO: GMKCHPOBaHHOH Mape 3Haue-
unit (§, M) oTBeuaer, BooGINe roBops, # xopHeil. Ecau onpenennTenb
cucrembl (4) B TOuKe 2y==x,--iy, ofpamaercs B HyJab, TO CHCTEMa JHO60
HECOBMECTHA, JIHGO OHO ypaBHeHHe SBJSeTCH CJIeACTBHEM APYroro.

B stom nociegHeM caydae Ha IJIOCKOCTH IlapaMeTpOB @ CYIIECTBYET
uenass npsMmas, cocrosmas H3 Touek (§, 1)), LS KOTOPBIX 2y ==X, iy,
sBAsieTcs KODHeM MHorowieHa f (2, & m). Takymo Touky (X, Yp), 8 Tak-
Ke COOTBETCTBYIOMYIO efi mnpAMYIO GyZeM HasbiBaTh UCKAI4UMEALHbIMIL.

Hafizem Ha mnuockoctn napamerpos (§, 1) Te TOYKH, LISl KOTOPBHIX
MHOrow/JIeH (3) MMeeT XOTsI Gbl OZMH YHCTO MHHMBIH KOpeHb 2==iy,

['eomerpudeckoe MeCTO TAKHX TOYEK COCTOMT M3 JIMHWH, IlapameTpH-
uecKNe ypaBHEHHSl KOTOpoli ecTb

{E=E(0, )
n=n(, v

©)

(—oo<y<+x) ©)

H KOTOPYI0 MOXKHO NOAYYHTh, mojaras x==0 B ypaBuenusix (5), a Tax-
KE M3 HCK/OWHTENIBHBIX NPAMBIX, OTBEYAIOLIHX WCKJIOYHTEJIbHBIM TOYKAM
oci Oy (ecan TaKOBBlE HMEIOTCS).

3amernuM, uro ypasHenus (6) nmator o6pa3 ocu Oy npu OTOGpaxe-
uun (5).

D10 reomeTpHueckoe MecTo TOWeK GyleM Has3biBaTh aunuet L.

Jluuns L pas6uBaeT NIOCKOCTb NapaMeTpoB HA HEKOTOPOE HHC/O
CBSI3HBIX O6JacTefl.
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Kaxpas u3 takux obgacrteit o6aajgaeT Tem CBOHCTBOM, YTO J/id JItO-
6ol ee Touxu (§, ) MHorowneH f(z, &, 7)) HMeeT OfHO M TO KE UHCIO
KopHel, pacHOMOXeHHHIX B JeBOH IOJYIVIOCKOCTH, T. €. sBJseTcs ofna-
creto tuna D (k, n—Fk) (0= k=< n).
Takum o6pasoM, JuHMs L —rpanuna nckoMmoro D-pasGueHHs.
Paccmorpum otoGpakenue (5) IVIOCKOCTH KopHeil Ha NMJOCKOCTb MNa-
pameTpoB

{ E=Ex v,
n=n( 9.

[lpoBeneM uepe3 TOYKY (X, Yo) ABE JHUHHH T[OPH3OHTANbHylo [ H BepTH-
KajnbHyo /1.

17 ’
P 7 .
ZO
2 / Z, ,
@p ) T (%.40) ’ (45, 7) Z,
0 T &
Puc. 31. Puc. 32.

Onpepenenune. Ecau nanpasnenme nosopora or I x /I coxpa-
HfIeTCs TIpH oTo6paxennn (B), To COBOPAT, 4To OTOGparKeHHE COXpaHsem
opueHmMayuo B TOUKe (Xg, Yo); B NPOTHBHOM CAYHa€ —uUTo OHO He COXpa-
naem opuenmayuio (puc. 31 u 32).

Ecnn onpepenmvurens [ = >0 B TOUKe (%, Yo) TO OTOOpA-

xenne (B) B Touke (x,, §o) coxpamsier opuentanmio. IIpn I <0 opuen-
tauusi Hapymaercs. Ecan /=0, To BOnpoc 0 coXpaneHHH WJIM HecoXpa-
HeHHM OpPHEHTAl[MH pelllaioT CTapiline NpoH3BoiHble. MoKHO NoOKa3aTh
(cm. [9B), wTo 3HaK olpefennrenst / coBmagael CO 3HAKOM ONpPEJeNHTEN s
A, rre

Uy Uy

vy Uy

Tak uto ecin A >0, 10 oTOGpakKeHHe C MJIOCKOCTH KOPHEH Ha NJOCKOCTb
napamMeTpoB CoXpaHsieT opHeHTauuo; ecid A <0, To opueHTauHs Me-
HsieTCA.

PaccmoTpuM onsth pa36ueHHe IIOCKOCTH @ (IMJIOCKOCTh NapamMeTpoB)
Ha obmacth D (k, n—£k) (k<<n) u o6o3naunM dyepez L rpaHumy sTux
wBnacrefl. [NoMoxuTenbHBIM HanpaBieHneM Ha L 6yneM cuutaTh TO, KOTO-
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poOe COOTBETCTBYET BO3DACTAHMIO y (HAUHHAs C y=-—00); IIPH STOM Kpu=
Basg L MOXer COCTONTB H3 HEeCKOJAbKHX BeTBell M NpPH NOJHOM 06X0fe
ock Oy ee y4acTKM MOTYT HPOXORUTHCSL NO HECKOAbKY pa3 (ne Goaee n,
I n—cCTeNeHb MHorouieHa f (2, § m))-

PaccMoTpUM  HeKOTOpHIH  yd9aCTOK — W@W,
KpHBOH L M IpeInosioXuM, HWTO NpPH IOJHOM Wz
o6xoge ocH Oy oOH O06XOMTCSL r pas, T. e. w
4TO 9TOMY Y9aCTKY COOTBETCTBYeT r yuacT-
KOB yityp (=1, 2, ..., ) ocu QOy. Iloso-
KuM g, =1, eCiM HampaBJenHe yHyll COB-

najaer C Hanpasiennem ocn Oy ¥ g, =——1
B OpOTHBHOM Caydae. [loJoxuM — Takke g,
8,=1, ecn ma ylyl ompemesurent A>0
u 6,=—1-—B npoTHBHOM Cayuae. [ycre
TOuKa W, JBWTasCh HENpepulBHO IO He-
KOTOPOMYy JOCTaTOYHO MAa/JqOMy IIyTH, [Nepecekaer Oyry W, cleBa
HanpaBo (puc. 33). DroMy NyTH B IMIOCKOCTH Z COOTBETCTBYET 7 IyTef,
nmepeceKaloUX OTPE3KH YLyl ocH Oy. Ecm g, -6, >0, 10 cooTmer-

CTBYIOLIMH INyTh HJET M3 JeBOH NOJNYIUIOCKOCTH B IIPABYIO H MHOTOUJ/IEH
@& M=EP@+mQ@+RE

npuobperaeT Ha HeM OJHH KOpeHb C MOMNOXKHTENBHON NefiCTBUTebHOM
4acTbl0 W TepsieT KOpPeHb C OTPHIATeNbHOH JeHCTBATE/NIBHOH HacThio;
B caywae g, -0, < 0—mnaoGopor.

HefictBurenbro, nyctb g, -6, >0. Jro moxer ObTe B ABYX cny-

Puc. 33.

yasix: 1) g, =1, 6}L:l; 2 g, =—1, 8, =—1. B nepsom cayuae Ha-
NpaBJeHHe OTpeska yRyl och Oy coBnagaer

g C HOJONKHTEMbHLIM HaNpaBJeHHeM 3TOH OCH

ﬂ (e, =1) H coXpaHsieTCs OpHEHTALUSA (G}L: D,

,5/; T. €. €CIH B INIOCKOCTH @ MB!I II€PEXOAMM
Pl S . AyTy WW, CJeBa Hanpaso, TO H B IAOC-
y/ﬂ “ KOCTH 2 Mbl TNepexofdM ¢ JeBoil MNojy-

IJIOCKOCTH B IPaBylo (T. e. ock Oy Depe-
ceKkaeM TomKe CjeBa Hampaso, puc. 34).

Bo Bropom cayuwae BekTop yhyk wHa-

Zz
g IpaBied B CTOPOHY, [IPOTHBOIOJOXKHYIO
Puc. 34 Hanpasiennio Oy (e, =—1). Tak Kax
CoT 8,==—1, To oOpueHTaUMs B 3ITOM C/ayyae

MeHsieTcsl, ¥ IPH [epeXoje cJeBa HalpaBo
B NJIOCKOCTH @ Mbl ONATH I0JydyaeM Ilepexo] CcJeBa HampaBo B ILIOC-
KocTH 2 uepe3 och Oy.
AnaJsiornuro paccmarpuBaercs cayuail e, -8, << 0.
Mrak, npu mepexoze ¢ JeBOil CTOpOHHl AYrH @ W, KpuBOH L Ha
IpaBYyIO CTOPOHY MHOrouneH f (z, &, m) tepser

N=gd +ed+ ...+,

KOpHEH C OTPHIATeNbHOH [efCTBUTENbHOH YacThio.
Mpumvep Bummuerpagcxkoro. [Han MHorounen f(2)=2%4
4+ E22 L nz-1. Hafitu obmacte D (3, 0).

[ ]
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Pemeunne Tomaras z=1y u pasgensia AeACTBUTEJLHYIO M MHH-
MyIO 4acTH, Hafigem napaverpuyecKue ypaBHeHMs KpuBofl L:
1
R n=y

E=

Dro—Jexamas B NepBOM KBajpaHTe BeTBb rumepGonnl En=1. Ilpu
noJHoM o6xofle ocH Oy (y MeHsieTes OT —oO J0 -+ ¢0) Tunep6osa OIy-
CHBAaeTCsl 1BA pasa, T. €. r=2; IpH 5TOM OfMH pa3 THMep6osa HPOXO
IMTCS B OZHOM HANpaBJeHHH NPH M3MeHeHuH y oT — oo go 0.

74 \¢ g
U
W, & 5
Yz
w
we 7] P Z
p Y
e =
g 5 ] gl
Puc. 35. Puc. 36.

IMpn panbHefimem wuameHenmun y or O 7go J-co runepGosa npoxo-
JMTCSI BTOpPOfl pa3s, HO yXe B IPOTHBONOJIOXHOM HaNpaBjeHuu. TakuM
o6pa3oM, OTpe3Ky w;w, KpHBoii L oTBewator ABa oTpeska ocu Oy: ylyl u
y3y3 (puc. 35 u 36). Onpenenutens A Ha ocu Oy paBeH A (1y)=— ys.
CnegoBatesbHo, §;=1 (6o nmpu pu=1, y<<0), a 8y=—1 (ubo mpu

u=2, y=>0). Ilpn nepexone T0YKH W
7 uepes W@, CJNeBa HAmpaBo Tepsercss N
KOpHe#l C OTpHpaTeNbHO#l HacThio, Ije

N =¢g;8; +e,0,=2.

0(30)
B nawane koopaumnar E=1=0 MHoro-
D(12) uned f(2) TpHHAMAeT BHL lzi-i-]}g_n
Vi 3 HMEeT KOpPHH 2; =— 1, 22’3=..:.2__ s

CNefloBaTeNbHO, 06JacTh Nox THHep6o-
Puc. 37. aoii ectb D (1, 2). O6nacte Hapg ru-

nep6oaoit  ecte obaacte D (3, 0). B

caMoM Jene, TpH [epexoge M3 3TOR
obmactu B D (I, 2) MHOrouseH f (2) motepsi ABa KOPHS C OTPHIATEJhHOM
BELECTBEHHOM YACThIO M TIpeBPATHJCS B MHOTOWIEH, HMEIOMHH OfUH KO-
peHb ¢ OTpuUUATENbHON BewlecTBeHHOfi uacThto. CrefoBartenbHo, B 06-
JlacTH Haj runepbosiofi GbIIO TPH KOPHSI € OTPHILATEeJBHOH BelleCTBEHHOMN
vacteio (puc. 37). s TmpoBepKH MOXKHO B3STb TOUKY E=n=3, B
KOTOPOH MHOTOWJIEH NPHHIMAeT B[

2432243241

M HMeeT TpeXKpaTHhIfl KopeHb 2=— l.

¢
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Takum o6pasom, ana nocrpoeHuns D-o6aacreft HocTymaeM Tak:
1. B mHorousene f (2, § ) nonaraem z=iy, OTHeNsIEM AeHCTBHTENb~
HYI0O H MHHMYIO YaCTH M NPHPABHMBAEM HX HYJIO:

{ Euy () +mus (1) Fus () =0,
Euy (¥) +Mvs () +vs () =0.

Pemasi (7) oTHocuTesIbHO E M 1], NOJy4YaeMm

{§=wa
n=1(

-- napaMeTpuyecKHe ypaBHEHHUS JIMHUH L.

2. Crpoum KpuBYyio L Ha IJIOCKOCTH NapaMeTpoB, H2MeHsisi y B Ilpe-
JefaX 0T —0O IO —+0co, npHueM eca B ypaBHenusx (7) & —mepeoe 1o
NOpSIIKY Hanucalus [EpeMeHHoe, a 1Y —BTOpoe, TO HPH I[OCTPOEHHH
KpuBoi L cuctema KoopiuHat £OM nomxHa GHTb NpaBOH.

Ecnu npH  HEKOTODOM 3HAYEHMH Y ONpeAedHTenb CHCTeMb (7) H
OTIpefeTHTeTH

o)

Uy —Ug
A, =

Ap= 7

~U3 Uy v —0

06pamaTcs B HyJib, TO IIPH 3TOM 3HAueHHH Yy OLHO 43 ypaBHeHu# (7)
SIBASIETCSL  CJEJCTBHEM JDPYIOro, M JIJsl 3TOTO 3HAUEHHS Y MOJyuaem
B IMOCKOCTH EOY He TOWKy, a HPSIMYIO JIMHHIO (0CO6asi MM WCKJIOYH-
TeabHasl npsiMas). Ee Mbl TakxKe BK/OuaeM B rpaHuuny D-pas6uenus.

Ecan xosQdMIHeHT npH crapiieM 4JeHe XapaKTepHCTHYECKOTO ypaB-
HEeHHSI 3aBHCHMT OF HapavMeTpoB £ M 7, TO, NPHUPABHUBAA 3TOT KOQQUUH-
eHT HYMIO, TOJydaeM ypaBHeHMe emle OAHOH 0cofoll IpsMOH, COOTBeT-
CTBYIOLIEH Y ==C0.

Ecnu, nakowen, onpenenurens cucrems! (7) A== 0, To rpanuueit D-pas-
GHEHHST CAYXKAT TOJNBKO OCOOHIe MpsiMble.

3. BoiensieM cBsizHbie 0GsacTH, Ha KOTOpble L pas6uBaer MJIOCKOCTh
napaMetpoB. to u 6yayr obnactn D (k, n—£k) 0O<ck<cn).

4. OnpenensieM Xapaktep 5THX o6Jacreil, T. €. HAXOZHM k H n—Ek,
Hnsi storo BeIGMpaeM B Kaxuol u3 obnactel D (k, n—k) mno ogHolt
Touke (§g, M) H HCCAELyeM NONYUYEHHHH MHOTouseH f (2, &, M) C uHc-
JIOBBIMH KO3(hQHIIHEHTaMH Ha YCTOHYMBOCTh € [OMOMIbIO H3/]0MKEHHBIX
BHILle KPUTEPHEB ycTolukMBOCcTH Muxafdsopa nau Payca —Typsuua (cm
§§ 23 u 24).

[Toctpouts D-06JacTd 1 CJAELYIOUMX MHOTOYJIEHOB:

848. 2° &2 +n24-6. 849, A48 4+ n2 42+ 1.
850. B +E22+ 11z +n. 851. 22+ (22 +2)E+ nz—4.
852, 24223482 +2z-+n. 853, 43248241

854, B+E2+(z+1)n+1. 855, 2% +-nz2+Ez+-6.

856. 28+ 222 4-E(z— 1)+ n. 857. 2+E(242)+2+2n.
858. &2 + 322+ nz+ 1.

859. E(B +22)+n(2+1) +22.

860. E(22—2)+n(22+z-1)+1.
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§ 26. YcroituusocTb pelieHuil pasHOCTHBIX ypaBHEHMi ofliee peleHHe HMEET BHI
I. Pemwenne OfHOPOAHHX JHHEeHHHX Da3sHOCTHHX Fm=(C+Con+ ... +-Cin 1) [ Ay |" cos (n arg Ay) -
ypaBHeHUWH ¢ NOCTOSIHHEMH Koshouuuentamu. Ilycrs . . )1 n g
HMeeM Pa3HOCTHOE ypaBHEHHe NOpsjKa k: FCraatCragt+ oo +Con/ ™) [Ay 7 sin (arg Ay +
n n
FtB+af (k=D + . fapf ()=0, M) FCopahapat - H0Me O
e ap=~0; f(n)—uckoMas QYHKIHS IEJOYHCJEHHOTO — apryMeHTa; 3ameuaHnne. EOPGH" A =0 coorTBeTCTByeT TPHBHAIBHOMY (Hy.Je-
gy ... s O — KefiCTBUTENbHEE OCTOSIHHLIE, BoMy) pewennio f (1) =0. )
JIas HAXOXKIEHHS He TPHBUAMBHHIX (He HYJEBHX) pelleHHil ypaBHe- ~ : [Tpumep 1. Hafitn ofmee pemenke ypaBHeHHs
Hus (1) cocrabiasieM XapaKTepHCTHHECKOe ypaBHEHHe F(n--2+4f (n4-1) 4+ (M =0.
k ML A =0, 2
Mta T kg @ Pemesnne. CocraBasneM XapaKTePHCTHYECKOE ypaBHeHHe
Iycte Ay, Ag, ..., hp—KOpPHH ypaBHeHHs (2).
Bo3MOXKHB CIEAVIONUE CIAYYaAH: M 4h+1=0.
1) Ay Az, ..., Ap— BElIeCTBEHHbIE H Da3anuHbIE. _ .
O6miee pemenne ypapHenus (1) Gyner Ero kopuu 7»1=—2—V3, hg=—2-4 V'3 pasnuumbie W JeifcTBUTENb-
n n n HbIE, CJIEIOBATENbHO, .
F)y=CA - CAT 4 ... +C A ®)
A\ A\
Fmy=Cy (—2—V23)" +C; (—24+V3)"
rae Cy, Cy, ..., Cp—IPOM3BOJIBHBIE MOCTOSIHHBIE, KOTODhle MOTYT ObITh
OIpEfIe/IEHE, €C/MH 3ajaHhl Haya/ibHhE YCJIOBUS ITpumep 2. Hafitu ofillee pelileHie ypaBHEHHS
)=, Fy=Ffu, s fle—D=fr 1. 3 =3 (n+2) 3 (n+-1)—7 (1) =0.
2) Kopuu xapakTepucTHueckoro ypasHeHHsl [NefiCTBHTEJbHHE, HO Pemenne XapakTepHCTHUECKOE YpABHEHHE HMeET, BHL
CPel HHX eCTb KpaTHbie. Mycre, nanpuMep, Ay =hs= ... =A;=M, T. €. *

A fBASETCS j-KpAaTHBHIM KOpHeM ypaBHeHHsi (2), a BCe oCTanbHbe k— ] M—3024-3h—1=0 wm (A—1)3=0.
KOpHeH passnyHbe.

OGmiee pemenne ypaBHeHUs: (1) 6yner

F)=C i - Cyih" o +C ol G A O (4)

Orciofa A=Ay, =»Ag=1. Obmee pemenne Oyner
f () =(Cy4-Con--Csn?) - 1" =C; 4-Cyn--Cyn?.

Mpuwmep 3. Hafitu ofluee peimlenne ypaBHeHHA

3) Cpenu KopHeil XapaKTepHCTHUECKOTO VpaBHEHHS (2) HMEIoTCA Npo- F(n+92 —2f (n+1)+2f (1) =0.
orule KOMIJIeKCHbe KopHd. [1ycTh, Hampumep, A5 ONpEAeNeHHOCTH

M=o+, ho=0t —if},
Ay =7y 4-16, A=y —id,

Pemenue XapakTepHCTHYECKOe ypaBHeHHe
AM—24-2=0

. - HUMeeT NPOCTHiE KOMIIEKCHBIE KODHH
OCTa/IbHBIE KODHH JEHCTBHTE/AbHbIE U PAa3/JIHYHBIE.

Ofbmee pemieHHe UMeET BHL A=1--1i, Ag==1—1,
f()=Cq| Ay [®cos (narg hy)4-Cy | My |” sin (n arg hy) + Haxozgnm
+-Cy | Mg [®cos (n arg Ag) +-Cy | Ag | sin (n arg Ag) |- - [1xi|=V72, arg(l—{—i)=—g—.
+C M A+ . +C M )
4) B cayuae, ecan Ay=o--iff sBASeTCS j-KPATHHIM KOpPHeM ypap- Obuce pewere uMeer BA
nerns (2) (j <), 10 My=a—iff TaK)e Gyler j-KpaTHbIN KOpHeM K F ) 2012%(:05 ’% _!_022% sin %JE ___2% (Cl cos ’_11_1“_ +C, sin 7171@) .

[ beoove wbee
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Mpumep 4. Hafitu oflilee pellende ypaBHEHH:
f (n--4) - 2f (n4+3) 47 (1 +2) —2f (n+ 1) —5f () =0
Pemenune. CocraBasieM XapakTepHCTHUECKOE ypaBHenHe
M4 2A3 1402 —20 —5=0.
Tlepenuiem ero B BHAE
(A2—1) (A2 24 5) =0.
Kopnu 6ynyt
M=1, Ay=—1 Ag=—142 A=—1-20
31ece
=12 |=V5, arg(—142)=n—arctg2.
Ofmee pemeHHe JaHHOTO ypaBHeHWs GyneT
f (n)=Cy-+Cy (— 1) [Cy cos n (n—arctg 2)+
n
. 1-C, sin n (w— arctg 2)] 52

nin
n

F(m)=C; +Cy (— ) (— 1)7 57 [Cycos (n arctg 2) — C, sin (n arctg 2)].

Pemuth CaefylolIHe Pa3HOCTHHIE ypPaBHEHHs:

861. 3f (n+2)—2f (n+ 1)—8f (n)=0.

862. f(n+3)+3f (n+2) 43 (n+ D +f(n)=0,
f(O)=1, f(1)=2, f(2)=3.

863. 4f (n4+2)—8f (n-+1)+5f (n)=0.

864. f(n-3)—8f (n)=0.

865. f(n-+4)—F (n42)+2f (n+ 1)+ 2f () =0.

1. PemeHne HEOTHOPONHH X JHHEHHHN X PA3HOCTHRX
ypaBuHeHu{t c NOCTOSHHBMH KosQpuunenrTamu. Ilycr
MMeeM HeOJHODOLHOe JNHHEHHOe PASHOCTHOE YpaBHeHHe k-TO NOpsfka

fr-B+af (ntk—D+...4ar (1) =g M) ™

¢ MOCTOSIHHBIME JefiCTBHTeNbHHIMH Koa(uuuenTaMu ay, ..., dr OOllee
pellleHHe 3TOTO YpaBHEHHS NPeACTaBJsieT cofolf cyMMy OOILEro peleHHs
COOTBETCTBYIOMETO OAHOPOJHOTO YDaBHEHHS! H KAKOro-J1HGo 4acTHOTO pe-
MIEHHsT HEOXHOPOJHOTO ypaBHEHHUS.

1) TMycrs npasast uacTh g (n) ypaBHewust (7) mmeeT BHI

g (m=rtu(n)

rae ¢ (%) — MHOTOWIGH OT 7t CTeTleHH m, a r-— LeHCTBUTE/bHOR THCJIO.
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Ecau r He siBAsieTcsi KOPHEM XapaKTepPHCTHUECKOTO ypaBHeHHsS (2),
TO YacTHOe pellleHHe [ (1) MUIETCA B BHIE
F)y=rtu (n),

rae u (n)——MHOI‘OV-lJIeH CTENEeHH 112; €CJH XKe r SBIAECTCH J-KPATHBIM KODHEM

ypasHenus (2), 10 J(n)—MHoromeH cTenenn m--j.
2) Ecau npaBas YacTh g (1) ypaBHEeHHS MMeET BHI

gMy=u@n)sinan um g (n)=u (n) cosan,
TO 4acTHOE pellleHHe MmeTcsl B BHJE
F () =1 (n) sm an -4 (1) cos an.

3) Ecmn g()=u (n)shan uwtun g (n)=u (1) chan, 10 yactHoe pe-
EHHE HIeTcsl B BHAE

f(n)——:ﬁ(n) sh ocn+th (n) ch an.

3neck W B HyHKTe 2) 4 (n) H u (1) — MHOTOWIEHH, CTeNeHb KOTOpPBIX
onpeniesisieTcsl N0 HPABHJAY, YKa3aHHOMY B HyHKTe I).
Mpusmep 5 Haittu ofiee pemeHde ypaBHEHHS

Fn+2)—4f (1-+1) 43 () =2" - (1-1). ®

PeweHnne. XapakTepucTHueckoe ypaBHeHHe AZ—4A-1-3=0 nmeer
KOpHH A;==3, Ay=1. Ofllee peleHue COOTBETCTBYIOWIErO ONHOPOLHOTO
ypaBHEHH S

F(m=C, -314C,

Tar Kak uHca0 2 He SIBASIETCS KOPHEM XapaKTePHUCTHYECKOrO ypaBHEHHUS,
TO YaCTHOE PeIleHHEe HEOJHOPOXHOTO ypaBHeHHs HIIEM B BHJE

fmy=2" (An+B), ©)

rme A u B —HeonpeneneHnne xosbduuments. [logcransas (9) B (8),
MOy YHM

9m+2 (An 24 4 B) —4 - 21 (An-+- A4-B) +-3 - 2% (An- B) = 2% (n+ 1)
HIH
4(Ant-2A-1-B)—8 (An--A+-B)+-3 (An+-By=n-1.

Orciofia HaX0guM

44 —-8A1-34=1, A=—1;

844-4B—8A—8B+3B=1, B=—1.
Takum 06pa3oM, HacTHOe pEIIEHHE JAHHOIO yDaBHEHMS

f(m)=—2" (n41);
obllge pelneHHe
f (W) =Cy 3" 4-Cy— 27 (n4-1).
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B crexyouiux 3azadax HaHTH 0Oline pemeHusl NaHHbIX
HEOAHOPOAHBIX JMHEHHEX DasHOCTHBIX ypaBHEHUH:

866. f(n+2)—2f (n+1)—Ff(n)=n.
867. ’[Erll)—tfzg—]-fzf (n4 1)L f(n)=3"-32, [ (0)=0,

868. f(n-+2)-+f(n)=sin2n, {(0)=0, f(I)=1.

869. f(n+3)—3] (n+2)+3f (n+ 1) —[(n)=¢".

870. f(n+3)-+8f (n)=2"

IIl. VcTofiunBoCTh pemeHNfi PA3HOCTHHX YypaBHe-

HH it Pewenne [* (1) pasHOCTHOrO ypaBHEHHs MOpAAKa R, YAOBJIETBO-
pAIOLIee HAYAThHBIM YCJOBHAM

O =7 Pry=ff e FE=D =l
HA3LIBAETCS yCTORUHBLIM, ecld st Jo6oro &>>0 cyulecTByer 6(e) >0

raKoe, 4TO NJs J0GOro pemeHus f-(1) ypaBHeHus (1), yAOBJETBODSIOLIEro
HauaJbHEM YCJIOBHSAM
f ©)y="o, fO=fn > fle—1)y=fp_1
U3 COBOKYITHOCTH HEDaBEHCTB
|fo—fE1<<® |h—FF1<<8 .oy [ea—Tf_1 <8
elenyeT HepaBeHCTBO | f (1) —f* (n)| <C& npu moboM n =0.
Ecan TpH  ckoab  yiogso  majgom d(g) >0  HepaBeHCTBO
[ f(n)—F* (m) | <<e wHe BBINOMHSIETCS AU KaKoro-nu6o pemenus f(n),
To pemenne [* () Ha3bIBACTCS HeYCMOLyussin.
Ecam KpoMe BHIMOMHeHAs HepaseHcrsa |f (n)—/f* (m)|<C& BbmoJ-
HfleTCsl TAK¥XKe YCJIOBHE
lim [f (m)—f* m1=0,
R -0
10 pemeHne f* (1) Ha3LIBAETCA ACUMIUTIOMULECKU yemotuugoim.
MceneoBaHie Ha ycTOfUMBOCTh pellleHAss [* (71) HEOZHOPOJHOrO JiH-
HeH{HOTO PAasHOCTHOrO ypaBHEHHS

frtk)+af (rt-k—1) 4.+ af (=g )
¢ TOMOLIbIO 3aMeHH @ (1) ={ (n) —f* (1) CBOAMTCS K MCCIENOBAHUIO ycTofi-
4UBOCTH HYJ/1€BOTO (TPHBHAJBHOTO) pelleHHs ORHOPOJHOTO ypaBHeHHs

¢ (n+k)+aentrk—1)+...+ap (n)=0.
B panmbHefmeM Mbl OFpaHHYMMCS HCCAEIOBAHHEM yCTOMYHBOCTH TOJILKO

TPHBHANBHBIX DELIeHHH OHOPOAHBIX ypaBHeHHH.
IMpumep 6. Mcxons u3 onpeiereHsst yCTOHYHBOCTH Pa3HOCTHOTO
ypaBHeHus!, HCCAENOBATh HA YCTOMYHBOCTh DRINERHE ypABHEHHS

of (142) — 2f (n+1)+F (1) =0, (10)

YHOBJETBODSIOLLEe HAYa/bHbIM YCIOBHAM F(0)=0, f(1)=0.

I CMEeHHe. I elrenne JAaHHOTO YpaBHeHHH: yﬂOBJIeIBOmeLuee Ha

F©0)=0, F(1)=0, ects f(n)=0
(160 15 (10) Fet =1 (k) =5 f ),

Jlio6oe perenre storo ypan

P e oo ypaBuenus, ynosnersopsioniee ycnopuam f (0)=f,,
w o ns

f*(my= T [fo cos ‘4'4—(7:1“7:0) sin r‘lf‘] .

Bosbmem mnponssoavuoe £>0 u mok
a)¥eMm, UTO Cymecrsyer O (e 0
TaKkoe, 4ro mpH [fo—0| <8 u |f{{—0]<<§ wumeer MEECToyHepaB(el?I(;O
1
[0—F*(m)|=
| 2

onj2 <&

fo cos 12—‘ + (Fu—fo) sin ”4—”

nas BeeXx nz=0. D10 u 6yger o3
=0. HA4aTh COTJIACHO oOnpe
HyJeBoe pemeHue f* (n) =0 ycrofiungo. POAGIIEHITG, o
OueBugHo, 4TtO

nm
fo cos —- -

F(u— o) sin o
4 4 _
/2 ’glf"lg,’lf; hl o

glfoH‘lfl—fof<lfo'+!f1[+|f0f<2(ifof+|f1[)

Znst Beex nz=0. [lostomy, ecau Ifo 171 <£, TO ¥ IOJABHO

—_ j Ias BCeX = 04 Cﬂe OBaTe/IbHO, €
n = 1 JT , €CJIH, HaIIpHMep, B34Th

MB)ZT’ TO OpU [fo | <8 u |fy | <8 Gymer BhmosHATLCA HepaBeHCTBO

0—} y p
n € 51 BCeX n 0 dK 9TO HyJeBoe ClUeHHEe NAaHHOro
YP aBHeHU sI YCTOHUYHBO. 9Ia YCTOUUYHUBOCTh ACHMI TOTHYECKas, TaK Kak

nt .
nlimoo 0 —J* ()] = — lim fo cos 7 +(fi—Fo) sin —4—=0,

>0 2n/2

Mexonst us ompenenenns ycrofiumsoctu, ucesnezoBats

a ycr OAIHMBOCTD HYJI€BLIE peliex
o Ud CCAVIOLINX pasH
ypaBHEHUH: Pa3HOCTHHIX

871. 8f (n+2) + 2f (n 4 1) —f (n) =0.
872. [(n+2) +f (n1)=0.

873. 4f (n+2)—4f (n+ 1)+ (n) =0,
874. f(n+2)—6f (n+ 1)—7f (n)=0.
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Ilns MCCNEOBaHMs Ha YCTOHYMBOCTH HYJIEBOrO pemenust f (1) =0
ypaBHenus (1) mombsytorcs caefyiomuM OGIHUM  [PAaBHJIOM:

1. Ecau Bce KODHH XapaKTEPHCTHHECKOrO ypaBHeHHs (2) mo Moay.Io
MEHpIlle eJUHMI, TO peIlieHHE f(n)==0 ypaBHeHHs (1) acHMITOTHHECKH
yCTOHYHBO.

9 Ecsn XoTd Gbl OZHH KOPEHb XapakTepHCTHHECKOro ypaBHeHHsl 10
Mofymo Gosibine eJHHHLH, TO pellieRHe f (n)==0 HeycTOHUMBO.

3. Ecan XapakTepHCTHYECKOe ypaBHeHHe HMEET npocThie KOpHH €
MOZY/ISIMH, DABHBIMH e[MHHIE, @ OCTAJbHDbIE KOpHHM, €C/JH OHHM €CTb, N0
MOLY/IIO MEHblle eIHHHIH, TO pellehne f(n) =0 ycrofunBo, HO HE aCHM-
HTOTHYECKH.

4. Ecqu XapaKTepHCTHUECKoe ypaBHeHHE MMEET XoTs1 Gbl OZMH KpaT-
HHfi KopeHb C MOLyJeM, DaBHbIM efHHHIle, TO pelieHHe f(n)=0 ne-
YCTORUHBO.

Vkasanwoe NPaBATO CBOJHT BOMPOC 06 YCTOUHBOCTH HYJIEBOTO pe-
urewust ypaBHeHus (1) K BBISCHEHHIO TOFO, KAKOBBI MOLyJM KOpHeil Xa-
PAKTEpPHCTHYECKOTO ypaBHEHHS (2)- R

[Ipumep 7. Hccmemosats Ha YCTOHUMBOCTD HYJEBOE peuleHHe
f (1) =0 ypaprenHns

of (n+2) —2 (1 1)+ () =0

Pemenue CocraBisieM XapakTepHCTHUECKOE ypaBHEHHE

M2—2\+1=0.
Ero xopuH 7»1,2—;1—72‘——1—, Hmeem
1+ 1
Ao |=|— _—<<1,
l 1 2| 9 V2

CJeI0BATENbHO, pelleHHe f(n)=0 »sr0oro ypaBHeHH: ACHMIITOTHYECKH

yCTOHUUBO.
Mpumep 8. Heeneropats Ha yCTOWHBOCTL HYJA€BOE  pelleHue

ypaBHEHHSA
F (n-2)—9f (n-+ 1) +5f (1) =0
Pewenue XapakrepHCTHYeCKOe ypaBHEHHE
M—2,45=0
HMeeT KOpDHH
=142, Apg=1 —2i.
Hmeem
[ A l=|Re[=]1 % 2 |=V'5 >1.

O6a KopHS 10 MOLyJio Gonble eAMHHIRL, 3HauHT, pelueHue f(n)==
== (0 HeyCTOHUMBO.
MaBecTHO, uTo QyHKLHA
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oTOGpaxaeT BHyTPEHHOCTb EJMHMYHOTO KPYyra MJIOCKOCTH A Ha JeBymO
NOAYILIOCKOCTh  IocKoctH w. KoprsiM  XapaKTepHCTHYeCKOro ypaBe-
HHs (2), MeXallliM BHYTPH eZWHMTHOTO Kpyra |} | <1 (1. e. no MoAyMIO
MEHBLIAM eIHHHIb), GYLYT COOTBETCTBOBATH KODHHM [pe0GpasoBaHHOro
ypaBHeHHs
@+ DFfag @4 DFt @—1) 4.4 a, @—1)=0
HIH
bow* bk 1, .4 b, =0, an
JMexaliie B JEeBOH IOJYIIOCKOCTH IWIOCKOCTH .
Bompoc © pACHOJIOXKeHHH KOpHelt ypaBHeHHA (11) moxer ObITh pe-
LeH ¢ ToMollkio Kputepust Payca —ypsuua WM kpuTepns MuXa#sosa.
*TMpumep 9. Haiitn HeoGxonumbie M HOCTATOWHBIE YCNOBHS TOTO,
4TO KODHH XapaKTePHCTHYECKOro ypaBHeHHS
M+aih+ay=0 (12)
HaxonaTcs B eqMHMuHOM Kpyre |A| <<l

Pemenue. Ilonaraem ?»=—Z__[_—l, Torna ypaeuerue (12) mpu-
MeT BHJ
(@ 1)2+ay @-1) @— 1) +a; (@—1)2=0
HJIH
(1 4-ay+as) w2+ (2—2ag) w+-(1 —a;4-a5) =0. (13)

K muorowteny (13) npumensiem Kpurepuii Payca—T'ypBuua
§ 23). Marpuna I'ypsuua HMeeT BHR P Y ypemia - (cH

2—2q, 14+a+a
( 0 l—a;+ az> )
['aBHBIE JMATOHAJBHBE MHHOph! MaTpuubl [ypBuua
A=2—2a, Ay=(2—2ay) (l—a;+a).
B cHJIy yKa3aHHOTO KPHTepHSI JOIKHO GhiTh
1+a+a>0, 1l—a>0 I1—a-4a>0. (14)

Wrak, xapakrepucTHueckoe ypasHenne (12) nmeer B xpyre |A| <l
KOpHM TOTZa M TOJbKO TOTAA, KOTAA BHIIOJIHSIOTCH YCJIOBAA (14).

CaencTBHe. JInHelHOe OQHOPOIHOE PA3HOCTHOE YpaBHEHHE BTOPO-
ro NMOpPsEKa C NOCTOSIHHBIME KO3(QUIHEHTAMH

f(r+2 +af (n4- 1)+ af (=0

HMeeT ACHMOTOTHYeCKH ycrofiwmpoe Hyneboe pemenve f(n)==0 Torza u
TOJIHI{'IO TOrfla, Korjga ero KosbhduuHeHTh YIOBJIETBOPSIOT YCJIOBUIM (14).

[Tpamep 10. Hccnenosath Ha yCTOMYHBOCTBE HyJeBOe pellienne
J (W) =0 ypasnenus

o (1+2)—2f (n+1) 4 () =0.
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Pemenne. [lepennmweM 370 ypaBHeHHe B BHAC

FD —f (nt 1)+ 5 f) =0.

3nech @qy=—1, ap=0,5. ITostomy ~
14+a4-a,=0,5>0,
) 1—a,=0,5>0,

1—a1+a222,5>0.
Venosns (14) xpurepusi Payca—I'ypBuia BHIONHEHEL 3naunt, pellieHye
f (M) =0 acuMnTOTHYECKH ycrofiuuBo.
Mpuwmep 11. Hcenegosate Ha YCTORMBOCTD HYJ/1EBOE pellieRne ypas-:
HEHHS
fd-2) 47 (n+1) +2f () =0
Pemenue. 3iech a;=1, ay=2. lmeeMm
a4+ a=4>0,
1—a,=—1<0.
Hynesoe peluenre HeyCTOHUHBO.
Jnst cjaepyiomux pPasHOCTHHIX ypaBHeHuii Ha#TH HEOGXO-
AUMpBIE U JOCTATOYHbBIE yCJIOBHS aCI’IMHTOTI/I‘-IECKOﬁ yCTOﬁ‘-IH-
BOCTH HYJIeBOI'O petenud:

875. a,f (n+3)+af (n+2) +aof (n+ 1) +asf () =0.

876, f(n-+4)+ pf (n+2)+f (1) =0

877. f (n—+5) + pf () =0

878. af (n+5)—0bf (n)=0, a0, b> 0.

Ucnoabays kputepuii Payca—IypBuia, HCCAELOBATE HA
YCTOHUMBOCTb HYJIEBOE PELIEHHE  C/eLyIOWHX PasHOCTHHIX
ypaBHeHHi:

879. 11f (n-+4)—8f (n+3) +8f (n+2)—4f (n + 1)+

+1(m)=0.

880. f(n+4)-+f(n+3)+[(m=0.

881. 12 (n-+-4)—3f (n+3)+2f (n+2)+2f (n+1)—

— 2f (n)=0.
882. 7f (n+4)—4f (n+3)+30f (n+2)—4[ (n+ 1)+
+3f () =0.

883, f(n+5)—f (n+1)+f(n)=0.
884. f(n+5)—f(n+2)—f(n)==0.
885. f(n+5)+f(n+1)—Ff(n)=0.

OTBEThHI!

20 36 b a
9 x= B _ _
= Y=g e YT
2 (a%— by

4. /leficTBHTEbHOTO PeIIeHHd HeT. 5.
ut4-v2—u v
A= Y= —
T— 07 F0? T— o
: i
8. 21:0, 22:1, 23:_-3_*_1'%__

2
6) p=4, qugﬂ;;

- 1
B) p=5V2, (pzarctg 7—3’5; 1‘) p:l’ (PZ%H’

9. a) p=>5, cp:arctg%—;

3
N p=5 g=— arctgx; e) p=1, p=2n—a.

10. a) 2 (cossw--i sin ;); ©6) 2<cos %—{—i sin %>,
3 .3 —
B) 2<cosz~n—{—z smzﬂ>; r) VQ(I—sinoc) [cos <% —[—%—>+
i sin <%—{—%>}; B 1 (coso4-i sin a);

21,
i

—_—i = praiy

— LAY
;3 1-e 2; n) 2 3; K)l.e<a 2)‘.

11

N a

) 2™ ) 1.el

) V3de

1. Yrasanmne. Tak Kak x2—2Axcosa—+A2=[x--A (Cosa
i—z:sm oc;% [xa{—k (coso.—i sina)], TO Hago NMOKa3aTh, '-lT[O /j_[h gcosocj-__
+ i sin )] =0.

12, a) —20(14-i)/8); 6) 210 (144); B) 1728, 1) L.
13. Ykasanue. DBocrosp3yemcss COOTHOLIEHHEM

farctg 5

I Litga
T—itga

. coscl -1 sin o
cos (— a) +i sm (— o)
M 3HAMEHaTeJio.

u npumennM Gopmyny MyaBpa x uHMCAMTENIO
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15. a) 3 cos? @ sin ¢ —sin® ;

6) cos® ¢ — 3 cos @ sin? @;

B) 4 sin @ cos® p—4 cos ¢ sind @;

r) cost ¢ —6 cos? @ sin? @ +sin? @;

1) 5 sin @ cos? ¢ — 10 cos? ¢ sin? @ -|-sin® @;

€) cos® @ — 10 cos3 ¢ sin? ¢ 4-5 cos  sin? @.
11 1 1 o
—=2L:6) x = (140 B 5 (VI +0), i
TR oA ) 5 (£ V3 -+
r) cosﬂ;——isin£ + cosin—i—i sinin>
- 8 8/ — 8 8 /)
17. a) =1, £ 3;

T . ers T, .., %
6) Y5~ (140, 2 (—cosﬁ-H sin 15,
8 T I . I .
)/12<sinﬁ—tcosl—2>,
B) = (V3 —i).
18. 1]0/5 (cos 6° -1 sin 6°; 1{’/? (sim 12° -~ i sim 12°);
’1°/§<—— K;—i—i—;); /2 (cos'42°—i sin 42°); /2 (sin 24° —1 cos 24°).
3/ 3/5 5
19. — (14-39), _1+l/2—2iiﬂ2]/—3. 20. 5 —3; 1 + 4i.
21, z:@, 922, bl-ai. 23. —3—il/3. 24. V3—i.
25. P e w e u 1 e. [To yenosuio 3agaun uMeeM (4 — 3i) (cos @ +-i sin @) =

Rz V3

16. a)

‘ 4 cos p+3 sin p=

=—5:(—l+i) HIH { Orciona sin @="57,
Ve | —3cosp+4 sincp:—i.
Vs { V2
V2 1 i
csp=—-—15", T & tg p=—--, a, 3HauAT, ¢=—arctg .
26. @:—i—n. 27. xp=ctg %ﬂ k=1, 2, ..., n—1).

B xp=Tp bk (=0, 1, £2, ). 2. —VE4Li7V2.

30. 2, =34, 2,=1-1-3i, zz=—14i.
32. a) IlpaBass MOJYIJIOCKOCTh, BK/oYas M och OV
6) BHe aeMHHCKaThl (¥2 —y?—1)24-4x%y%=at;
B) mojoca Mexiy npaMeMz y=0 u y=1, BKjOYaq 3TH

HpsMbie.
33. a) Konuentpuyeckoe KOJBLUO, OrPAHMYEHHOE OKPYXKHOCTAMH pa-
auycoB Ry =1 1 Ry=2 ¢ LeHTPOM B TOuKe Zg=— (2--1). O6e oxkpy=x-

HOCTH NpPHHAJJIEKAT MHOKECTBY;
6) wacTh NJIOCKOCTH, DACHOJIOKEHHAR HHKe NPAMOH y==X;
B) Mosioca MexAy NpsiMbiMH X=1 1 x=2.
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34. BHyTpeHHOCTb eIMHHYHOH OKPYXHOCTH.
35. a) BremHOCTE MapaGodsl y:%z———Q;

6) IeficTBHTe/bHAsl NOJyochb, BKJodasd H Touky (0, 0).
36. BHyTpeHHOCTbL ruTepGOabl Xy =-5,

2
2 2
37. Koabiepas o61actb MeXAy 3JUIHICAMH %—{_%zl " ng_;_

—\Lly—5=1, BKJIOYAsA U CaMH 3JIJIHIICH.

38. a) Buyrpennoctb okpyXHOCTH x2--(y—1)2=1;
6) o6sacTb, 3aKJIOUEHHAs] MeXAY OKDPYy#KHOCTSIMH

=124+ @y—1P2=21n (x—24(y—2)*=8.
39. a) I'unepGona xy=1; 6) runepbona x2—y2=1; B) OKpyXHOCTb

B4y hE=1

2
40. a) OKpyKHOCTD (x-é-) +y2=—i~; 6) runepGoma xy=— 1.

41. T'unep6oJa xz-—yzz_;_ )

42. OxpyxHOCTE (Xx-}- l)2+<y —_ _;_>2= I

Xy .
43. a) Sanunc _?;+T: 1;

6) ayu Ha ocu OY or —1 o —oo.
g\2
1) o
32 syezy
O
x 3>2
— = g
—=1.
(%.)2 TGV

45. a) OkpyxHOCTb X2+y2=1;
6) mpsiMasi, NepleHAMKYJsipHAs K OTPe3Ky 242, H IPOXOAfaf
Hepes ero CepeliuHy;

44,

e

a) T'nmepbona

6) asumc

B) runep6 Ly 2 L.
) runepbona x——2 y—4,
r) napaGona y2==2x-+1.
46. a) 2—2=0wu z-+2=0; 6) 2+-2-+i(2—2)=0;
B) k@2 4264 (@—2)=0.
47. a) 22 22=2q% ©) 22}2-4-2--i(@—2)=0.
48, a) u=x-+2xy, v=yt—xt—y; 6) u=x2—y? v=I142xy

= —_ . —_* __Yy .
B) u=3xy2—x3, v=1—3x%-y% 1) u_xﬁ—i—y?’ v_xz—i—yﬁ’
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X —2Zy—y 41 _ X dy—yr
N i  ERa I N
XYy

X2 2
Ve T Erg

49 i 8 4 14
D w=—1L 6 w=—3—14i; 5o="F]
9 w=_5—ll—3121.

50. a) OxpyxmeocTb 121924, NPOXOAMMAsl 10 XOIy 4YacoBOH
CTPEJIKH;
6) ock Ou (Mckmonas 104Ky (), NPOXogMMAs Tak: cHauaia or O
» A0 + ©O, a 3aTeM o — o f0 O;
B) Jyy, MAyluii mo GuccexTpuce /// koopamuaTHOro yraa us
4
I} iy, ugymufi no Guccexrpuce / KOOPAMHATHOTO yIJa H3 co B 0,
X) Guccextpuca [l KoopIMHATHOTO yraa, npoGeraemas us 0 jo
©, H Ouccextpuca [V KoopguHaTHOro yrna, npoGeraemasi u3 co B 0;
€) [OJOKHTeNbHAS JeHCTBHTENbHASN foayock, mpobBeraemas us
+ oo B 0.
51. a) Ocb OX mepexomutr B och QU, Opu4YeM OPH H3MEHEHHH X OT
— GO J0 +c0 ock QU mpoBeraercst or +1 10 — oo 1 or + oo go 1
(touka 1 uckmodaercst). Och OV NepeXoguT B OKpy:KHOCTH wrlp2—1,
6) Ocb OX nepexogut B ock Ol Tax Xe, KaK H B IyHKTe a).
Ocb OY mnepexogur B IpsaAMyio u=1, mnpoGeraemyio oT Toukn 41 o
l4-ico u ot 1 —jco go +1 (Toura 1 mckimouaercs).
52. a) u=e*cosy, V==~—e ¥ gin y;
6) u=e*"—"3%cos 2xy, v=—e* Y gp 2xy;
B) u==sin x ch y, v=cos x sh y;
r)u=chxcos(y—1), wv=shxsin (y—D;

. =y InI—dkmey o [2Rt (x2—y2) 4-21n 2. xy]
vy~ dknry G oy (2 —y?)+2In 2. xy)
(=0, =1, =2 ...);

’

o B0

e) u=chxcosy, v=chzxsiny;
Sin % cos x shychy

K U= y= P
) ch2y — sin2x’ ch2y — sin2x

3 T 5
=T %=—gr 0 o=7, g=mn
54. p=chl, cpoz—g—, 55. p=um, cp0=—%-,
56. p=cos? (In 3), @,=0.
57. a) 142kmi. 3meck u panee, ecam He OrOBOPEHO IPOTHBHOE,

1 1y
k=0, 21, £2,...; ¢ <2 —7>m; B) <2k+7)m;
r) In VQ—[—(Qk—%) 17K
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m In Vﬁ+(2kn—arctg %) }\i;
e) ——<2k+—;->n+2mn‘i
1 1
58. a) e-<2k+_2>n; 6) e<2k+§>n; B) ¢ 2k,

o TR, e—<4k—l—é>n; 0 e(i_1><2k+—é)n_

(k, m=0, =1, =2,..).

. 23/2eS(?kn—%)——S(%—{-me—%n)i'

59. a) p=0, @ —mneonpenenen;
6) p==e"2k%  p=In 10+ 2mmn (], m=0, £1, +2, ..
B) p=922%", p=—1In3-+2mn (R, m=0, +1, +2, ...

60. a) ishm;, 6) chm B)ith—n—; r) —icthm

ok —iln (V3—1), }e <2k+é>“““n V2+1),
@k+1)n—iln (V241); <2k_%>ﬂ_i1n (V3—1)
k=0, 1, +2,..);
K) kn—]——iz—ln 2; 3 i; n) 0.

61. zk=<2k-%\ i (k=0, 1, £2,..).
/
62. 2=kt +11n2

63. 2k=<k——;—>n
64. Zpp=2kn—iln (V' a2F1—n), 2y, =k+1)n—
—iln (V2 1+n) (=0, +1, +2 ...

65. x=0. 66. zpp =2kni, 2y, =(2k+)mi+In3
(=0, 4 1, +2,..).

67. z;=In (1—[—V§)—|—<2k—{——é—> M, zp=In (VQ—I)—{—(Qk—%) i
(=0, =1, +2,..).
68. a) 2=1—1i; 6) 2=—e+i. 69. a) Her; 6) ga; B) Her;
r) Aa; 1) HeT;, e) ma; ) HeT; 8) HET; H) HeT, K) Za.
73. Yxazanne. [Jas mobhx ABYyX HANpaB/eHuil, XapaKkTepusyio-

[HUXCS €NUHUYHBIME BeKTOpaMH s® H 1% cBA3aHHBIMH ycaoBHeM N0 =is®,
HMeIOT MeCTO 06ofulenHble ycsioBust Kowu — Pumana

du_0Ov @__QL_J ()
Os on' Js  on’

k=0, =1, 22 ..).
k=0, =1, £2,..).
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UroGer mosyunts ycsosus Koww —PuMana B NOMSPHBIX KOOpAMHATaX
du_ 100 o 1 ou )
g pJp’ p 0p’
Hamo B KauecTse O B3ATh EAWHWYHEIA BEKTOD KacateqbHOH K OKDYXHOCTH

|2|=p, HanpaBjeHHHH MpOTAB yacoBOfi CTpeskH, a 3a Nh¥—BeKTOp
BHYTpeHHel HOPMaJH K OKPYIKHOCTH. Kpome 3T0r0, HaiO y4ecTb, 4TO

9__90 90_90
an~ dp’ 0s pOg’

Torga Jerko ua (1) momysum (2). OT™MeTHM, TT0 yCJIOBUSA Kown — Pumana
B IeKapTOBHX KOOpAMHATaX
u_0v O Ou
ox 0y’ dx Oy
nonyuatores u3 (1) mpu s®=1, nd=i.
75. a) f(z):%; 6) f@)=Inz B) [@)=22+22
76. a) f @) =2shz—2% 0) f (@) =2sinz—z ) f@=4chz+2—1
77. a) [ @) =2C0os 2242 ©6) f@=2 (cosz—1) —iz2+-2.
79. a+c=0. 80. a) Her; 6) na; B) HeT; I) Aa.
Tt 1 8/
8l. a) n=2 qi=7; Nn=7, B="7;
6) ri=1, ¢ =0; rz:]/m, @y =— arctg (tg 1 -th 1);
\

4 2
B) r1=15, (plz—arctg?; r2=3<1+74_),

4n
q)2=ﬂ—arctg :}—'L_Zji'

82. a) [oaymrockoets Rez>>0  pacrarusaercd, [OdyIIIOCKOCTE
Rez << 0 cxumaercs.

6) B moGoit Touke 2z (kpome z=10), Jexamell BEyTpH OKPYXKHOCTH
{z|=1, HMeer MecTo DacTsKeHue, a JIF TOUEK, JeXallHX BHE 3TOH
OKDYKHOCTH — CIKaTHE.

) To xe, 4t0 ¥ B nyHkTe O).

r) UacTh KOMIJIEKCHOH MJIOCKOCTH, JIexallias BHYTPH OKPYHKHO-

1 .
cTH |2 [=]7§ , CKIMAETCs; YACTh IOCKOCTH, JIeXKAIast BHE STOH OKpyH-

HOCTYU — pacCTAruBaeTCH.

83. s~=%, ly=2(1+V2+1n (3+2V2).
84. Sb=x2~4—x1 (sh 2g — sh 2¢7) — yz;-’/l (51 26 — sint 2xy).

85. 7,5m. 86. V2 (2" —1).

/
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87. Ilauunifi IPSAMOYTOJILHEK OTOGp@XaeTCs B KOMBLO €< | W | << ¢?,
npomags KoToporo pasHa 5 (¢t —e?). Tlo  dopmyne (8) nosayuaem
4 (e%—e?). Owubka MPOMCXOAUT M3-3a TOTO, 9TO NpH 3aNAHHRIX YCIOBHAX
OTOGpaXKEHNe He ABJHETCS B3aUMHO OJHO3HAUHBIM.

1 i 1
- — (2 — 7
88. . 89. 5. 90. (e2—1) (1+19).
91, a) 2ni; 6) —2ni. 92. 0. 93. 0. 94 (i—1é.
95. a) 2-i; 6) 64+2. 96. —2(14%). 97. —1. 98 %(i—l).
99. a) ecos 1 —1-iesinl; ©) ecos 1 —1-iesin 1.
100. — (1-+ish1). 101 a) 2(i—1); O 2V 2.
102. 2V 9—44i2V3. 103. —Te2+(B—2)e. 104 ¢1—1

105. cos 1 —sin 1 —ie7l. 106. 1—cos 1-i (sin 1 —1).
1 /a2 4/ n2

LI L 2 P 2

107. 3 <4 +31n 2>+L g In2. 108. g
/

109. 711—[1——cos @-+2)]. 110. —‘\tg1+%tg21+%th21>+ithl.
11 Vashi+i (Y 2shT1—2Vsim1)-

1 1, 4
112, sh2t i 18— 114. 0.
115. — In V'sh2l F-cos?l +i arctg (tg 1-th I).

116. 0. 117. m. 118, ”C;”i. 119. izt sh .
113

120. 0. 121. i%ﬂchn. 122. 0. 123. 5
124, i 2nsinl-chl. 125. 0. 126. —mi. 127. ;.

_a@+9Ve, _m ?
128. 5 i 129.0. 130. — oo 131.+7Sh1.

132, m2. 133. —

134. — 2mi.  135. ——l——glfe‘. 136. Pacxopurcs.
187. Cxogurcsi. 138. Cxomurea. 139, Cxomurca. 140. PacxoguTtcs.
141. Cxoputca. 142. Cxomurcss. 143. Pacxomires. 144 Cxoputes.

145. Pacxogures. 146. R=1. 147. R=1. 148. R=}2.
149. R=co. 150. R=1. 151. R=co. 152. R=1.
153. R=1. 154. R=1. 155. R=co. 156. R=1.

157. B cayuasx a) u 0) R;if—%“—"—r—‘; B) R=rr';

r) RQYL,.

22 23
158. —sin 142 (24 1) cosl—{—g (z+1)2 sin 1—§(2+1)3cosl~—...,
R=o00.
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n\2 1 m\3
159. —5[1 <z—{~ > (H—T) "3!—<2+T> —{—...], R=oc0.
- 1 1
160. Ve[l 5 (2 +2!22( 1)2—{—3!23(22—1)3—{—...],
R =c0.
161 r 1 2) + 2 --2)2 :»332 23 -+ R-—i
T +—-(2-1— 52(+ +53(+) e =73.
1 a1, -~
162. — 5 25\ 1752 .., R=1L
163, —iz4#34ip—27—..., R=1
164. 1 1z 2—4—{— R=c0
g ], R=co .
1 z2 24 28
166. 1n2— < o 4+3 8+ > R—2.
522 . T2
167. In 2+?—m+3—-—§-—..., R—-l
1 1 1 3
168. 7—52—2—{—@23—1—5'—2525—{—..., R——JT,.
11 1 T
o — = —V3 2.
169, 5 — g5 257557 312324— CR=VIm(e—V+n
1 4 NTRET R
170. 6+62 2!632 +31632 +..., R=Vin25+m2
171. In 2 —~2+W 412324—{— , R=m.
a
I | . o8 e
172. 2122—1—4'24— zf+ . R=%.
173. 1n 2—Z+W+9—0—2—626+., R=m.
3 13 \
174.e<1+2+—2TzZ—1—§23+...>, R=1.
1
175.f(z)=a_2, |z <L
177. ]z|>V_ 178. |z|>2 179, |z|>e™t 180. |z[>e

181. }2+1]>%_ 182. |z-2——i|>1?. 183. |z4-2i|>3. 184

l24-1—i|>1. 185 |z14if<l. 186 |z—i]<2. 187.
0<|z—2-+i|<l. 188 2<|z|<4. 189. Pacxogutcs scrogy. 190.
1<|z|<2 191 |z—i|>e 192, 1<C|z|<<2. 193 |z41]>2.

194. 0 << |2—i| <2 195. 0<<|z|<<1. 196. 0 <jz—1|<L.

197.

198.

200.

202.

204.

206.

208.

209.

210.

211.

212.

213.

214.

216.

218.

Ecan [a|>|b],

OTBETHI 223

TO BCIOAY DACXOAUTCS,;

ecan |a]<<|b|, To cxopurcs B Konbuela|<]z|<|b1

1)

2)

1 2
7—m+ﬁ—“
|

z

23

+1+21 +3!+

23—1—22—{—g +3T+m+"'

Frane

4
— 3 R S
199. 2! 41 z —{— z

1 z
201. E§+z—2+§!‘é+§l‘+ﬂ+...

22 1 1
4 7 ———
203' 2 2! —l— 4! 6! 22 “l"..‘

42 44 46 1 22 24 26
21228 4!225+61 AR R TR R TRUSE
1 2.2 po7. 2L, 1. 2
oy Har e CATEE T e T
1 1 1
Z oty ot
o0 o0
on-1 /2 n 3n1__2n1

DR DAL

n=I =0 n—=1

[ee) [oe) 1
g 5= Y 1y o )
n= n=0

a) He pasaaraercs:

1 /241 2342 H__9 252
6) 3( 25 2 z5 28 +>
oo o0

(=1 = .
Z 2 2ﬂ+1 <
n=l1 n=0

n=1
I N nt(—n
B) ?+2 n+2(rz+1 )
n=1
oo I B oo (2+2)
= ( +2)n nZO i

215. He pasnaraercs.

- \ 3
.4nt
217. 2+2 M__

22n+1
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219.

220.

221.

222,

223.

224,

225.

226.

OTBETHI
P LN D,
“3E=p 4 Z @y e
N n.4m71
Erore

n=l
a) 2=0—BTopOro NOPALKA, 2y,5== -+ 2{ — npocThe;

6) zp=na (n=2z=xI, £ 2, ...) —npocTHe.

a) z="0—TpeTpero MNopsAka, 2,=nx (==l €2, ..)—
NpoCThHiE;

6) z=="0-—npocToi, 2,=nni (=x1, * 9, ...)—BTOpOro
nopsaKa.

a) 2,=@2n-41)m
6) 2n=(4n+1)%i

@) 2=— 7 —BTOPOr0 MOPSAKA; 2p=nni (n=0, 1, +2,..)—
IpOCTHIE;

(n=0, 1, =2, ...)—BTOPOro nopsaKa;

(n="0, =1, =2, ..)—BTOPOro nopaKa.

6 =)/ Cr+Dy (=0 xl £2 )

zn=V(2n+1) ”J;— —l—i—é—zi——npocme.
a) 2y, o= & Tii —BTOPOTO nopsuka,
Zp=Cn+hni (=1 * 2, + 3, ...)—NpOCTHE;
6) Hysed HeT.
Broporo nopsaka. 227. Tpernero nopsaka. 228. [Tpocroil HyJb.

209, Tpervero nopsaka. 230. Tperbero NOpsAKa.

231.

Broporo mnopsuka. 232. Tperbero nopsaKa. 233, [larnagua-

toro nopsaika. 234 a) Hynem, MOpsAOK KOTOpOr0 HEe HHXKe MHeM

min (1, m);
6

) HyjaeM nopsaka n-m;

B) HyJeM nopsaka n—im, ecau 1> m; NpaBUAbHOH TOUKOH,
ge spAfomencs HyJeM, €CaId n=f, 0co60il TOUKOH, €CHH
n<m,

285. a) Iloaioc TPETLETO NOPALKA; 6) nojlC YeTBEpPTOro nopsaaka;
B) TIOJIOC BTOPOrO MNOpsAKA.
236. a) Ilomoc npocrofi; 6) NoJoC BTOPOro nopsnKa.
237, a) zn=(4n+l)% (n=0, =1, + 2, ...)—MNOJOCE BTOPOr0
nopsJKa;
6) 2=0— ycrpannmas ocoBasi TOUKA.
238. a) 2=-— 2— CYIECTBEHHO ocobasi TOUKa;
6) 2=0—CyuecTBeHHO ocofasg TOYKA.
239, a) z==0-—nosoC BTOPOTO nopsinKa, 2=—1—noJ0C BTOPOroO
nopsKa;
) z==0-—noJioc  BTOPOTO opsiAKa, 2=29nmi, n=:=xl,
4+ 92, ...—NpoCTHE NOJIOCH.
240. a) z==0— cymeCTBEHHO ocoBas Touka; 6) 2=0— CymeCTBEHHO

ocoBasi Touka; B) 2==0— cylecTBEeRHO ocoGas TOYKA.

241.

242.
246.
247.
248.
250.
252.

253.

254.

255.

256.

257.
259.

ypaBHenus 24
©

260.

262.

263.
264.
265.
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a) 2z=0—cymecrsenno 0cobasg TOUKA.

2=2nn (n=x1,
4+ 2, ...)—NOJCH BTOPOro MopsiaKa;

1
z=<n+ ~2—> a (n=0, x1, *2, ..)—TNpoCThie NOJIOCH]
2

=0—ycrpanumas  ocobas
2, ...)— OpOCTHE MONIOChL.
Yerpanumas ocobas Touka. 243. Tlosoc npocroft. 244. [losoc
npoctofl 245, YcrpaHHMas ocofas TOUKA.

CymecTBeHHO 0cOBasi TOUKA.

20 — noOIIOC YeTBEpTOro NOpsAKa, 2==-—Il-—moJwc npocroi.
Yerpanumas 0cobasg TOuKa. 249. YerpaHumas 0cobas “TOYKA.
[Toatoc mpocrofi. 251. YcrpanaMas ocofast TouKa.
CymecTBeHHO 0co0ast TOUKa

0 — oy _ 4 i =8
res / (0) =0, msf<4> o ”Sf(z‘*“”>”’n%2n+4)Mn%—n

(n=0, 21, =2, ..).

6)
B) toyka, z=nn (n==xI,
+

resf 0)=g5.

. 14+3i —3i
resf(—i)=— ;;) cos 1, resf(i)=—12031cosl,
ch3
resf(3)=—m-,
(2 wyotoan
V3 '

resf[(—l)”%-[—nn]: 9

e——ﬂ:/ﬁ—{—(?n— l)n'

( 2, -af6+2nm
v -
|

\

1

2 mfpr@n—Da

2 1
, ﬁ,res/‘(2)=——2-7.
% resf (zp) =0, rme zp (k=1, 2, 3, 4)—Kopuu

resf (0) =5, res f(l)y=e. 258 res f (—1)=
res [ (0)
1
)=

res f (— )=

res

261. res f (0) =0.

sho.t, resf<i2>=—-%(e+2e-l)t.
resf(0)=—~6-, |resf(3)=2 sin2<~—g—>.
res f (0)=0.

— ¢

a5, =5,

8 M. Jl. Kpacnos u Ap.

N
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266.

268.

269.
270.

274.
278.
282,

288.

291.
294.

296.

299,

302.

304.

306.
309.
312.

\ 313.

( 316.
318.

\ 321.

| 325.

OTBETH
resf(0)=—%, resf<g~>=0. 267. resf (i) =—1.
res f (1) = 22 @n= 1 (Qn(;z)l.).!.[zn_ (n—2)]
resf (nm)y=0 (n=0, =1, £ 2, ..). -

0. 271. 0. 272. (1—2¢Y) mi. 273. 2(1—e Y ol

1 .
—gm. 275. 0. 276. »%lnS-m‘. 277. 2mi.

[cos 1-tsin 14§ (sin 1—cos 1}] —IQL 279. mii. 280. 0. 281, 2m¢ %,

sin 1 —4cosl

0. 283. 2mi. 284. 285. 0. 286. 0. 287. 3.

12
0. 280. .. 290, ——
V2 ab(a+0b) "
3 @n)! @
7 22 oy n 293 — g
4 5b2—~q2 | b2—ba? 2
2(b2—02)3 < p3. + ) >. 295. gﬂ,
f 2 o
-, 297, —m. 298. &
nSiH——2m+1ﬂ 3 2
n
ES%EW—Q. 301. 5 ¢ (cos 1—3 sin 1),

% ~4(2 cos 24-sin 9). 303. % 72 (2e— 1).

12
T s, 305, — ¢~V [eos L sin L
3 2V vty
o o o Vs
e a S pma hadl 2 i —
2ae . 307, 2ae . 308. Vge sin -
n -)\_i—k oo —a
16<e e, 810, 3 (2—a)e® 311 0.
7 €0 (362 —a2—mb (36°+ )]
I ] b—a
= Dl —et
5 314. 5 (1 —e™). 315, 5 T
_— b2
n memae 2 1 n i
2_114_———4(13 <m—}—7>. 317. 7‘/‘5‘@ a,
7 (ctg an —ctg bw).  319. l?inpz. 320. ﬂ(lr_p:—pz).
2n 2n
— . 822. 0, 328, ——. 324. .
gz ) Va;—l T
v 2__ pa). 7
o la Va2 —b2). 326. i
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8na ! )
327. —————. 328. res =1 =1, +2,
»Var b e=ka [ () ( )
320, res L& __3 (=0, x£1, £2..).
T 1O
=3 +
330. a) resf (z)=—l, res ]!—Z—)=1 k=0, 1, £2, ..);
=0 [ (2 n 6
2 2—|—Im
@
6) rtes ——=1 =0, x1, £2, ..).
) 5 TO ( )
331. — 2. 332. 3. 333. 6. 334, — 3. 335. — 3. 336. — 4, 337, 2.
338. 1. 339. 1. 340. 1.
341. 2. 342. 5. 343. 3. 344. Her.
345. 5. 346. Her. 347. 11. 348. 6. 349. 2. 350. 3. 351. 4. 852. 1.
353. n. 354. 2. 355. 4. 356. Her.

357. 1. 358. 1.
362. a) u 0)—mapanelpHblfi Meperoc; B), [) H €)—NOBOPOT;
@) — pacTsKeHHe.
363. a) w=az-+b; 6) w=—az-|+b; B) w=—i (az+?),
rge @ u b—peficTeUTeNBHBE wHcHa, a > 0.

364. Yxasaune. Ilonarag z=x--iy, w=u-iv, noayIum

U= X v y

By x4y

O6xons TpaHUMIy MOJNYTOAOCH HANpUMmep Tak, 4TOo o6JacTe 0CTaercs
c/eBa, B CUJAy NPUHIKNA COOTBETCTBUS TPAHUI[ HAXOLMM, 4TO 06pa3oM
NOAYNOAOCH OyAeT” 4eTBepTHil KBajgpaHT C BLIOpOLIEHHEIM TIOJTYKDYIOM
1 1

365, w=1i :—_i:_;z . Bocnonbzosateca dopmyol (7).
366. w= %25 . Bocrnoarsosatbesa popmyaci (7).

10—z
z2—2,

367. Peme nue. Bocroassosareea GOpMynofl w==e'® rae

a5 !
Zo—TOUKA MEpBOTO KPYra, Nepexoisilas B HEHTP BTOPOTO. %3 cfxil%ae a)
HMeeM f<-Q—>=O, T. & Zy=-5. Wcnoassyst ycnosue arg f’ <%>=im2—,
HOYYUM @:%_ Urak, w=1 222_—21 . B cayuae 6) aHamOrHYHO NOJY-
uuM W= — i2.

368, =22 _H/ir’ (=D E+D g5 Tlepshlil KBAAPAHT IJIOCKO-
5—2z+V5(+1) e+ 1)

CTH W.
8+
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370. O6aacrb -é—g[w—l |=<1, ——f—garg (w—1)=0.
371. w___az—l—b rie a, b, ¢, d—mobpie BelleCTBEHHBE YHeda,

cz+-d’
YIOBJETBOp SOLMe YeA0BHIO ad — be > 0.

,
i~

T
— . =1 .
872. wy=ze %, w=Ywu,=Vze *{Fi=1).
- 14w, . <1+V£>2
378, wi=V)z, wy= , W=wi= =N
! V 2 1_wl IT‘VZ
874, w,=2"% w=Vw,= /2=a
T T T l—l b—z"

875. w,=2—aq, wz,=-———w1—~ w=|/w_2=1/z-a.

w,—((b—a)’ z—b

e

376. wy=2% TormA@ W] ,.;.;=21. CordacHo ¢opMmyre (8) w=
e P12 et 22
T w4 % T 2242

OxoOHuaTeqpHO W =

;. U3 ycaosus w (0) =1 axoguwm, uro eif=— 1.
i

pIER
377. Bepxuufl noaykpyr |w—1|<<1, Imw >0.

378. Herseprp xpyra |w [ < 1, O<argw <%. .

379. llpavoyronhHuk ¢ BepwmnHamd B Toukax 1, 2, 2-bie, 1-ie.

21{'_L
380. w1=2—_z~, Wy =2Miw,, w=e"2=¢ 72,
i i (2—a)
382, wy=z—a Wy =p— wy, w=eP2—g V—a
383. w=1Inz.
-z - =w2+1 e 1 —e?\2
384, wy=€"? Wy=—w;, ws —-—1__%, W=wi= m:—z .
385. w;= 2z, w2=w,+g—, W == sin wy = sin <2iz—{—g~>=ch2z.
— —a\l/x
386. w=2-2—22—, 387. w=C <zz_—cz> / , Tae C— KoMmnzekcHas ro-
CTOSIHHAS,
388. w=2<z—}—%>.

1 1 Wy —i 42 —diz |1
Pl <w1+ &Z>' Tl PN VPR

390. a) Jla; 6) na; B) Her, r) 13 I) Ba; €) Her; XK) Her; 3) Ia;
W) HeT; K) na; J) 1a; M) Ja.

389, W, =9, wy—

391.

396.

401.

404.

406.

408.

410.

413.

416.

419.

422,

425.

426.

427.

428.

431.

433.

435.

438.

440.
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1 3 1 T (@+41)
o 392 Frg 39 G 3% — - 895, Hen.
p+1 2—p p2-+2p--2 1 4
. 397. . 398, . 399, . 400,
p? p2+1 % pF0 e Y wre
p 3 2
——— ) —, . . . ———r—
a) ot ) 79 402. aF (pa). 403 PXTLESR
m (p? -+ m2—n2) 405 pP+7p
(0F -+ m? 23— gz (P +9) P+ D)

2mnp 1/3 p 4p
G (s )

p (p?+m24-n?) 409, _P*12
(pP+m2+-n)2—4dm2n2 - T p(pr )

6 Al 20p 4 pt-+16p2-1- 24
P2+ 1) (p2+9) - T (P2t p(p2+4) (p24-16) *
p2—w? 1 2p3—6p

. 414, . 415, SE 2P
PN p—ne M e
2(*t+p+1) 2p%4-4p+8 6p
= 41T 418.
(p2—1)2 (p24-4p2 (rr—-12
1 P+ P2+ pw2 — 2 4 N
. 420. e :
P PEED) P ror - Bl G
p? 202 1 2
— . 423 .
7 (7P T 40) e RS
PN S SR U 12y '
a) lnp_l,ﬁ) ln—p-, )A2—ln—p—-.
VoEFl, o 1 prpd
a) In ——p-—, 6) flnm_—l
p__ 1, p+1
a) lnp_1 Py 6) mp—l‘
b a o
lnE_ 429, arctga, 430. arctg;%——arctg P
) ) 5 b
Aln—+4+Bln—+4Cln > . In=>
na—{— nﬁ+1nv,432 lna.
1 a+b 1 —
~ A e . __p—m
5 In a-b,' 434. a) =T 6) R
3! 1 2_.9
. 436, —— 437, _PT P
FESIE p—1r—1 ¥ g
1 1 p—3 1 o+o
S — e P 2 439,
20— 2 -+t ¥ 10T TG
e aan Cy 0o, e
P T 2 T2y 0 Y T
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—pg P — Q0P —2P
443. l—pe—. g, L2

p
1—2 P ¢ emap
—_— ., M6 ——
p? p+b
be=ap 1 —eap e~ —g~bp
M“7. . 448, . 449 —Z
p(p+9) p? p?
[o 0]
1 (—D* (2%k41) l—e? (1—ePy2
B el T TpE(IFeR) Y pi—e )
k=0
Ifp—e? oo 1 14
prEP—1)" " pr4l 1—etre

45.

450.

454,

Tt

1 2e 1
455- pz+1(”+ 1—e—w>- O ey
_r -z
31" 6 FPE 131" de78P
P O e Y pie

1 ’ p
462. . 463. .
(p—1 (P*+1) (p—2) (p2+1)

2

|
464 165, "FD) 4ee 2

CpE(pr—1) T Tpr s U i p gy

[ee]

ok
467. Pemenne. Hspecrno, uro J, (f) = 2 (—h* ﬁ%ﬁ' (2n.
£E=0

Pacemorpum  ¢yukmuio F(py= Ora (yHKUMA aHARMTHuHA

1
VoE1 '
B OKDECTHOCTH GECKOHEUHO yjaljleHHOW TOuKu, T. e. npu | p|>R, rge R
HOCTATOYHO BeJIMKO, UM oOpamaetcs B 5TOH TOuKe B HyAb. Haligem ee
J0DAHOBCKOE pa3jOkKeHHe B OKPECTHOCTH GECKOHEUHO YNAJCHHON TOUKIH:

—

1 1 "z % (—1)% (2%)1
F = — == ] —_ e _—
o=y () A

CoriacHo nepBoil TeopeMe pasnOMeHUS OpUrMHAOM Ljia F (p) Gyzer

byHRUMS
\' Dk
fo= 2 =0
k=0

1
Vi1

Takum o6pasom, J, () =
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468. Pemenue. _Mssecto, aro J, O)=— 1, (5 [2]. Henonbsya
PE3yaIbTaTEl MpexrInyIleli 3a5aun U TeopeMy O EHXpepeHtNpOBaKUY Opury-
Hajla, HAXOAHM

] _ 4 _VrFi—p
Iy ()= PVPT{_I‘FJO(O)-*—VT_}_I‘FI—“W.

469. Pemenue. Ilpu n=0u n—1 opmy.1a
VpFi
BepHa. IlpumeHum meron maremarnueckol uHIyRuuu. Tak kak .

2n®)=Jns (O —Jn (&) 4 Jny(0)=0 (n=9),

TO

Tn)=Jna®)~2/n—1 () = M_

VitT

AR el ) S o ) /
VirFl VT o
470. Pemenue. Paccvorpum PyHKIHIO
;oo
F(p)= pri ¢ P (n=90,1, 2, ..).
Hmeem
— —1)
F(p)= E L ( .
n+1 blpk klpnt+ke !
P k=0 P k:'Io %
i kntk
= VN (=DFemt
CaenoBarebHo, f(t)_kgom, 3ameuas, uro

© 2ok
k=0
noxyuaem f()=tv2J, (2VF).
B wactsoctn, npu n=0 J, (2 VZ),:‘—;—e‘I/P.
471. Tlosoxnum @ (1) =#7e~!. Tlo Teopeme cmemenus

no~t o nl
BRCES
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Herpynuo nposepute, uto ¢ (0)=¢’ (0)=...—=¢@" 1 0)=0. Coraacto
TeopeMe O nu@@epeﬁuﬂposa}mn opHmHaJIOB

o=t n!
i ) G

I/ICTIOJIbayH TeOpeMy CMeHleHnsl, HaXoAuM

{ anr Y/ 1 n
- fl' S e = (Lﬂ__’ﬂ_‘@_%) (=0, 1, 2, ...).

n'pﬂ+l p
Inp C . < 1 1 )
472, ——=—— e C= lim {1 +—+ ... =-— —1n 2] — nocro-
3 i pit Jlim + 3 + ... 4 )

auHag Dhnepa (M. [14]).
473. Pemenue. Pacemorpum  dyurumo fy=eert (Vi)

# nycrs F(p) ects usoGpawenne f(f). MUmeem (eri t)’=7: e,
o

1
V AT
Mepexons HSOGpEl)KCHHHM u yuuthiBag, 4ro f(0)=0, us (1) maiigem

pF (p)=F (p)+ —5=, otkyna.F (p) ==————— 3nech Mb HCHOB3O-
V ¢=1Vp
BaJM pesyabrar sajauu 394 u ro, yro [’ —-VJ‘I; Hrax,

_ 1
At V0= G Ty

anMeHHH TEOpEeMy CMELIeHHs, OKOHYAaTeJbHO HAXOIuM

erf(Vt)—‘m.

474. 2 %e‘t; 6) —e -at, g) —n (¢ —1).

475. [ (0)=0, (0)_1 i (0)—0

476 ({— 120 (f—1). 477. (¢t —n ((—2).

478, e (t—2). 479. ¢ Gam (1 3). 480, -2 sin £,

481, 7(6“— ~3Y). 482, < (sinf—Zcost). 483. %lsin t.

— —
- 2
484, 1—et—tfe?, 485, ﬂ?’—e%ing]f . 486. %—{—Qe" sin £

9

1 1 1 1
— I S 2o
487. t—sin ¢, 488. 6 e 15e 1 cos 2t — 5 sin 2¢.

489. l—ne‘t—}—n(n 2 — (=1 ent,

490. 2e"f/2[ V t—tcosV3 J
7 yEe
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491, e (1 —12). 492, %em(cosV t4+V3 sm-—V—3 t)—% e,

3 e 1
493. w5~ (4sinf~3coss). 494, 5 €% —el 4316,

495. 2t -2 ( V3 V3 Vf t).

sm-——t-—c

1 1
496. T z‘ef~§ te~tiz (cos V3 t4+V'3 sin —23~ z‘>

| P *
497. 7ef 1sm2(t—1)n(t-l)—{—cosS(t—Q)n(z‘—Q).

498. (t—3)e ¥y (1—3). 499, eyt —1)y—n ¢ —1).
500. sin (f—2) n (f —2) - 2 sin (t—3)n(t—3) 4-3sin (t—HnE—49).
501 sh(f—D)n(f—1)4ch2@¢—2) q (¢t—2).

1
I 1 —(—5 1\ 1 1

1 1, 1 1
X (t—7>—1~6 sin 2<t—7> n(z‘—?),

503. (t—1)n (t— D+ (=22 (t—2)+(t— 33 n (¢ —3).

1
3

504. 4 <t——L>—cos (t——\ (t

3 3/ >.505 1—-erf<

2yt t)
e aVp 1 e aVp

I

= 7 (=L

A I Vo'
—aVh s

e ap
F(Vp)= . Orciona F (p)=—p§—, M 10 TeOpeMe 3aNasiHBaHHs

W2
F(p)==(t—a)n t—a)=F ().

506. Pemenne.

o reopeme S¢poca
e—aVp i <L P

=1 \ @ e i L { -
Ve TV §(17 agn (t—a)e dr—m§ T—a)e ‘“dr

12

e Fav=1, ()41, 0)

Q
&
Q
-
!
1=
""L/‘og
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3neck
i @ T2 1 T2 | T a?
I (¢ -———_S te Hgr=— (— e ¥ =2‘/~eﬂ4t
a T=a
e T2 a T2 oo T2
a —~ 77 a - a -5
L= — Se ‘“dr:—;_ge ‘“dr———ge Y gr=
2 () V nt Vnt f115
a 0 0
2
0 2V¢ 0
=0\ —— e‘szds—-fg e ds
\Vn S V= !
rae s= L
2Vt
CaegoBartenbHo, [, (f) =a [erf ——a—:) — 1]:— a Erf —a—_) u
? (\QVt VT
OKOHYATEJILHO X
—an 7 _a a
— e % _qFrf ( ‘),
oVp T 2Vt

507. <t+°; > Erf( )—oc ‘/—e

—d-ah ]/t‘)
¢ /

508. aelt*tath Erf/ u
\2a )

e—(ﬂ/il _ 1 e——a]/i
pa+Vp) VeVplatVo)

509. Pemenue,

Tonaraem
1 —aVp
(D Ry ey F
D=y PV
Orciona
e~ap 1 /e ap e”“;/ﬁ )
FO=rarr=a ) = \

=0 [0 (o) —e 8 ()] =] ().
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Tlo teopeMe 2dpoca MMeeM

[ee)
—Vp v

[1 —gacz—m) PR dv =
PGV S

1
=

2 §3
i e
Va 3
2Vt

[s 0]
=LErf —OL—_‘)— 1_ S e““"‘“zte <2V’_+aw> dt=
a oVE] aVawt )

—5* ds— ! ioe_[at—aa_l_%]dr:

ama

=1
T a

eatatta) 9 S

“a =) i

e 2=

rt— +aVE.
Urax,
—al/Z:

S )= 3 Sra V)

T2

e8]
1 —
510. Pemeunne [(f)=—= S chte ¥dr.
l/ﬂt 3
Cpasuusas [ (f) c gopmyao#t (17), crp. 128, supum, uro f(H=ch{,
P 1
a sHawuT F (p) = ——pl . ——1_/;’
- 1
noayuny @ (p) F (Vp)=p—_———_.':1 (), otkyaa I (f)=¢.
511. [ (t)=e't 512. 1 (t)=2tet 513. I (f)=2te™".
514. x()=(t+1) -tt 5125 xg)—-—l. 1
516. x(t):"—fc—osS—Jrs‘-“— BI7. & (=14
518. x (f) ==t 519. x (t)2=cos z.
1
520. x(t) '4— + 12 3‘
521. x(t)—% (1 — o2 - 2te2),
522. x (t)=% (3ef —e8 —27f),  523. x ()=t—sint.
2, 2 14 1 2
524. x(t)_2—59 2 —%—cost-}—% smt—?tsm t— 5 f cost.
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. 1
(ot __fot 5
525. x () ) (e te cost). 5592. x(t)=%e’—ﬁe‘t—{- COSK—BH—V— lg§t
1
526, x ()=—ef —1—1 t
x () 21 + (cos ? sin £). 553. x (fy=cos?—1¢cos?. 554. x(t)=2+t—%cost—{—%tet—ge‘.
527. x () =—£2—1 t—sin ¢. 528. — Lot g, :
* 32 +°°S4 sin 1" (O) = tre’ +-te 555. x (f) =1 — gg ’—%te“-%cos?t—}—%sin 2.
29, — et sin 2 —— et cos U =
529. x ()= ? sin 2¢ 5 ¢ o8 t 5" 556. x(t)—-t— sin 2t+12(cos 2t — cos 41).
530. x(t)=7(1—ef cos t}-ef sin 7). . 557. x (t)——tet—ef—|—cost—|—2 sin £ — 2f cos t. 558. x (t) =e! t——t—i—l)
— t__ —
531, x (f) = 9.4- 2 (e~ —cost 4-sin 2) 559. x (f)=2t—3+3 (sin 2¢ —2 cos 2/ 2¢7%) ,
532 x () — 1344 46— 50t —tot. 560. x (f) ==4f 43— 2. 561 x () =2 —of — tfi’t ,
—=3ef —3 -9 __2 . _"_ = ¢ 9
538, x () — —l—(e*t—{—cost—smt). 562. x () =3¢'—3—2—2 — = 563. x () e <t2 3t-|—2>-|-
t -
1 5/l V3 V3 1
534. x ()= 7tsmt—cost+smt \ +3 e? <V381n-2——t—c 52—t)-2—49",
535. x(t)=% — %tz—{—?t—fl—]—e—t. 564. (t)-— sin 2¢ -5 smt—%tcos?t
536. x(t)zg_{_?e# Cos‘Qt_l_%e—f sin 22 565. x ()= _2?2 [sin nt cos oo — nt cos (nt 4 a)].
1 h __i 4 3 4 1 —ar 4 o,
537. x ()= (cost-ch ) —t—1. 566. x () =F P—gitg—eltge¥ —ge
1 N .
538. x () == (I—e'cost—e ' sinf). 539. x(f)=1—2cost. 567. x(f)=—2“4 [3 cos 4 (2 —3) sin 7]
1 . 1,
540, x(t)=%t—|—cos 2t_% sin 2¢. 568. x(t)=—B~e°‘f sin B¢ 569. x(t)=§ smt—% sin 2f.
541. x(z‘):ig—g—igefcos 2,_{___et sin 27, . 570. x (f) = =1p ¢ e2t —?—{—gcost—gsmt.
_ "1 1 .
542. x(t)=e‘t—et/2 cos *VQS—H‘VG SIHK—?’- i 511 x(t)=lt2+(1 V=1 —}—<7—y>e"—}—7(cost—smt)‘
3 83 1 1
. 2 ~15 — .
549, x ()= — 1_% (sin £ +-cos {p-eD). 572. x (f) = ch ¢ cost;}—\16 cos 2t .
1
_ i _— —_ _3t
544. x (f) = ieq—%sinu—é— cost—1. 578 k() =e (COSH'SIM 2/+2 e
1 _ V3 1/3 1/3 1
574. 1) =— tl?( t--1— _ —_ '3
545. x(f)==ch t—%tz—l. 546. x(t)=2—{——é—(ef—}—sinf~—coet). @ 3° ooyt +3 t=ne
1 , . 2 _
547. x(t):e’(l—t+%tz>—l. 548. x(t)=~gsint—%tcost. 575. ¥ () =g (@ sin it cost—sin f). 576. x (t) =5 le"—e > (3t-+1)].
(12
549, x (f) =2et-tel 4t 9. 571 x()=1—e t<§+t+1>
550. x(t):%e‘f—- efl? <cosV3t—3 V3sin L2 VS ) 578. x () = 1-%”’ 3¢ COSVS
1 3 1 . 2a] . ot ., 0 (—b)
551. x ()=—— et-—z e t~7 sin £ 579. x (t)=m—2[sm2—2—n (#) = sin? —=—=1 (f'—b)]-
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t—1
2
581. x (t)=% (t—li sin 21‘) 1 (t)-[(t—l)—-% sin 2 (t—-l)] X

X Nt — 1)+% (t—2)— sin2 (t—Q)]n ¢ —92.

582, x () =[b+ (1 —b)cost]n (&) -+{b—bcos(t—a)] n (t—aq).
583. x (f) = sin 3 () + [(t—-l)—g sin 3 (t—l)] N(E—1)—
_%[(t—Q)——%- sin 3 (t—Q)]n (t—2) % [(t_3)._

—%sinQ(t—S)]n(t-—Z)_

580. x (f)= Q[Sinﬂé M () — 2 sin?

3
584. x ()= 3, (— D% [l —ef kot et~k (¢t —ka)| q (t — ka).
k=0

585, Pemenue. YpapHeHMe JBUXKeHHS m&=— wAL—2mpx;
% (0)=x¢ X (0)==v,. OnepaTopHOe ypaBHEHUe HMeeT BUJ

p2X — pxg—0y+ 2up X — 2uxy - A X =0,

orkyza X (p):%i_:;ﬁ‘;‘——_i_p}? UIH
X ()=S0 @ TR AY Ko (P | ProtT

N T N R B i
rge nd=A—n2
Haxogs opuruHan zas X (p), NOJayduM

()= in &7 [nxy cos nt 4 (uxy 4-vp) sin nt].

586, YpaBHeHUe ABUKEHMS
m=—mn2x++Fny{@)—Fnq(¢—T), x@©0y=0, x(0)=0.

587. Ypasuenue gpuxkenus £=an2—n2x, x (0)=0, £ (0)=0.
588, YpaBHeHUe IBHKeHUS

mi=—mg—2kmx, x0)=0, x©0)=uv,
580, Pemenune. mf=F. (1

)

B namewm cnyuae m=2, F=F,-+af =4+-af, Tak uro ypaBHenue ()
rpuoBpertaeT BHJ

2% =4, @

x(0)=0, x(0)=10. 3

OrnepaTopHOe ypaBHeHUe nMeeT BHJ 2 (sz—10)=%-|—p£, OTKYZa

1/a 2
=g 5 +19)-

1 (¢ —1) Jsin? f;QQn(z‘—d)] .
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Haxoas opmrunan pas X (p), nogywaem
x(t)={’§t3+t2+10t.
Has onpenenennss BeAUYHHH a nMeeM CJeLYIOUYIO CHCTeMy:

150="4 1 4102
’“‘12 0 09y

at?

108 = 24 24+ 10,

OTKy’ILa HaxomuM, 4o t,=10, a=3.
590. YpaBHeHHe [BH:KEHUS
mi =4mx—3mx,
x0)=1, £0)=0,

x (%) =% (4e? 1-o74),

591. Ypasuenne psumenus mk=mg—AX.

B cuny ycrosus 3ajpaun X=? mg upu v=1 #m/cex, Tak 4TO OKOH-
1

YATeLHO INIOJyYaeM ypaBHeHHe Z
@ P L v v (0) =0 Plle o.voo oo
a8 3e =" 0

&
OTKyza v (t)=3<1—e 8 ), Vppax =3 NpH £ =co.
592. YpaBHeHne JBHKEHHS 4

mi=—kx, x (0) =0, X (0) =uv,,
k&

x(t)=n—1kﬂ’<l—e—’” %

>, Xmax="p npu f=co. -

z

593. Pemenune. Onupmem JBHXKeHMe HUXK- Puc. K orsery 593.
Hero KOMiA 1ierodku. BbibepeM Hayaj0 Koopau-
gat B Touke O (CM. PUCYHOK) U HampasUM ocb Ox BHH3. Torga Hauasb-
Hbie YCJOBHSA OYRYT

x©0) =!I x£(@0)=0 (zenoyka HemopBUKHA).

ECJIPI aGCLLHCCﬁ KOHIla eCTb X, TO ILBI/I}KyU_LaH cuana paBHa BeCy qyacri
Henouky, CBHCﬁ}OU_{eﬁ cO C¢T0Jia, T. €.
m
F="8

Q—l«x. N
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Takum obpagom, muibepeHuNanbHOE ypaBHEHHE JBUKEHHS! TAKOBO:

mx_—gx x (0)=1, X Oy=

21
_< ,1/ —t)/ Ql>

X ()=

IMo sTOoMy 3akoHY ABuiKeHHe GyneT HPOMCXOJMTH A0 TOrO MOMEHTA
T, KOrjla uemouKka WEJWKOM COCKOMb3HET ¢O croda Mel Halifem 3T0T

MOMEHT, HOJIOKHB X == 2[:
/2 Vg
5 T 5
4 Ql—l—e ou

€
V4

, TMOJAYVYUM ypaBHEHHE
—4z4-1=0,

otkyza z;=2—V3 <1, ,=2FV3. 2z orGpacsiaev, TaK Kak emy
COOTBETCTBYET OTpHUATe/bHOE 3Hadenuwe 1. Urtak, pia onpepeaenus T
HOJAYUHIH ypaBHEHHE -

O603HauuB z:==¢

g —_—
5 2 —
H=24 V3, orkyna sz/é in (24-V3).
594, Ypasnenne IBuKeHHS
mi=—2mxk?, x (0)=a, £0)=0, x()=acos(}2 &).

595. Vpasueune apnxenus

mi=—numx, x(0)=a, £0)= .
l/u
596. YpaBnenne ppuxenus
me=—k%, x(0)=0, £(0)=86, x(t)=0600(1—¢—001)
597. Ypasuenne gpuxenns
X4-4x=2cosf, x(0)=0, £(0) =0, x (= % (cosf—cos 2f) ,
598. YpaBHenne IBHNKEHHS /M == -— mk¥ Hin
R=—Fk%, x0)=a, X(0)=
J=—ry, y(O=0, 9(0)=v,.
X2 g2
TpaekTopHsi TOUKH—31AHNC: s +i=1

B
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599, YpaBuenust XBUKeHHS

/

600.
601.
602.

603.

604.

605.
607.

610,

611,
612,

613.
614,

615,

A=k, x0)=a X0)=
Y=k, yO)=0, J0) =0,

Tpaextopuss ToukH——runepGosa:

2
a_z‘_‘%—l.
3
d 40
oy dt2Q+C Q=E cos (@t +a), Q|;0=0, Et_'t 0=0_
pa o, L _
Oy dtz +C Q=Esmnt, Q H]_O, 5 t:o_().
. y. Ld—lq—Rl—E sin (ot 4-a), 1 =0,
2]
dl
Ay 3;8 + R Q+ Q=Em )+ (Es—E)n(¢t—T1),
=0, ==%| =0
Q 10 I ,
L 40 ,dQ
Ly LR +5QE,
dQ
=0, ¢ =0
¢ -0 dt |4
X () =(Cy+Cot?) . 606, x ()=
x(f)=e. 608. x ()=1.  609. x(f)=¢t.
& t)—E(—l) 251} s
§==0
. f2s5t1
6 x ()= Y (— s 2l Ck(‘7 ST 1
s—O

x(t)ztarctgf_ﬁln (148,
x(t)zi(zz_—l) arctgt_iln (1+f2)+%.
x(f)——K“lzt—Elnt_;_18>
x(O=e—1—(F+In2) @-1)4 (- 1) In (£ - 1).

t
g+
x (f)=sint - (f————4~ arctg *2)—}405[ In(2 - cos ) —In3 cost
V3 V3 T
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616. x(t)—_—l__..g:_ﬂﬂf_gcost_i_z?’_ sintln Ml—
3 2z 36 V3 smet-2

——]{92 cost arctg (V'3 cost).

617. x (f)=cos? arctg (cos £) —%L« cost—2 sinf-1n

sint—VQ_’

1 {ln V2 -cost
272 V2 —cost

618. x () =sin ¢ arctg sin# {-cos? -

—1n(3+21/2_)}.

619, x ()=cht—sh¢+2ch¢ (arctg ef—%>,

620. x (f)==1n 2 cosf —cos? In (2 sin f) — ¢ sin £+

C L2 n

+V§ (2 sint—l—l)(arctg—ﬁ— 6
621, x()=¢', y()=—2et. 622 x()=¢, y (=4
623, x () =2 (1 —et—te™), y(t)=2—t—2"—2e".

2tg—21—+1 )

624, x (f) = %T (¢! —e3t 1263, y(t) = % (Bet — e3f — 2fe37) |

625. x (f)=eé! (cost—2sin?), y (t)=¢f (cost~-3 sin)

2
626. x (t)=%—(et+2 cos 2t +-sin 2¢), y (t)=§(e’——cos 2t-—;~sm 2t) )

627. x (t):ef——lle4f—3cost+% sint———é—,

34 17
2 22
y(z)=——§et+5—le4’—i—li7cost—ll—7sint_
1 13 1 2 3
L LR Iahapr ey S0 o Z et~ 3t
628. x () 15 +123 2—|—6e+3e +20€,
1 13 1 2 7
I I leqps SUNNE > YU S . S s 14
yO=1g ¥ tge T 2img ity igs
z(t)=—11—ge‘t—%et+%ezl—l—~i—e3f.

629, x (f) =—¢', y (t)=0, z () =¢".
B30, x () = & (¥ —e¥), y () =5 G +27), 2()=
1

=5 (333t+28—2l).

snt-12 |
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3¢ | (11—4a)e¥ | 3¢
4(2—1—a)+ 4(2-~a) a?—4’
__ e 2! (11 —4a)e¥ | (@4 1) e
IO=—71era " 1@—a P
632, x(h=2—c"t, y(O)=2—e¢", 2()=2"" 2.
633, x (f) =60l — o2 — e, y (f) =3e! — 2%, 2z (£) =6¢3" - ¢¥ —be’.

1 13 1 2 3
—— e ———— —_— — {2 .
034 x ()=— e+ 2+ g ity Pt

631, x ()=

113 127
—— I S —_#2 ___#3
=gt 2l T3 tn

13 1 4 1
L N P T T ML
z(f) 12 Qt—l—3t+4t.
m
635. xm(t)=e‘”(—c’%— (m=0, 1,2, ..., n.
o1

e gt 3 e/ |
636, x ()= g 10° ) y(t)——g(e —e ).
1. 2 5 1 5 2 5
—_— 2 IR T I N
637. x (9 3—1—3t,y(t) 4L‘ e 2 () 41 31—1—12.
28 t 1 28 t 1
.} S S _ O et Lt
638. x (f) g & e 39 y (6 g {-e 375"

639, YpaBHeHus IBHKEHHUS JIEKTPOHA

!m}'c'=——-e—f—j7, £(0)=0, % (0)=0

| m=Ls  y0=0 30 =0,
__vgme ,eHt _meog (_aﬁl_t>
@)= og S0 g y )= o7 <1 cos— ).
Tpaekropua  3JEKTPOHA x2+y2—2—’§]g"—y=0.
640. YpaBHEHUS JBRIKeHUs
( ,
mi=0, £(0)=0, x(0)=—%
(U] () V3
v
my=—gm, y(©)=0, 0 =—=.
l %
03 03
Hauboasmas BbICOTA H:é; TOYKAa NajeHHust x=§—.

641, Tlycts 5JeKTpPOH BbUIETAaeT W3 Hauald KOOPAHHAT. BriGepem
ocs Ox mapa/ulensHO HANPABACHHIO MarHATHONO NOJS H, a ock Oy BbiGe-
peM TaK, 4TOGH BEKTOp Dy JeXKaa B KOOpRUHATHOH IIOCKOCTH XOY.
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Torga ypaBHeHHs ABH:KeHHs GYIYyT
mi=0, £(0)=0, %(0)=yv,cose,
mj?:——e—f]—z', y 0)=0, 3 (0)=0,sina,
mg=e_cli5,, 2(0)=0, %(0)=

TpaektopHsl 3MEKTPOHE

{y2—1—22— QUocr:[;xna 2=0,

X =1v,cos .
642, Ypapuenust pBUKeHHS
mi=— kmx, £(0)=0, x0)=v,cosa,
{ my=—mg—kmy, y(0)=0, $(0)=uv,sine,

()= VR smoc—|—g

Uy COS Q
k

(1—e*Y), g)=
643. Vpapuenus JBHIKEHUS

l m.€=—€—CH—y—kmx, x(©0)=0, £(0)=u,

mji=e—f—l,€—kmj’, y(0) =0, 0=
l ms=— kmz, 2(0)=0, 2(0)=
644. VpasHeHHS JBUIKEHUS
mE=— 0% —p2%, xQ)=g, £0)=
{ my=—209—p2y, y©0)=0, 30 =0,
645, YpapHeHUSs ABUKEHHUS
mi=0, x(0)=0, x(0)=uv,,
{ my=-—mk2y, y Q) =a, JO)=
x {f) =uvyt, y (f)y=a cos kt.

o)
Tpaexrtopust TOUKH y=a cos o)
0
646. @ (x) = Lshx—[—i sin x.
Q .
647. (p(x)=—3~(ex—e—x/ cos%—i—]/3 & */? sin £ x>

648. @ (x) :x—l——é— x5,

(1—e e &

649,

650.

651.

652.

653.

655.

657,

659.

661.
662,

663.
665.

667.

669.

670.

671,

672.

673.

. /
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q>(x)___éezx_|_%cosx-1_i sin x.
X
(p(x)=2—1—x—e2 (cos —V?’ V3 x>
()= 5§ ¥+ g P15 g
0] — 16 + X2 1756 —TQX.

_L —~X X L —~x/2 3
PU)=7¢ —|——6—e +3e cos—2-—V3
a \

@ (x) =713‘ <ex—e_x—l—]—/—22' sin ]/2_x) . 654. 0] ) =xe*. .
P x)=e*. 656, ¢ ()= % - % cos V3 x.

¢ (X)) =chx—xe*. 658, ¢ (x) =% (ch x--cos x).

@ (x)=x—~é x3. 660. ¢ (x)= ]—/1 sh — l/5
P E)=1—x
@) =To (), rax mo { Jo(x—1Jq () di=sinx

0
=1 664 (p (x) ~e‘x

(p(x)—l+2x+ x2+—x3 666. @ (x) = 2xe¥ 4 x%*.

ey =1. 668, (p(x)=l—7,

@)= (1%, ¢ (x)=§e'”—l——%xe“x—§ e ¥,
1

@1 {(X) =€, @ (x) =—1—— 5 €

() = &'/2* <]/3 sm—V—-—x—l—2cos V3 )-—% ,

Qs (x) =&*/2¥ <cos V; x—~]—/—, sin ﬁ x)

@ (%) —(x—i—?) sin x4~ (2x - 1) cos x,

1
P (%) = —xcosx——x sin x+— sin x.

Q1 (¥)= 3smx—l/—shl/3x (pQ(x)=—2chV§x,

674, ¢y (X)=2""(1—%), Qa¥)=e*({l—x).
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675.

676.

677.

678.

679.

680.

681,

682.

683.

684.

685.

OTBETHI
f— p\ak+3
S Ok (f— FYR+S
r=Y 23 —nu—n.
p=0
ot 1 f—kk+2
£ (e 2 %ﬁ‘);)_“’“““k)'
k=0
o f—2R)R*S (k1
x(t)=2 ()
k=

x(t=< = )n(t+z(t k2 n(t—k+2).

x ()= <1+f+21>“(’)+2((k+1)r ne—n+

X (f) =cost.
X
/ 2Vkt
u(x,l‘)=u0\\l——i e dz |,
\ Ve
X
0 2Vkt
Uk, ) =uy—— e % gz,
5 ) =i S

0
© —
u (%, l),=ae'x I/-Qk cos(wt—-x ]/%>_

[ee]
—£§3‘Ptsinx o pdp
T

- (t_k)k—!-‘z
+Zl<k—+z>r =R

687.
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x2
% ! - e_4k(t»~:) p
686, u(x, ) =——=— \ (T 1.
== E
0 (t—m)
6u 62u
. aaxz, O<x<l, t>0,.
du
U g = Uy, ax x=0—0’ U]y =ty
u(x’ )—‘u1+
2 1 21c2t
4(u1—u0) Z (1) ——a 7) B (2n— Dnx
2n—1 21 .
n_l
2.
'ﬂ' y'%=a237l;_7 x>01 t>0y
du
u o=t o x=0=hu lyegr A =const,

+ hx"l‘hgagtEf/ X
2a

x
x, ) =1, |erf ———
ulx t) 0[ %V

Vol

Ipu pemeHHH 3agaudl BOCNOJL3OBaTbes Teopemofl Ddpoca (em. § 11).
Ru 1 o
689. . y. e O=sx=<cl, t>0,
N ou . _ du(,y F
U 10=0, 5 tZO_O, u 0, t)=0, w T E
Nk (2k—{—1)nx (Qk—l— 1) mct
o Fx_sr gy VT 51
“te Y=F —F CEI-1)2
k=0
s Pu 1 g _
690. L.y zs—m o = o2 Ossx=ci, >0,
ou . - ou(l,t)
U =0, 5 HWO, u (0, =0, T_O’
_gx(@—x)
u(x, f) = —m
(2k+ DEx—hHn (2k 1) mct

oo
_l6glr N1 ] T
e Z =h eIy

=0
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691.

692.

693.
696.
698.
700.
702.
704.
706.
708.
710.
712,
714. 1
716.
717.

718.

OTBETHI

—%(x3~21x2+13)+
©  cos 2k+41) mt sin 2k+1) nx

u(x: f):

LT Y l
n® 2k 1)
0 5 0%
O y. 7;—; az axl;’ Ox=<c!, t>0,
4hx (I—x) du (x, 0)
@ ! ot
© o (2k +1) mat n (2k--1) mx

3% ] ]
u (x, t) n3 ZO (2k—l—l)3

L VI B
e Ca— e 695. (=D

eP eP (e —cos 1)
—— . 697
eb—aq 9 e?P — 2¢P cos 14-1

el sina i p

o 699. ¢Pshl

e 2eP cos o+ 1 e — 2P ch 141

e 2P _ 701 L 1 eP L 1 eP(eP—cos2)
eP—e eP—Ve 2eP 1 T2 BF—_2Pcos2F1°
et1=k)p ’

—é-p—__*l*', 703. 631’(
eP (2ch 2—eP)sh 2
e?P —2¢p ch 241
eP~1gin 2
e3P — 2P 1 cos 24-¢72°
eP (e —e3ch 1)
€20 — 2ep~3 ch | |- (6
eP (eP 1)
Er 1y

In a—i—lnep*

u(x, )=

ep \
Fm T lmeTr e,

e (462 — 3eP - 1)
P —1p
ePts (eP |-e?)
(eP —e2)8
700, S (P 4e)
(eP—e¢)3
(2P —1) &P
GEESE
1 n sin &
. T13. —_—
o - arctg Feesa

Ve21’ —2eP cosa+1 1 eP— ¢71

2P 1 . 715. ET—-—I-—i—ln ]/epj.

eP [(1 4-¢2P) cos o. — 2eP]

(€2P — 2¢P cos au +1)2

e3P (e3P 4-2¢2P ch o — 6eP -2 ch o) sh @
(e2P—2¢P ch o - 1)3

P (2¢3P — Be2P ch oo -+ 4eP ch? o —ch a)
(€2P — 2eP ch o |- 1'2

705.

707.

711,

=0, u(0, =u(, =0,

719.

721.

722.

723.

726.

728.
729.

730.

733.

735.

736.

737.

740.

741.

743.
745.

747.

750.

752.

754.

756.

758.

OTBETH!
eP — ¢®0 1 e?r—2Pchl1
a—so—|—1n —- 720. 7ln Ao chet1"
sin e
a—l—arctgm.
sin 2e sin 2
2(e—1)Farcle —oge — ey B
1 —e n{n-4-1) n 1—e"
—. 12 5 1B T
1 —g2
——a 727. Af () =3, ARf(n)= k=23, 4. ..
AR f (n) = (4 — eD)* =1, 2, 3,..).
Af(ny=2n, Af(n)=2, A*f(n)=0 k=3, 4,..).
eP (2P - 4eP 1) eP 2et1=krp
1) 731. =T 732. =T
. n— L=
n(n—1) @n—1) (n—1) sm o sin
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2 sin 5 2 sin 5
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3 2
14-(—p* 1 . n41
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Broporo mopsazka. 744. Hyaesoro nopsnxa.
Tlepsoro mopsigka. 746. Tperpero mopsaxa.
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759. AcumnTotvueckH ycroiiunso. 760. Acumitorndecku ycTofigmBo.
761. Heycroituuro 762. Heycrofiunpo 763. YcrofiuuBo, HO He acHMIITO-
THUECKH. 764. Acumnroruuecku ycroffunso. 765. Heycrofiyuso. 766. He-
ycrofiunepi doxyc. 767. Llentp. 768. Ycroiuusbii dokyc. 769. Cepio.
770. Heycrojunseii ysen 771. Heycroffumppiit ysen. 772. YcroHuupeil
ysean 773. Touka (0, 0, 0) ycroiiunsa. 774. Touka (0, 0, 0) meycrofiuuga,
775. Acumnroriueckd ycroHumBo npu o << 0. Bo Bcex ocradbHHX CJIy-
yasx Heycroflumpo. 776. AcumuTotHueckn ycrofiuuso npH o << 0; ycrof-
YMBO, HO He acumitotHuecku npu o=0; weycrofiumso mnpu o >0.
777. HeycrofiumBo npy Beex o. 778. o =<<0. 779. a$——;—. 780. Acuwm-
ITOTHUECKH yerofumso npn af <7 1; ycroiiunBo, HO He acHMITOTHYECKH
npu af=1. 781. Acummnrotnuecku ycrofiuuso npn f << o2 (o > 0);
yerofiunso, HO nme acumnrordueckn npu: 1) a=0 (B <<0); 2) p=o?
(o << 0). 782. Acumnroruueckn ycrofunso npu a2+ p2—20 >0 (o << 1);
yeroliuneo, HO we acumnroTHueckd npu: 1) a=1 (p|>1); 2) a2 p2—
—2=0 (O<ca<!). 783. Heycrofiuuso npu BCEX 3HaueHHsX o u P.
784. Acumnrotnuecku ycrofunso npu o?--B2—p << 0, ycrofiuuso, HO
He acumiTorHueckd npu a?--P2—PB=0 (@ £ 0, P £0). 785. Ycroituuso,
HO He acumiToTHdYeckH npu P--2a--1=0; acuMnroruuecku ycroHunpa
IpH BCEX OCTA/IbHBIX 3HAUeHUAX ot U 786, ACUMITOTHUECKH YCTOHYHEO.
787. AcHMITOTHUYECKH YyCTOR4HBO., 788, ACHMOTOTHYECKH YCTOHUMBO.
789. VYcroiuupo. 790. AcuMmmTOTHYECKH ycroftumso 791, Acumnrorn-
yeckd ycrolfiunso 792. AcummroTHueckn ycrofiumpo. 793. Heycrofiunpo.
794. Heycrofiunso. 795. Acumnrorueckn ycrofiuuso. 796. Acumnrory-
yeckH ycrodumso. 797. Acmumnroruyecky ycroffumso. 798. Heycrofiumpa.
799. Ycrofiuupa. 800. Heycrofiunsa 801, Ycrokuupa. 802. Heycrofiuusa.
803. Heycroituuea. 804. Acummnrornueckn ycrofigmpa. 805. ¥crofiuupa.
806. VccaenoBanne MO HepPBOMY NPHO/IMKEHHIO HeBO3MOXKHO. C HOMOUILIO
¢ynaxuun JlsuynoBa ycranasaupaem, uro Ttouka (0, 0) acumnrornuecku
ycrofiunpa., 807. Touka mokos ycrofiumsa. 808. Hyzesoe peuienne
cHCTeMbl NEPBOTO NpPHOJNKEHHS HEYCTOMYHBO, a /IS NOJHOK CHCTEMB
OHO ACHMITOTHYECKH YCTOHYHBO.

809. Ecin a>0, >0, 10 yCcaoBHe YCTOHUMBOCTH HMEeT BHJ
cosT>0, rae T=(—1)* xy+kn

(=0, 1, 2,..), x0=arcsin—§— {em. [3]).

817. Ycrofiuupo. 818, Heycrofiuuso. 819. Ycrofiuuso. 820. Heycrofiungo.

821. ITlpn oc>——g—_ 822. Pewenne Heycroiunso npu motom o. 823. Ilpu

a>% 824. Tlpu moux (¢, B) us obmactn G (oM. pHCyHOK).

825. Ilpu mo6ux (o, P) us obaactn G: af >3, & >0, § >0 (cm. puey-
HOK). 826. Pemenne neycroiiuuso npy /mobbix (o, P). 827. p=>0, g >2
828. Bce Kopu# B JIeBOH MOJYIJIOCKOCTH; peiiexHe YCTOHUHBO (CM. PHCY-
HOK). 829. JIBa KopHS B JIeBOH TOJYILIOCKOCTH, JBAa KOPHs B NpaBoH;
pemlenye HEYCTOHYMBO (CM  pHCyHOK). 830, Ycrofiuupo. 831. ¥Ycronuuso.
832. Jlsa KOpHA B IpaBofl INOJYILIOCKOCTH; pelieHHe HeyCTOHYHBO
{cM. pucyHok). 833. VYcroitumso (e pucywok). 834, Ycrofuuso.
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835. Ycrofiunso 836. Ycrofiumso. 837. Pemenne ycrofiunso 838. Ycroii-
uppo. 839. Ycroftumso. 840. Ycro#uupo. 841. Ycrofiumso. 842. Ycrohi-
4yuBO (cM. pUCYHOK) 843. ¥YcroHunBo. 844. Uncro MHUMEE KOPHH;

7
7
2(50) D(4,0)
’ =7
(12) 7°3¢
g é 7 2(2,2) ¢

Puc. x orsery 848. Puc. k orsery 849.

7
Yo {7
q
N jﬁﬁ/ 2(30)
. A
2(30) 0(21)
7 3 a 2 2012) 3
Puc. k orsery 850. Puc. k orsery 85l.
852. 853. 854.
7 . 7 i 7 2(30)
1 D(4.0) 2\72)
0(’30 7=0 D R A ¢
, 0(31) Z?)(Z,/) Y =

Puc. K orBery 852, Puc. k orsery 853. Puc. K orsery 854.

pelileHHe HeycToHuuBo (cM. pucynox). 845. Jlpa KOpHS B mpapoid
HONYIJIOCKOCTH; pellleHHe Heycroiumso. 846. [IBa xopHs B npasofl
HOJYIIOCKOCTH, pelleHHe HeyCTOHUHBO (CM. pHcyHOK), 847. [IBa KopHsA
B I1IpaBO4 MNOJAYIJOCKOCTH; pelleHHE HeyCTOHUHBO.
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855. 856.
7
N S
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2(30)
. 012)
g (21 3
g 0(12) 4
Puc. x orsery 855. Puc. k orsery 856.
857. 858.
7
D3
g 3
7 202.1) 7= fe

D(31)
Puc. k orsery 857.

859.
7
D(30)
2
2020 D(3,0)
2IN\D(21)]2 é
iz D31
(12) g
0(43)

Puc. Kk orsery 859.

b(1,2)

Puc. x orpery 858.

860.
0(12) 7 0(21)
11030)
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7 oir2) 4
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861, f (1) =Cy-27+Cy <— %)n
862. f (m)=(— 1y" (4n2—Tn—1). _

863. f(n)= <1%_5>” [ Cy cos (n arctg -;-) 4 C, sin (n arctg _%)J .

864. f(n)=2”<01+02cosg%ﬂ—1—+63 sin?%:r—‘>,

n
865. f (n)=(— D) (C;+Cy ) +2° <Cs COS% +Casin %)

866. 1 (1) =Cy (1 =V +C, (1 +VD" 5.

867. f(n)=2-3"4(— )" (8n—2).
_1 PO L S sin 2 (n—1)
868. f(n)= 5 tg 2. cos 5 +sin 5+ 5059

1
869. f(n)=Cy+Can+Csn®+ _(_e_i_m'
1 .
870. f (n) =N <1.6—|— C, COS%EL' --C, sin .’:?)

871, AcumiToTHuecKH ycroiuupo. 872, YCTo#uHBO, HO He acHMNTO-
THuecKH. 873. AcuMmrortnueckn ycroiiunso. 874. Heycrofiunso.

875. agt-ai+az+as >0, ap—ay+a3—az >0,
3(ap—as) + @ —a3 >0, 3(ay+as) —a—a>0,
a3 — a3 — agy -+ ayag > 0.

876. 1—g >0, 14+p+g>0, 1—p+qg>0.
877. —1<<p<<l. 878 |a]>b.
879. Acummrotuieckn yerofianso. 880. Heycrofiuuso. 881. Acumiro-

ruueckd yerofumpo. 882. Heycrofiynso. 883. Heycroituuso. 884. He-
yeroiiuuso. 885. Heycroiuuso.

[op)

13.
14.

15.
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